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Summary

This unit defines moments and products of inertia for rigid bodies and shows how they are used to form
inertia matrices (or dyadics). Inertia matrices are then used to calculate principal moments of inertia and
principal directions. More generally, it shows how to transform the components of inertia dyadics from one
set of reference axes to another. Finally, it defines angular momentum vectors and the kinetic energy function
for rigid bodies and shows how to use inertia matrices to compute them.

An Addendum is included to discuss the special case of nondistinct (equal) principal moments of inertia
and their associated eigenvectors. The principal moments of inertia and the principal directions of a square

prism are presented as an example.

Page Count | Examples | Suggested Exercises
35 6 8

Copyright © James W. Kamman, 2016, 2021



Moments and Products of Inertia and the Inertia Matrix

Moments of Inertia

Consider the rigid body B is shown in the diagram. The unit vectors

B:(e,,e,,e;) are fixed in B and are directed along a convenient set of

axes (x,y,z) that pass through the mass center G. The moments of

inertia of the body about these axes are defined as follows.

I = '[(y2+zz)dm ¢ = '[(x2+zz)dm I = J.(x2+y2)dm
B B

yy
B

Here, x, y, and z are defined as the ¢, e,, and e, components of 7, . the position vector of an arbitrary point
P of the body relative to G, thatis, 7, =xe, + ye, +ze, . The integrals are taken over the entire volume of

the mass.

Moments of inertia of a body about an axis measure the distribution of the body’s mass about that axis
and are always positive (although, if small (negligible), they can be assumed to be zero). The smaller the
inertia the more concentrated the mass is about the axis. Inertia values can be found by measurement,
calculation, or both. Calculations are based on direct integration, the “body build-up” technique, or both. In
the body build-up technique, inertias of simple shapes are added together to estimate the inertia of a composite
shape. The inertias of simple shapes (about their individual mass centers) are found in standard inertia tables.
These values are transferred to axes through the composite mass center using the Parallel-Axes Theorem for

Moments of Inertia.

Parallel-Axes Theorem for Moments of Inertia

The inertia 7/} of a body about an axis i passing through any point 4 is equal to the sum of the inertia ¢

of the body about a parallel axis through the mass center G plus the mass m times the square of the shortest

distance d, between the two parallel axes.

I! =1° + md? (i=x,y, orz)

123

As noted above, moments of inertia are always positive. It is obvious from the parallel-axes theorem that the

minimum moments of inertia of a body occur about axes passing through its mass center. All other inertias

must be larger as indicated by the addition of the term “md>”.
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Products of Inertia

The products of inertia of the rigid body are measured relative to a pair of axes and are defined as follows

15,=10 = [Geyydm| |12 =15 = [(e2)dm| |17 =1C, = [(yz) dm
B B B

Again, the integrals are taken over the entire volume of the mass.
Products of inertia of a body are indicators of symmetry. If a plane
is a plane of symmetry, then the products of inertia associated with any
axis perpendicular to that plane are zero. For example, consider the thin
laminate shown. The middle plane of the laminate lies in the XY plane so

that half its thickness is above the plane and half is below. Hence, the XY X Thin Laminate

plane is a plane of symmetry and

I__ =1 _=0| (for a thin laminate)

Xz yz

Bodies of revolution have two planes of symmetry. For the configuration |¢ —— — = >

shown, the XZ and YZ planes are planes of symmetry. Hence, all products

Y

of inertia are zero about the XYZ axis system. Body of Revolution

Products of inertia are found by measurement, calculation, or both. Calculations are based on direct
integration, the “body build-up” technique, or both. In the body build-up technique, products of inertia of
simple shapes are added to estimate the products of inertia of a composite shape. The products of inertia of
simple shapes (about their individual mass centers) are found in standard inertia tables. These values are
transferred to axes through the composite mass center using the Parallel-Axes Theorem for Products of
Inertia.

Parallel-Axes Theorem for Products of Inertia

The product of inertia /;; of a body about a pair of axes (i, j) passing through any point A4 is equal to
the sum of the product of inertia / l.f of the body about a set of parallel axes through the mass center G plus the

mass m times the product of the coordinates ¢; and ¢, of G relative to 4 (or 4 relative to G) measured along

those axes.

A G . .
I =1 + mcc;, (i=x,y,orz and j=x,y, orz)

Products of inertia can be positive, negative, or zero.
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The Inertia Matrix

The moments and products of inertia of a body about a set of axes (passing through some point) can be
collected into a single inertia matrix. For example, the inertia matrix of a body about a set of axes passing

through its mass center G is defined as

Iy 15 I I, =I5, I
[I;]= | L) I —ny ny —sz
LIy I Y S

Note that the diagonal entries are the moments of inertia and the off-diagonal entries are the negatives of the
products of inertia. Defining the matrix in this way is convenient for calculating the angular momentum of
the body as discussed below.

For nonsymmetric bodies, there can be an infinite number of inertia matrices associated with each point
of a body because the inertia matrix changes with the orientation of the axes at that point. However, there is
generally only one set of axes for each point for which the inertia matrix is diagonal. These axes are called
principal axes (or principal directions) and the inertias about those axes are called principal moments of
inertia for that point. In general, the principal axes and principal moments of inertia are different for each
point of a body.

For symmetric bodies, however, there can be multiple sets of principal axes at a given point and multiple
points can have the same principal moments of inertia and principal axes. For example, consider the body of
revolution shown in the diagram above. As shown, the X and Y axes are principal axes for any point along the
Z axis, and they can be rotated by any angle about the Z axis to produce another set of principal axes. Of course,
any axis passing through the center of a sphere is a principal axis for that point.

All inertia matrices are symmetric. Consequently, they have real eigenvalues and eigenvectors. The
eigenvalues of an inertia matrix are the principal moments of inertia and the eigenvectors are the principal
directions for that point. If the eigenvectors are mnormalized, they represent a set of three mutually
perpendicular unit vectors in the principal directions.

