Multibody Dynamics
Euler Parameters and Angular Velocity Components

In earlier notes relationships between angular velocity components and various sets of
orientation angles and their derivatives were derived. Here, a similar relationship between

angular velocity components and the Euler parameters and their derivatives is derived.

Anqular Velocity Components in a Fixed Frame

Previously, it was found that the time derivative of a transformation matrix may be written in

terms of angular velocity components in a fixed frame as follows.

[RI' =[@][R]' 1)
Post-multiplying the above equation by [R] gives
[RI' [R]=[&][R]' [R]=[a] or [@]=[R]'[R] (2)

Recall that the elements of [@] are the components of "e; in the fixed frame R:(N,,N,,N,).

Using Eq. (2), equations relating the individual angular velocity components and the Euler
parameters, and the time derivatives of the Euler parameters can be derived. This can be done by

noting that

3 3 3
i1 i=1

i=1

Substituting expressions into the above equations for R,TJ and R;; in terms of the Euler parameters,

it can be shown that

W — _ _ -
1 & & & & | &
w & & —& —€ &
2 3 4 1 2 2
=2 (4)
0 L& & & & |4

Note that the last equation is simply the derivative of the Euler parameter constraint equation,
g+el+elvel=1
Eq. (4) may be written in the more compact form
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1o} = 2[E]{¢} Q)

where the definition of the matrix [E] is obvious by comparing Egs. (4) and (5). It can be shown

that [E] is an orthogonal matrix. Hence, the above equation can be easily inverted.

{£}=14[E]' {»} (6)

These equations are analogous to those that relate the angular velocity components to the

derivatives of a set of orientation angles. Recall, however, that in those equations, singularities
always exist. The above equation exhibits no singularities.

Angular Velocity Components in the Body-Fixed Frame

Previously, it was found that the time derivative of a transformation matrix may be written in

terms of angular velocity components in the body frame as follows.

[RI' =[R]'[] (7)
Pre-multiplying the above equation by [R] gives

[RI[RT" =[RI[R]' [@]=[@] or [#]=[RIIRT (8)

Recall that elements of [@'] are components of Ry, in the body-fixed frame B :(gl, §2,§3). Using

this relationship, equations relating the angular velocity components in the body-fixed reference
frame and the Euler parameters and their time derivatives can be derived. This can be done by

noting

3 3 3
W) = @3, :ZRsiRiTz W, = @3 :ZRliRiTs Wy = Wy :ZRZiRiTl (9)

i=1 i=1 i=1

Substituting expressions into the above equations for R}, and R;; in terms of the Euler parameters,

1

it can be shown that

o — ~ e
1 &y &y &y &l &
!
Q)] —& & & —& &
2 3 4 1 2 2
“r=2 (10)
0 L& & & & |4
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Note that (as before) the last equation is simply the derivative of the Euler parameter constraint
equation, & + &2 +&2 +&; =1,

Eg. (10) can be written in the more compact form
{0} =2[E'H<} (11)

where the definition of the matrix [E'] is obvious by comparing Egs. (10) and (11). It can be

shown that [E'] is an orthogonal matrix. Hence, Eq. (11) can be easily inverted to give

{£}=1[ET {0} (12)

As noted above, this matrix equation exhibits no singularities.

Calculation of First Anqular Velocity Components of Equations (4) and (10)

To show how Egs. (4) and (10) can be derived, the first component of each is derived here.
Using the first of Egs. (3),

®; = R31Ry, + RypRy + R3gRyy
= 412(6165 — £,64)|[2(e18, + £384) |+ L[ 26065 + 6‘184)][(—812 +el—gl+ ef)]
+%|:(—812 —glrel+ gf)][Z(gzgs —&64)]
= [2(&153 +E1E3—EpE, — 8254)}[2(6‘182 +&56,)]
+[2(é253 +EE T EEL T 81&"4):[(—812 +Es -85+ gf)]
+[2(—glé1 —&,E, &35+ 8454)}[2(6‘283 —&6,)]
— 4] (58787 + 258,061~ (Bipaty +8250)6, + (806, + £15550 Vs — (018 + Bo02y )44 |
+[2(é‘283 +E 3+ EEL+ 816"4):[(—812 &5 —8X+ gf)]
+4| (efey - £2967)61 + (Bi0a8y — 8362062+ (638, — £:2580)60 + (Boy —8:60)é |
Cancelling the terms noted in the previous equation gives the following.
0y = 4] (52,6, — (6480, + (]6,)E5 — (163)¢,
+|:2(6"283 +E g+ EEL T 6‘16"4)][(—812 el —gl+ ef)]

