Multibody Dynamics
Examples using d’Alembert's Principle

Examples
1. Double Pendulum: Find the EOM of the double pendulum

shown using d’Alembert's principle and &, and 6, as the

generalized coordinates. Both links have mass m and
length L.
d’Alembert's Principle:

0V, 2 N
il[mi 4, 86’k j +;|:(|:Gi -@Bi)+(chi X l:IGi):|‘ Gék = Fqk (k=1,...,2)

M~

Here,
s, =0,k 0w, 06, =K 0w, /00, =0
@5, =0,k 0w, [06,=0 0w, /06, =K
Vs, =1Lbe,, N, [06,=5Le,, OV, /06, =0
Vs, = LOg, +3Lbe,, N, 06, = Le, Vs, /06, =%Le,,
8., =Ldg, —1Ld%, 8, =(Ldg, —Ld%, )+(3Lde, —LLb%, )

mas, '(8\101/891) = %mLzél mas, '(a\fel/aéz) =0
m,a;, '(8\162 /591) = m( ng'l + % Lzézcz—l - % L2é2282—1)

M,ag, '(a\fez /692) = m(% Lzéz +3 Lzélcz—l +3 Lzélzsz—l)

LGl g, :(%ml-z)éllﬁ LGZ Uy, :(%ml—z)ezlﬁ
Fal = (_mg j)'(a\fel/aél)+ (_mg J) ' (a\fez/aél) = _%mgle
F92 = (_mg J) ) (8\[(;1/892)"'(_”19 J) ) (8\102/69.2) = _%mgl—sz
Substituting into d’Alembert's principle gives the two differential EOM
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(4mL?*)6, +(3mL*C,.,)d, —($mL*S,,)6; +(3mgL)S, =0
(4mL’C,, )6, +(1mL?)d, +(mL’S, , )67 +(3mgL)s, =0

2. Example System Il (from Intermediate Dynamics):
Find the EOM of the bar using d’Alembert's principle,
given that the frame F is light (massless), the bar B has

mass m and length ¢, the motor torque M, (t) is applied

between the frame and the bar, and that the motor torque

M, (t) is applied between the ground and the frame F.

Use ¢ (4=Q) and 6 (0=w) as the generalized Frame, F
coordinates. Ll
Reference frames: F:(n,,n,,k), B:(e,n,.e;)
d’Alembert's Principle:
[mBgGB 8528]+[(LGB ~B)+(Q)BXI:|GB):|.86Q;B: F
(mBQGB- (;;B]{(% %5 )+ (s x Hg, ) aa%— F,
Here,
- = Pk Owr [0g =K 0w [060=0
@, =0, + Pk 0w, /0¢ =K 0w, /06=n, =¢,
Ve =—dgn, oV, /0g=—dn, oV /06=0
8, =-dgn, —d¢’n,
o =9k

g :_9¢01 +é'32 +¢lf :_(&Se +9¢C9)§1 +é§2 + (¢'5'C6, _9¢39)§3

ma - (v /0¢) = md?p mag - (0, /06) =0
He =4 me*(0e, +4C,e,)

@s x Hg :émfz((ézsece)gz + (—9&89)(33)

lo 2 :%mfz(égz +(¢C, —9¢SH)Q3)
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(
(0w, /00)=Em*§S,C,
F,=(M,n,) (00, /24)+(-M,n,) (00, /04)+ (M, k) (0, /04) =

M,
Fe :(Menz)'(é@s/aé)"’(_'\/la Dz)'(a@F/aé)"'(MqﬁK)'(a@F/aé) Me
Substituting into d’Alembert's principle give the two differential EOM

(md?+Em*CE)g - (2m(*S,C, )04 =M,
(Eme*)d+(Eme*s,C, )4 =M,

. Single Link Pendulum with Constraints: Find the EOM of the JT
pendulum using a dependent set of generalized coordinates and -

d’Alembert's principle with Lagrange multipliers. The bar has mass m
and length ¢ and is driven by a motor torque M. The dependent set of

generalized coordinates is (q;,d,,0;) =(X, Y,6) .

d’Alembert's Principle:

mge.%+(LG g) 0w _ F, o+ 48, (k=1...2)

aqk 8qk i=1
Here,
©= 0K dw/06 =k dojox=0p/0y=0  a=0k
YG:Xi+yj 5‘\~/G/8)'(=i 6\!G/8y:J 5\!6/8(9.29

3 =Xi+¥] mag-0v;/ok=mX mag-0vs/oy=my Mg - Vg /00 =0

F,=-mg j-(6vs/06)+Mk-(00/26)=
F.=-mg j-(dvs/0%)+ MKk (80)/8x)
(0e

F,=-mg j-(ovs/0y)+Mk-(0w/dy)=—
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Constraints:
Xx—%S,=0 or  %—(4C,)0=0 a,=1 a,=0, a,=-%C,
y+5C,=0 or  y—(4S,)0=0 a, =0, a,=1 a,=-%S,
Substituting into d’Alembert's principle give the three differential/algebraic EOM

mX=A4,
my=-mg+ 4,

(Em )0 =M ~(5C,) = (55,) 4.

The two differentiated constraint equations are

X—(5C,)0+(5S,)0° =0
y—(5S,)0—(5C,)0* =0

Together, these five equations can be solved for x, y, 8, 4,,and 4,.

This example shows how to use Lagrange multipliers on a simple system. In this case, the
equations of motion are made more complicated than if a single generalized coordinate was
used. However, the use of Lagrange multipliers can simplify the equations of motion of more

complex systems.
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