The principal moments of inertia of a body for some point, say mass-center G, can be calculated by setting

I -4 I, ~1Y.
G G G
det| -17, (I, -4) -1, |=0
G G G
_Ixz _Iyz ([zz _/1)

By expanding the determinant, the resulting characteristic equation can be written as follows.

(1815 -1\ 2 +(1ng w191+ 1910 —(19) (1) (1 )2)/1
oyt zz W xp? xzt yz

+(—IGIGIG FI(10) 418 (19) +19(16) +2151°1° ) =0
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The three roots of this equation are the three principal moments of inertia.

If 17 (i=1,2,3) represent the three principal moments of inertia, the principal direction for each principal

moment can be found by writing the following.

Uo-17) I -17 | ay
G G G G .
-5,y -I17) -1 a, =10} (i=12,3)
-1 -1 (Z-10)]|ay

Since the coefficient matrix is singular, these equations do not have a single solution. The directions of the

eigenvectors are unique, but their magnitudes are not. If the eigenvectors are taken to be unit vectors, then

a’ +a’, +a’; =1| and the vectors are unique. To solve for the components of each eigenvector, simply choose

a value for one of the components, and then solve for the other two. Finally, normalize the resulting vector.
The components of these normalized eigenvectors are the direction cosines for the principal directions.

It should be noted here that the process detailed above produces a umnique set of three mutually
perpendicular unit eigenvectors if all the eigenvalues are distinct (i.e., not equal). As noted above, for
symmetric bodies that have principal inertia values that are not distinct (i.e. equal), the eigenvectors are not
unique. However, a set of mutually perpendicular unit eigenvectors can always be found. More details on this
topic can be found in the Addendum to this Unit and in reference [3] (R.L. Huston, Multibody Dynamics,
Butterworth-Heinemann, 1990).

Inertia matrices are also diagonalizable using their eigenvector (or modal) matrices. The columns of an

eigenvector matrix [M ]associated with an inertia matrix [] ] are formed using the components of the

normalized eigenvectors of [] ] . The diagonal matrix of eigenvalues can then be calculated as follows.

The eigenvalue associated with an eigenvector appears in the same column of [D] as the eigenvector appears
in [M].

The Inertia Dyadic

The inertias of a body about a set of axes (passing through some point) can also be collected into a single
inertia dyadic. For example, the inertia dyadic of a body about a set of axes through its mass center G is

defined as
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Here, ¢, (i =1,2,3) are the unit vectors directed along the three axes, and the components of the dyadic are

the nine elements of the inertia matrix 1 f (1,7 =1,2,3). The vector products ¢, e, (i,j=1,2,3) are called

dyads. This definition makes it clear that each inertia value is associated with a pair of axes. For moments of
inertia they are repeated pairs ((x,x), (y,y), or (z,z)), and for products of inertia they are non-repeated
pairs ((x,y), (x,2),0r (y,2)).

Properties of Dyads

Dyads satisfy many properties. Three very useful properties are
l.ab#ba
2.c(ab)=(ca)b  and (ab)-c=a(b-¢)=(b-¢)
3. (¢b+ed)-e=(b-¢)a+(d-e)c

1Q

The latter two properties indicate that the “dot” product of a dyad and a vector is a vector. Recall that the “dot”
product of two vectors is a scalar. These properties will be used later in the calculation of angular momentum
of a body. The dyad-vector dot product is akin to the matrix-vector product of matrix algebra.

Relationship between Dyadic Components in Different Frames

Like vectors, dyadics can be represented by components in different reference frames. Consider the

dyadic 4 and its representations in two different reference frames B :( n,n,, 733) and C :( e,e 2,§3) .

3

_ B _

él— Z Aoy =
k=1

~
—_

Here, afé (k,é = 1,2,3) represent the nine components of 4 in B :( @1,@2,133), and al.f (i,j = 1,2,3) represent

the nine components of 4 in C :( gl,g2,§3). These two sets of components can be related by using the

transformation matrix that relates the two reference frames.
If [R] is the matrix that transforms vectors and their components from frame C into frame B, then
c c T T CpT pT B
zaij €.€;= Zay {ZRik ’Ek](szz ’ij = Z{Zazj Rikij]Klk n,= Zau ety
ij i k ¢ AN, k0

Comparing the last two terms in this equation gives

B _ CpT pT _ CpT
Arr = Z a; Ry R, = 2 Ry; a; R;,
i.j i.j

Note that the sums on indices i, j, k,and / are all from 1 to 3, and the superscript T indicates the matrix

transpose. The above result can be written in matrix form as

4" |=[R][4° IR
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This result can be applied to the inertia matrix of rigid bodies. Given [1 g} the inertia matrix of the body
about a set of axes passing through G and parallel to C :( e;,e,,e 3) , [1 g] the inertia matrix of a body about

a second set of axes passing through its mass-center G and parallel to B :( 131,132,133) can be calculated as

follows
26 ] =[R][6 ][R

As before, [R] transforms vectors and their components from frame C into B.

Angular Momentum of a Rigid Body about its Mass Center

To calculate the angular momentum of a rigid body about its mass
center G, consider the rigid body B. Point P represents an arbitrary point
within the body, “dm” represents the elemental mass of the body

associated with P, and r represents the position vector of P with

~P/G

respect to G. The angular momentum of B about G is then defined as

g = J.(’:P/G x RYP)dm

B

The integral is taken over the entire volume of the mass.