+4] (f8,)6,+(~8589)8, +(558,)63+ (—6:50)2, |
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Rearranging like terms associated with the derivative of each of the Euler parameters,

simplifying, and using the Euler parameter constraint equation (gf +&l el +el :1) gives

0y =4[ (652,)é, — (£a80)é, +(e18,)E5— (6183),4 |
+[2(é253 +EE3+HEEL+ 816"4):'[(—812 g5 —gl+ gf)]
+4[(51254)51 +(=6363)é, +(636,)65 + (—‘9152)54]
=2¢, :Zg§ +(—&f +ei—&i + &)+ 26‘12:|<€"1 + 283[—255 +(—&f +ei—gi+ L) - 2822:|<€"2
+2¢, _2512 (&l + &5 —si+el)+ 2532]5'3 + 281[—2822 + (&l +&b—sf+el)- 252]5'4

_ 2 2 2 27 - 2 2 2 27 -
—26‘4_6‘1+6‘2+6‘3+84:|81—283|:6‘1+6‘2+6‘3+84:|6‘2

+2¢, :gf &5+ el + 85:|6"3 - 281[6‘12 &5+ el + gﬂé4
= 2[54é1 —E3E, +EYE5 — 816"4:|
This result matches the equation in the first row of Eq. (4).
To check the first row of Eq. (10), use the first of Egs. (9) gives
@, =R3R1, + RyR5, + RygRy
= il 2088, — &38,) ][ 2185 + £,84) ] + %[(—312 tey g3t 55)][2(52‘93 — &84)]
+3&[2(e,8; + 8184)][(—812 i+ el + 52)]
= [2(5'182 +EE,) —EaE, — 835'4)}[2(8183 +£,64)]
+[2(—£16"1 +E Ey) —Eabn+ 846"4)][2(8283 —6,6,)]

+[2(é2£3 +E,E3+E16,+ 816"4)][(—812 el e+ ef)]

2 . 2 . 2\ - 2 .
:4[(%""9254)514‘(5153"‘5\1&2%)52—(%4‘5254)53—(51‘93 +5\2&3Q)54}
2 . 2 . 2\ - 2\ -
+4] (2, — £8767)61+ (0560 — B898, )i+ (27 —6280)0+ (Baty —8150)E4

+[2(é253 +E 83+ E1E,+ 81é4):||:(—812 gl e+ gf)]

Cancelling the terms noted in the previous equation gives
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0, =4[ (e5e,)é, +(e7e9)2, — (660)é5— (6163)é,4 |
+4[(51254)é1 +(6363)8, +(—€,65)E5 + (_glgf)éd
+[2(é253 +EE3+ 16, + 816"4):”:(—812 — 822 + 53? + gf)]
Rearranging like terms associated with the derivative of each of the Euler parameters,

simplifying, and using the Euler parameter constraint equation (312 +&l el +ef :1) gives

0 = 4[(82284)6"1 + (81283)8'2 — (8285)6"3 — (818§)é4]
+4[(51254)31 +(6563)6, +(=6265)E5 + (—5155)54]
+[2(é‘283 +E,E3+ 86, + 815:‘4):”:(—812 —glrel+ gf)]
=2¢, :2522 + 2512 + (—gl2 — 522 + 53? + gf)]él + 253[2512 + 2522 + (—812 —822 + 532 + 82)]6"2
—2¢, _252 + 253? + (el + &5 —53? —gf)]é3 —251[2532 + 285+ (g8 + &5 —53? —Ef)]é4

_ " 2 2 2 27 - 2 2 2 27] -
=2¢g, & T& & +84]6‘1+26‘3|:€1 + &5 + &5 +54]52

—2¢&, _6‘12 +&5+&5 +8§]5’3 — 281[812 +&5+&5 +5§]é4
This result matches the equation in the first row of Eq. (10).

Note: Clearly proving these equations is somewhat tedious. Use of a numerical symbolic

mathematics package can be useful in expediting the work.

Kamman — Multibody Dynamics — Euler Parameters and Angular Velocity Components — page: 5/5



