Multibody Dynamics
Accelerations Using Relative Coordinates

Velocities
Consider again the two-body system shown. In

previous notes, it was found that the fixed-frame

components of RyGZ the velocity of G, in the fixed

frame R can be written as

or

(2)

The first equation is written in terms of the fixed-frame components of chBl and the B, frame

components of Bl@Bz, and the second is written in terms of the body-frame components of the

angular velocities.
Accelerations

Case 1: Fixed-Frame Angular Velocity Components as Generalized Speeds

If the generalized speeds are defined to be the elements of {3}, {s}, {a)Bl}, and

{0382} , then write

{VGZ} = [Vez,gl]{él} + [VGZ,% J{Q’Bl} + [VGZ,S’Z ]{S'Z} + [VGZ,@BZ :|{C?)Bz } (3)

Here,

_vG o ] is the 3x 3 identity matrix

o, | =~ ([0]+[52]+[1.])
vesH ]
uin, |2 Ra, |
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Differentiating Eq. (3), the fixed-frame components of the acceleration of G, can then be written

as

{aGZ} = |:VGZ,S.l:|{'S'1} +[VGM,Bl }{@Bl} +[V62,w81 J{“’Bl}
. (4)
+[Vez,s"2 ]{5’2} + |:\7G2,S’2 }{3’2} + [VGZ,@BZ :|{é)BZ } + |:VG2,6?)BZ J{C?’Bz }
where the time derivatives of the partial velocity matrices can be written as follows.
Q) Vo, |=~([8]+[%:]+[72])

The components of the vectors {d,}, {$,}, and {r,} are elements of the matrices [q 2],

5, |, and | 7, |. These components are found as follows,
{d) =%([RJ {q;}) ~[Re | {0} =[ @ J[Ra ] (a5} (5)
(5= gel[R T 1551 =[Ra Tt +[Ra] (5 o

=[5 ][R | {55} +[Ra ] {53}
(=< ([Re. ] 12))=[Re. ] 112} =[ 35, J[Re ] (%) )
0) [Ve,e, ]=[Ra ] =[][R] ®
) (e, = E]Re] ~[B][Re] =2 J[Ra] -[Rl[@ [R] @

The elements of | 7, | are calculated in Eq. (7) above.

Case 2: Body-Frame Angular Velocity Components as Generalized Speeds

If the generalized speeds are defined to be the components of {s,}, {3}, {“"Bl} , and {c?)’Bz} :

then

{VGZ} = [VGZ,S.l]{s'l} + [VGz’wél }{a)gl} + [VGZ,S’Z ]{S'Z} + [VGZ@E;Z ]{c@gz } (10)

Here,
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Vg, 5, | is the 3x3 identity matrix
e, |=[Ra ] ([0:]+[5:]) [ .
o] =[Re]

Ve,, )= o, ][]

Differentiating Eq. (10), the fixed-frame components of the acceleration of G, can then be

T T

[Fé][BZRBJ

written as
(2.} = ek Yo, Jit}+ 6., b
+[VGZYS/2]{§'2}+[VGZYS/2]{5"2}+[VGZ@,BZ }{a@,’az}{vezﬁéz }{0)5}
Here, the time derivatives of the partial velocity matrices can be written as follows.
D (6,05, ] =[Re. ] [&1-[Ro.] ([0 1+[52))~[Re, ] [R][*Rs.]
R ] [%][ %]
={Ra ][] -[R] [ a5, ([ +[s:))
{Ra. ] [, 7] "R ] ~[Ro, ] L1305, ] "R, ]

0) [, ][R | =[Ra.] [
) [\‘/GZ’@,BJ=—[RBZT[Fﬂ:—[RBz]T EAlA

Case 3: Orientation Angle Derivatives as Generalized Speeds

If, instead, the generalized speeds are defined to be the components of {$,}, {$,}, and a set of
orientation angle derivatives, then {a)Bl} and {é)Bz} (or {a)gl} and {c:)gz}) can be written in

terms of the orientation angles. Returning to Eq. (1), for example,
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Here,

:VGZ,S-J is the 3x 3 identity matrix
} ~{[0:3+5 )+ %) a0

R ]
=-M[ “u |

The partial angular velocity matrices are defined in previous notes for a 1-2-3 rotation sequence.

VG

I_l

S

The fixed-frame components of the acceleration of G, can then be written as

{an} - [Vez.saj{'s'l} + [VGzﬂBl :l{éBl} + [szﬁ'Bl }{981} + [VGZ,S’Z ]{5'2} n [VGZ,S"Z ]{3'2}
+[VGZ,9'BZ }{982} +[\'/62ﬂBZ }{9’82}

(12)
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