An alternative form for H . can be found by using the kinematic formula for two points fixed on a rigid

body and the definition of center of mass (i.e., J-l: »c dm=0) as follows.
B

m=[(rp6%(Fvo+ "vpg))dm = (I(':P/G x Ryg)dm] + u(f:m X"V )de

B B

HG

()

P> Y
Lpic dm] x"vg +_[ Lpig ™ VP/G)dm
B
zero

( er/G))dm

i
e

=\ = J.(ZP/G x RYP)dm = I(ZP/G x RYP/G)dm = I(KP/G X(R@B X’:P/G))dm
B

B B

This alternative form shows that the angular momentum H , incorporates only the angular motion of the

body.
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A more useful result that specifically relates H . to the concepts of inertia and angular velocity can be

*w,=w, e +o, ¢, +, e,|, and then using the vector identity

found by letting |r, . =xe,+ye, +ze,| and

ax(bxc)=(a-c)b—(a-b)c| to expand the expression for H . In particular,

Ho = [(rp6x("@sx1p))dm = I(f:p/c; Torc) R@Bdm—f(f:p/g @, )1y 6dm
}(x +y’+2")(0, ¢, + @, ¢, + @ ¢, )dm— J.xa) tyo,+zo,)(xe +ye, +ze;)dm
:}rz(wl e+, ¢, +0, ¢ )dm—|( xa)l+y602+za)3)(x§1+y§2+zg3)dm
Sorting th: vector components gives B

H, = [(Po,~x(x0,+ yo, + z0,)) e,dm+ [ (o, - y (x0, + yo, + z0,)) ¢,dm +

j( ‘0, - z(xo, +y o, +za)33))g3dm
=j((y2+z) —xyo, —xzo,) e dn+ [(—xyo,+(¥’+2’ )0, ~yz o) e, dn+
B [(-xz0-yzo,+(x +y’ )wi)gdm

5

The evaluation of the integrals does not depend on the angular velocity components or the unit vectors, so
the above equation can be further simplified as follows.

H, :(a)lj(yz +22)dm+a)2_[(—xy)dm+a)3_[(—xz)dm)gl +

B B B

{a)l [(es)anouf (2 )an o, j(_yz)dm]§2+

B B

{a)li(—xz)dma)zi(—yz)dm%j(xz +y2)dm] e

B
or

Ho=(I o~ 15 0, - % o)) ¢+ (I 0+ 15, 0, - I 03) ¢, + (< 0~ I}, 0, + IS o)

Here the integrals are now recognized as the moments and products of inertia of the body about axes parallel

to (el,ez, ) and passing through the mass center G.

Note that for two-dimensional motion the angular momentum of a body is in the same direction as the
angular velocity of the body, both being normal to the plane of motion. In three-dimensional motion,
however, the angular momentum is generally not in the same direction as the angular velocity. This contrasts
with the linear momentum of a body which is in the same direction as the velocity of the mass center of the

body for both two and three-dimensional motion.
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Representation of Angular Momentum as a Matrix-Vector Product

The above result for the angular momentum vector /; is easier to remember when we note the following

matrix-vector product can be used to generate the components.

G G G G G G

[.:]G'gl 111 ]12 [13 @, ]xx _Ixy _Ixz o,
| 50 G G _| g6 G _7G

gc'gz - ]21 122 ]23 @, = Ixy Iyy Iyz 2
G G G G G G

H; e Ly LIy I || o -1, I I ||\o,

Here, the inertias and angular velocity components must be resolved (calculated) about the same set of

directions in this case indicated by the unit vectors (gl , gz,gS) .

Representation of Angular Momentum as a Dvadic-Vector Product

The angular momentum vector /. can also be written as the “dot” product of the inertia dyadic with the

angular velocity vector. That is,

3

3 33 3
Zza)k Ii(];' gi(gj -gk)=ZZZwk 15 gié‘jk

Jj=1 k=1 i=l j=1 k=1

3
i=1

G G G G G G G G G
Iio, + 1,0, +[13a)3)€1 +(]21a)1 +1h, +123a73)€2 +(]31501 +10, +]33a)3) €;

—

Ifxa)1 —Ifyoo2 —Ifza)3) e + (—Ifya)1 +Ifya)2 —Isza)3 ) e, + (—Ifza)1 —IyGZa)2 + IZGZa)3) e,
Here, &, (often called Kronecker’s delta function) is equal to one when j =k and zero when j#k.

This result is the same as that obtained using the matrix-vector product presented above. However, note
that the unit vectors used in the analysis appear explicitly in the dyadic-vector product, whereas they do not
in the matrix-vector product. Obviously either approach produces correct results, but care must be taken when
using the matrix-vector product to ensure the same directions are used for both the inertia matrix and angular
velocity components. The resulting angular momentum components are in the directions of the same set of

Unit vectors.
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Angular Momentum of a Rigid Body about an Arbitrary Point

The angular momentum of a rigid body about an arbitrary point

A is defined as

H, = .[(I:P/A X RYP)dm

B

Here, r,,, is the position vector of points P within the body relative

to 4, and again, the integral is taken over the entire volume of the R

mass. The angular momentum H , can be related to the angular

momentum H . by recognizing that |r,, , =7, +7p|-

Substituting this expression into the integral and expanding gives

H,= J.((KG/A +rP/G)X Rvp)dm = J.(VG/A x RYP)dm +J-(7:P/G X Ryp)dm
B B

=TG4 % ( Yp dmj+J(VP/GX VP)dm
+

B
=T6aX (m VG Hg

or

— R
Hy=H; + rg <xm-y,

The last term in this expression represents the moment of the linear momentum of the body about 4 (assuming

the line of action of the linear momentum vector passes through G).

Special Case: Motion about a Fixed Point on the Body

If some point O of the rigid body is fixed so the body pivets about that point, then the velocity of the mass

center can be written as v, = *v, +%w,xr.,="w,xr_,,. Substituting this result into the definition for

angular momentum gives

H, ZI(KP/OX RYP)dm:I(KP/OX RYP/O)dm :J.(KP/OX(R@BX’:P/O))dm
B

B B

This expression is like that obtained for the mass center except the position vector is referenced to the fixed-
point O. Hence, the angular momentum about O is computed in the same way as for the mass center except

the inertia values are measured about O. That is,

H, ZZO'RQ)B
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Here, I, is the inertia dyadic (or matrix) about the fixed-point O. If moments and products of inertia for axes

passing through the mass center are known, then the parallel-axes theorems for moments and products of

inertia can be used to compute /7,

Kinetic Energy of a Rigid Body

The figure at the right depicts a rigid body B moving relative to a
fixed frame R. The kinetic energy of B is defined as

K= .[ dem

Here, v, is the velocity of points P of the body, and the integral is Body, B

taken over the entire volume of the mass.

A more useful definition can be derived by relating the velocity of P to the velocity of the mass center G.

Using the relative velocity equation, the integrand can be rewritten as
R R. _(R. Y _ (R R 2 (R R R 2
Vo Ve =("vs) = ("ot v ie) =("ve+ (@5 % "rre)

2 2
_ (R R R R R R
_( YG) +2 YG'( WpX ’:P/G)+( Wp ¥ ’:P/G)

Substituting back into the integral gives the following three terms:

1. j dm—— YG)Z Jdm :%m(RyG)zzémvé
N
2. I2RyG~(Ra~)B><1:P/G)dm=2RyG- R@BX[IZP/G dmj =0 ... (definition of mass center)
B B

Zero
3. Letting r,,. =xe, +ye, +ze, and *w, =w, e, +w, e, + m, e,, the integrand of the third integral can

be expanded as follows:

2 2 2 2
(R@BX’:P/G) 2(0)22—0)3)/) +(C‘)3x—a)12) +(0)1y_a)2x)
:a)lz(y2 +zz)+a)§(x2 +zz)+a)§(x2 +yz)—2a)1 0, Xy-20,0,xz2-20,0,yz

Substituting into the integral gives

J-%(Ra)BxI:P/G)zdm 1o J.(y +z )dm+%a)§J‘(x2+zz)dm+%a)§.|.(x2+y2)dm
B B B B
—a)la)zj-xydm—a)lw3J.xzdm—w2w3jyzdm
B B B

=Ll + 103l +Laill - o 0,1

17 xx Xy

G
-0, 0,l° -, .1
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It is easy to show that this last result is equal to L “@, - H ..

Adding the three terms gives the following result for the kinetic energy.

2 2
| R 1 R _1 R 1R R

K= Em( YG) + 3wy, _Em( YG) +t3 05 Lo "0y
%f—J

2 7 ~ ~

%f—J -
translational energy ~ rotational energy

Special Case: Motion about a Fixed-Point O

If there is a point O within the body that is fixed so that the body pivots about O, then
R, \V _ (R 2 2, 2\, 2 2 2\,.2 2 2,2
( YG) =( @BX’:G/O) =<yG +ZG)a)l +(xG +Zc)a)z +(xG +yG)a)3
—20,0,%5 Yo —20,0,X525-20,0,y 2
Substituting this result into the boxed equation above and combining terms, the kinetic energy can be reduced

to purely rotational energy about O.

—1R . —1R . R
K=3"0,-Hy=5"05 1y "0,

Here [, is the inertia dyadic (or matrix) for a set of axes passing through the fixed-point O.

Example 1: Angular Momentum and Kinetic Energy of a Simple Crank Shaft
The figure shows a simple crank shaft consisting of seven segments, each considered to be a slender bar.
Each segment of length ¢ has mass m . There are six segments of length /¢ and one segment of length 2/

(segment 4). The mass center of the system G is located on the axis of rotation.

Reference frames: i Ax!
R: i,j,k (fixed frame) -

~|®

S: i',j',k (rotates with the shaft)

Find:
a) H; the angular momentum of the —

®| =
=<
VRN

QD o~
Q|

|

«p)

7

system about its mass center, G A X )

b) K the kinetic energy of the system 1

Solution: ®

a) The elements of the inertia matrix can be found using the parallel-axes theorems for moments and products
of inertia and the body build-up technique. However, given that the angular velocity of the system is only
about the Z axis, only the third column of the inertia matrix need be determined. Specifically, the S frame

components of H . can be written as follows.

.1 G G G G
H.-i Iy =1y, —I,,|[0 -1,
g G G G _ G
Hi-jr=\~lyy Iy —Iy, |10 =9-1,0
G G G G
H, -k -1, -1, I, ||l 1,0
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Using the parallel-axes theorem for moments of inertia and the body build-up technique, the moment of

inertia of the system about the Z axis can be calculated as follows

7
15, =>(15, )i =0+1ml? + m® + 5 Cm)20 +ml* +Im® +0 = |15, =Qme

i=1

The contributions of each of the seven segments are shown individually in the equation. Segments 1 and 7 lie

along the Z-axis and as slender bars have approximately zero inertia about that axis. The Z-axis passes along
the ends of segments 2 and 6 so they each contribute %m(z . Segments 3 and 5 are parallel to the Z-axis at a
distance of ¢ so they each contribute approximately 7 /*, and the Z-axis passes through the mass center of
segment 4 so it contributes 75 (2m)(2()*.

Since the X'Z plane is a plane of symmetry, the products of inertia associated with the Y’ direction are
zero. Hence, I}, =0. The product I}.,, however, is not zero. It can be calculated using the parallel-axes

theorem for products of inertia and the body build-up technique as follows

16, = 27:(1)?,2 )i =0+ m(D)(=0)+m(O)(=5) + 0+ m(=0)(L) +m(=£) () +0_ = IS, =—2m/?

i=1

Again, the contributions of each of the seven links are shown

individually in the equation. To calculate the contribution of each
link, imagine a set of local axes passing through the mass centers of | (2)

each of the segments and parallel to the X' and Z axes. (The | o |

. . . 2 z ’
products of inertia of each of the segments about their local axes are 1y T %
2
zero due to symmetry.) Then apply the parallel-axes theorem to find
the products of inertia about the system’s mass center. For example, - = - JZ_ - - —g —Z>

the product of inertia of segment 2 about the system’s mass center

G can be calculated as follows

(15,),= (1%2), +m(5)(=0)=—Lm?’
S

ZE10

The first term is the product of inertia of segment 2 about its mass center axes (which, again, is zero due to

symmetry) and the second term is the product of “m” times the product of the X' and Z coordinates of G,
relative to G. Note that the product of the X' and Z coordinates of G relative to G, produces the same result.

A similar approach is taken with each of the segments.

Substituting these results into the expression for H . gives

H;=2mloi' +(mlwk
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Note here that even though the angular motion is only about the Z axis, the angular momentum has a
component which is normal to that direction due to the mass asymmetry of the system about the directions of
the S-frame. Mass asymmetries such as this induce oscillatory loads on the support bearings. At significant
rotational speeds, these loads cause the supporting structure to vibrate. The support loads for this system are
calculated in Unit 2 of this volume.

b) The kinetic energy of the crank shaft is found from the velocity and angular momentum vectors to be

~B

K = %m(RYG)z +%R@B‘}~]G :%Ra) Hy =%(a)lf)HG :%mgzwz = K:%mﬁa)z
%f_/
Zero

From its definition, it is clear the kinetic energy of a body incorporates only the component of the angular

momentum which is in the direction of the angular velocity.

Example 2: Angular Momentum and Kinetic Energy of a Misaligned Disk (or Gear)

The system shown consists of two bodies, shaft 4B of length 2/ and 7 ¢
disk D of radius 7. D is welded to AB so that an axis normal to D makes an Qlj W,
angle g with the shaft axis. A non-zero angle £ indicates the disk is not |°| B

aligned properly on the shaft. The shaft and disk rotate together about the Z

axis at arate of @ (1/s). The mass center of the disk is on the axis of rotation. L B o
=3
Reference frames: (R is the fixed frame) r 7 v/
S: i',j',k (rotates with the shaft; aligned with the shaft) 5

D: e, e,, e, (rotates with the shaft; aligned with the disk) (?1 =i ')

9
wn
ey
O
(rp)
7
S
™

Find: J) €
a) H, the angular momentum of the disk about its mass center, G
b) K the kinetic energy of the disk

Solution:

a) Note the reference frame D: (e, e,, e,) represents a set of principal

axes for the disk. Assuming the disk is #hin, its inertia matrix relative to

the D-frame axes can be written as

2

(=)
oS O

[£5],=mr (all products of inertia are zero due to symmetry)

S O K-

S B
o=

Here a subscript D has been used to indicate the reference directions are fixed in the disk. To calculate the
angular momentum using this result, the components of the angular velocity vector must be resolved in D as

well. Using S, and C, to represent the sin (f) and cos(f), the angular velocity can be written as follows.
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@, :wk:a)(—Sﬂ g2+Cﬂ §3)

Substituting into the definition of angular momentum gives the components of H . resolved in D.

H;-e + 00 0 0
H,-e,t=mr’|0 % 0 —wS, =mr’ —%a)Sﬂ = HG:%erw(—Sﬂ e, +2C, §3)
H, e, 00 3| oC, 1oC,

The shaft-based components of M. can now be found by recognizing from the diagram that

e,=C,; j'=Syk and e,=S8, j'+C, k. Substituting these into the above expression gives
Ho =hmra(=5, ¢,+2C, ¢,)=4mr'a| =S, (C, j'=S, k)+2C, (S, [ +C, k)|

or

Hy=4mro|(S,C,) /+(2C;+8)) k| =4mro|(S,C,) j'+(C) +1) k]

As with the system of Example 1, the angular momentum has a component which is normal to the angular

velocity due to the mass asymmetry of the system about the directions of the S-frame. If the misalignment

angle is set to zero, H, reverts to a simpler form which is in the direction of the angular velocity.

Ho=gmrol($,C,) (G k], =imriof24] ={do=gmrok

Note here that the angular momentum was calculated about the shaft-based system without first finding

the inertias about those axes. However, the above result can be used to determine these inertias by noting that

Hy=(~1y,0) i +(~1,,0) j'+(1,,0) k=%m rza)[(sﬂcﬂ) J+(C+1) k]

Equating each of the vector components leads to the following inertias about the shaft axes.

Lyz =0} |1y, =—%mrzSﬁCﬁ s 2z :%mrz(C; +1)

b) The kinetic energy of the disk is found from the velocity and angular momentum vectors to be

K=4m("y) +1 @, -Ho =1 "0, -Hy = 4(0k)-Hy =tmr (Co +1) 0" = |K =tmr (C) +1) o’
\—W——J

Z€ro

Again, note that the kinetic energy involves only the component of the angular momentum in the direction of

the angular velocity.
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Example 3: Angular Momentum and Kinetic Energy of a Rotating Bar

The system shown consists of two bodies, frame F and bar B. T b
Frame F rotates about the fixed vertical direction annotated by the | ' r/s)
unit vector k. Bar B is pinned to and rotates about the horizontal ’J"
arm of F. F rotates relative to the ground at a rate Q (r/s) and B
rotates relative to F at a rate of @ (r/s). ole
Reference frames: (R is the fixed frame)
F:n,n,k (rotates with frame F)
B:e,n,,e, (rotates with the bar B) - €
Find: Frame, F
a) H the angular momentum of B about its mass center, G ‘ ‘
b) K the kinetic energy of B .

Solution:
Assuming the bar is slender, the inertia matrix of the bar about its mass center G associated with frame

B:(e,,n,,e;) can be written as follows. Note again that the subscript B indicates the reference directions are

fixed in B.

[IG]B =%m€2

S O O
S = O

0
0
1

To use this result to find H, the angular velocity must also be resolved into body-fixed components. Using
the summation rule for angular velocities and S, and C, to represent the sin(#) and cos(8), the angular

velocity can be written as

R@B = F@D+RQ)F =on,+Qk=wn,+Q(=Sy¢,+Cpe;) = R@B =(-QSy) e, +on, +(QC))e;

The body-fixed components of the angular momentum vector can then be calculated as follows.

e e 2[00 0)[-as,] [0 e

m m m
Ho-myp=770 1 0g 0 p=—pmy @ DHG:?(QU2+QCH€3)
Hy e, 00 1]lQc, Qc,

b) The kinetic energy of the bar includes both translational and rotational energy. Using the angular velocity

and angular momentum vectors and noting that *v , = —d Qn,, the kinetic energy can now be written as

K =3m("ys) +1 0y - He =3md’Q* +1(-QS, ¢ + wn, +QC, ?3)‘”11—62(50’32 +QC,¢;)

=|K=
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Example 4: Aircraft with Two Engines

The aircraft shown has two engines, one on
each wing. The orientation of the aircraft
relative to a fixed reference frame R is defined

by a 3-2-1 body-fixed rotation sequence

(l//, 0, ¢). For the purposes of this example, the

aircraft is made up of three main components,

the airframe A and the two engines E, and E,. The term airframe is used to refer to all the stationary

components of the aircraft, and the term engine is used to refer to the rotating components of the engines. The

points G, (i =1,2) are the mass centers of the two engines, G, is the mass center of the airframe, and G is

the mass center of the aircraft.

The aircraft is symmetrical with respect to the x,z, plane. The two engines are assumed to be identical

and placed symmetrically on the airframe so the position vectors of G, (i =1,2) relative to G the mass center
of the aircraft can be written as L6 =Xpbi+yeby+zpby and 6,6 =Xebi=Ypby+25bs. The engines

(rotating components) are assumed to be solids of revolution aligned with the x, axis (meaning they are

rotationally symmetrical about that axis). Finally, the velocity of the mass center of the aircraft is given in
body-frame as “v . =u b, +v b, +wb, and in the ground-frame as “v. =X N, +Y N, +Z N,.

Reference frames:
R:N,,N,,N;, (inertial or ground frame)

A:b,,b,,b, (frame fixed in the aircraft)
Find: (express vector components in frame A)
a) H the angular momentum of the airframe about its mass center G,
b) H 6, (i=12) the angular momenta of the engines about their mass centers G, (i =1,2)

c) H the angular momentum of the aircraft (airframe and engines) about its mass center G
d) K the kinetic energy of the aircraft

Solution:
a) Assuming the x,z, plane is a plane of symmetry of the airframe, its inertia matrix about its mass center

G, can be written as

160 —J%  _J% 19 0 —I%

XpXpy Xpp XpZp XpXpy XpZp
— | — GA GA — GA — GA
|:IGA } 4 1 Vo 1 VoVs bezb o 0 1 Vos 0
G G G G G
e I S -[% 0 I

ZpXp ZpYp Zp2p XpZp Zb2p
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Recall the subscript 4 on the inertia matrix indicates its elements are measured about airframe-fixed axes, and

note that because the aircraft is symmetrical about the x,z, plane, ];’;;‘b = If];‘h =0. In Unit 5 of Volume I the

angular velocity of a body whose orientation is described using a 3-2-1, body-fixed orientation angle sequence

was found to be

"0, =o,b +0,b, +@,b, :(é_‘/)sg) é1+(9c¢ +y C, S¢) b, +(—95¢ +l/7C§C¢) b,

The body-fixed components of the angular momentum of the airframe can then be calculated as follows

G, _ 764 G, _ 764
],_.,I G, él ]xl;xh 0 bezb @, ]xbxb @, ]xl;zb @
p— G/l p— G/]
I:[GA 122 - 0 ]ybyh 0 COZ - IJ’th 602
H. b _7Gu G, w _ 7G4 G,
1G, 93 bezb 0 Izbzb 3 ]xbzbwl +Izbzba)3

_{ G _7G, G _7G G,
= [’_"IGA h (be;b @, be;b @ ) 121 + (IJ’/:;/; @ ) l")z +( be;b @, + IZb;b @ ) ZN)3

b) Given the rotating components of the engines are solids of revolution whose axes are parallel to b, the

inertia matrices of the engines about a set of axes parallel to reference frame 4 and passing through the mass

centers of the engines can be written as

Gi Gi G
— — E
Ix/;xh beyb [szb I XpXp O O
_ G; G; G; _ E .
[IGIJA N ]ybxh ]yhyb thzb =0 ]ybyh 0 (i=12)

G G G E

L L A o o I
ZpXp ZpVp ZpZp

Due to the assumed rotational symmetry of the engines about the b, direction, all products of inertia are zero,

and the inertias / f

-, and [ zizb are equal and constant relative to directions fixed in the airframe 4.

The angular velocities of the engines can be calculated using the summation rule for angular velocities.

R R
QDp. =

@4t A@Ei =(@ b+ 0,0, +@3b5)+(wg b))

1

= R@Ei =(0,+wg )b +w,b, +w3b5| (i=12)

Using the above results, the aircrafi-fixed components of the angular momenta of the engines can then be

calculated as follows

Hg, b, Iix,, 0 0 ||o+og, I;Cixb(a)l—’_wEi)
E E

]:IGi ' éz =/ 0 beyb 0 @ - [ybyba)z

Hg -b, 0 0 [zEbzb @ [zE,,z,,a’3

= |Hg, =(]bexb(a)l+a)Ei)) [21+(]fbyba’2) 122+(1E a’s) byl (i=1,2)
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¢) The angular momentum of the aircraft about its mass center G is the sum of the angular momenta of the

airframe and the two engines about G.

The angular momentum of the airframe about G the mass center of the aircraft can be calculated as follows.
(H ) =H +(r xm , ®y ):H +(r X m (Rv + Ry ))
16)y =26, "\Leyc*My Vg, 26, "\Leya*My\ Yo T Y66
R R
=Hg, +(’SGA/meA YGA/G)JF(’SGA/GX’"A YG)

_ R R
—[jGA"'mA(’SGA/GX( @AX’:GA/G))+(mAKGA/G)X 4

The second term on the right side can be expanded using the vector identity |ax(bxc)=(a-c)b—(a-b)c

and letting 7 ,; =x, b, +z,b; gives the following.
m, (’SGA/G X(R@A X ’SGA/G)) =my ((’IGA/G "SGA/G) R@A _(’SGA/G ' R@A)L’GA/G)
=my (xj +Zf1)(a’1 by + @, b,y + o, é3)‘(an)1 +ZACU3)(XA by +z, [23)
=y [(xfl +Zi)a’1 _(xj)wl _(XAZA)CO3]Z21 tm, [(xi +Z/21)a’2]122

tmy [(xi +Z§1)a’3 —(x424) @, _(Zi)a%}[?z»

m, (’SGA/G X(R@A X ’SGA/G)) =my [(Zj)a)l _(XAZA)a’s]él tm, [(xj +zj)a)2}@2

tmy [_(XAZA)COI +(xj)a)3}l~)3

Note that the 5, component of the position vector 7 ,; 18 zero because the engines are symmetrically placed
with respect to the x,z, plane.

Combining this term with / ; and using the parallel-axes theorems for moments and products of inertia
gives

R
Hg +m, (’SGA/G X( @ 4 X’SGA/G))

1% +m,2 0 (108 mpxgz,) o
:[121 b, @3] 0 IZAyb +m, (Xi-f-Zj) 0 @,
—(1% +m x,z 0 1% +m x> @3
| ( X2 4% 4 A) 22 4% 4
(]xcth )A 0 _(IXC:Zb )A w,
:[ZZ1 b, @3] 0 (Ibeyb )A 0 W,
), 0 (5), |\
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R _ R
= I:IGA+mA(’:GA/GX( @AX’SGA/G))—(£G)A' @4

Here, ([ G )A represents the inertia tensor of the airframe as measured about G the mass center of the aircraft.

Substituting this result into the original expression for (Ij G ) , gives

(Hs), z[(gG)A'R@A]+(mA’:GA/G)X v

Using a similar procedure for each of the engines along with the summation rule for angular velocities,

the expressions for the angular momenta of the engines can be simplified as follows.
(]:IG )Ei =H; + (’SG,./G Xmg RYG,. ) = (£G,- : R@E,. )"‘ (’SG,./G Xmg (RYG + RYGI-/G ))

|

_ R R A R
—(£G,.' @A)+mE(7:Gf/GX( @AXI:Gi/G))+(£Gi' @E,.)Jr(mE’SG,./G)X VG

R y R R
G,.'( @yt @Ei))+(EGi/GXmE YG,-/G)+(’:G,-/meE YG)

N~

- (}!G)E :|:('I~'G)E .R@A}—i_(gGi ’ A@Ei)—'—(mEKG,-/G)X *ye

i

Substituting all terms into the equation for H , gives

+
—_—

myrg,c tMelc e +mE’:Gz/G)X Ve

Z€ro

=>|H; = [(£G )aircraft

]' *o , "‘(gc;1 : A@El )"'(ng : A@Ez)

Here, (1 G) represents the inertia tensor of the entire aircraft about its mass center G, and using the

~ aircraft

definition of center of mass, the sum m,r; G +mgrg G +mplg,c 1s recognized to be zero. A more specific

Sform for the airframe-fixed components of H can be written as follows.
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G G

0

E-0 0 1

]:1 G’ 131 XpXp T ixz, W, XX, @ 1 XpXp 0 0 @ 2
H,-byp=| 0 yijb 0 Ro,i+| 0 Iy’iyb 0 0 '+| 0O Jfbyb 0 0
Hg-bs) |1, 0 1° || o o 5 ([Y o o £ |0
Hg-b, gxba)l —Igzba)3 +I€xba’E1 —i—[fixha)E2
=\ Hg by = ]yGhy/,a)2
H. b, -17 o, +17 o,

Note here that 7 UG (i, j = x,,y, or z,) represent moments and products of inertia of the entire aircraft about its
mass center G while [/ fb ., Tepresents the moments of inertia of just the rotating components of the engines

about their axes of rotation. As defined above, variables @, (i =1,2) represent the rotational speeds of the

engines relative to the aircraft.

d) The kinetic energy of the aircraft is the sum of the kinetic energies of the airframe and its two engines.

2
K=K, +ZKEi

i=1
|1
2

The above expression has three translational kinetic energy terms and three rotational kinetic energy terms.

2 2
1 R 1R
IjGA)+ZI(EmE( YGI') +E Q)Ei.I:IGij
I=

It can be transformed into an expression with a single translational energy term associated with G the mass
center of the aircraft as follows. First, rewrite the translational energy of the airframe and the engines in terms

R
of “v,.

2 2
1 R 1 R R
_mA( YGA) —EmA( Yo T YGA/G)

2
1 R R
2 —EmA( YG+( @AX’SGA/G))

2 2
1 R 1 R R R
zmA( YG) +2mA( @AX’SGA/G) T Y ( @AXmA’SGA/G)

Similarly, for the translational kinetic energies of the engines

2

2 2

1 R 1 R R 1 R R

2’"5( YG,.) —sz( Ve + YG,./G) —sz( YG""( @AX’SG,./G))
5 (i=12)

1

2

2
R ! R R R
mE( YG) +EmE( @AXZGI-/G) + YG'( Q)AmeZG,-/G)

Summing these three terms gives
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2 2
1 R 1 R R R
—EmA( YG) +7mA( @AX’SGA/G) T Y ( @AXmA’SGA/G)

2
) 2
1 R 1 R R R
+Z{3m5( yG) +3m5( @AXI:G,-/G) + YG'( @Ame’:G,—/G)}

2

I R, V1 R > R 1 R :
:5(mA+2mE)( YG) +EmA( @AX’SGA/G) +EmE( @AXKGI/G) +E’"E( @AX’SGZ/G)

R R
T V| @y X(mA’:GA/G TMglc ¢+ mE’:Gz/G)

Z€10

2 2 2 2
1 R 1 R _1 R 1 R
EmA( YGA) +ZEmE( YGi) _2mT( YG) +2mA( CL’AX’SGA/G)

2

2
1 R 1 R
+EmE( @AX’:GI/G) +5m5( @AX’SGZ/G)

Here, m, =m +2m; is the total mass of the aircraft and, using the definition of center of mass, the sum in

square brackets is recognized to be zero. Finally, substituting this result into the original expression for K gives

2 2
K =1 R 1 R 1 R
—EmT( YG) +[E 0 g, +EmA( @AX’:GA/G)}

2 2
1 R 1 R 1 R 1 R
”{E g, Hg, +EmE( @AX’:Gl/G) }{5 g, g, +EmE( @AX’:G2/G) }

The three terms in square brackets on the right side of this result can be further simplified as follows.

Consider the first bracketed term associated with the airframe and recall the vector identity

(axb)-c=a-(bxc)|.

1R 1 R 2 1R 1 R R
7 @4 Hg, +EmA( @AX’SGA/G) =5 @, Hg, "'EmA( @AXL’GA/G)'( @AX’SGA/G)

1 R 1 R R

7 0 Hg +7m, @A‘(L’GA/GX( @AX’SGA/G))
— 1R . R

=5 Wy [I:IGA +’”A(’SGA/GX( @AXKGA/G)):l

Using the results found above for the term in square brackets gives

R

1 1 R IR R
7 0, Hg, +EmA( @AX’ZGA/G) =7 @A'(gG)A' @ 4

Following a similar process for the engines along with the summation rule for angular velocities gives
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_1fr R (R 4 1[4 R 1[4 4
—5( @A'(gG)E_' @Aj"‘i( @,y Lg, - @Ei)"'i( g, Lg, - @A)"'E( g, Lg, - @Ei)

Substituting into the kinetic energy function and simplifying gives

1 R 2 1R 1 R 2
KZE’"T( YG) 2 @A'IZIGA"‘E’”A( @AX’SGA/G)

)
K=%mT(RYG)2+%[R~A'(£G) ‘R@A}
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This general expression above can be reduced to a more specific result as follows. Considering each term

individually:

2 2

2 A . .
1 R _1 2,02, 2\_1 2, y2 ., 52
EmT( yG) ——mT(u +vi+w )——mT(X +Y +Z)

G 0 G

XpXp XpZp

_ G
(£G )aircraﬁ - 0 Iy bVb 0
-I° 0o I°

XpZp ZpZh

lR@A'(gc)amﬁ‘R@AZ%R@A'[(IG a’l_lgzba’s)éﬁr(]c; a’z) [22+(_IG o, +1 a’s)[%}

2 XpXp YbVb *bZp Zb%p

_1[(s6 G G G G
—E[(Ix,,x,,wl _[xhzba)S)a)l +([y,,y,,a’2)a’2 +(_[x,,z,,a’1 +1zbz,,a’3)a’3]

I R R _ 1[G ,2,7G .2, 7G _2 ~7G
=15 @A~(£ )aircmﬁ- @A——[] wl+[)’byba)2+12hzba)3 ZIXtha)la)S]

L4 . A =1 . . =17E
2y W, Lo Qg =q0p 1 Lo 0p 1 =51 O

14 . LR _17E 1R A

7 Qg Lo O T, Op 0 =50, L O
L4 I Ry =17E 1R 4

7 Op, Lo, @ =50 0p0,=5 0, L "0,

Substituting into the general expression for K gives the final detailed result.

] 2, .2 2\, 1[G .2, G 2, ,G 2 G
K=dmp (0 v +w )41, o} + 15, 03 +15, 0 =217, 0, 0, ]

XpXp Vb Zp X,

1 7E 2 1 7E 2 E E
+31xbxwa1+5[b a)E2+Ix a)Ela)1+bexba)E2a)1

XpXp b»Xp

Or,

_ 1 2 2 72 1 G 2 G 2 G 2 G
K=im (X’ +¥*+2 )+E[bexba’1 +beyba)2+lzbzba)3—2bezba)1a)3]

17E 2, 17E 2 E E
+3 IwbcoE1 +3 bexba’Ez + bexba)Ela)l + bexba)E2col

Note (as before) that IUG (@, j=x,,y, orz,) represent moments and products of inertia of the entire aircraft
about its mass center G while J XE[ ., represents the moments of inertia of just the rotating components of the

engines about their axes of rotation. Also, recall that although both engines are identical, they may be rotating

at different speeds.
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Example 5: Double Pendulum or Arm

The system shown is a three-dimensional double
pendulum or arm. The first link is connected to ground
and the second link is connected to the first with ball and
socket joints at O and 4. The orientation of each link is
defined relative to the ground using a 3-1-3 body-fixed

rotation sequence. The lengths of the links are ¢, and
¢ ,. The links are assumed to be slender bars with mass

centers at their midpoints.

Reference frames:
R:N\,N,,N; (fixed frame)

L,:n',nh,nt (i=1,2) (fixed in the two links)

Find:
a) H (i=1,2) the angular momenta of the two bars about their respective mass centers

b) K, (i =1,2) the kinetic energies of the bars

Solution:
a) The inertia matrices of the links about the link-fixed directions can be written as

[IG,JL_ Z%miﬁ (i:1,2)

l

S O =
oS O O
—_ o O

In Volume I, Exercise 5.2 it was found that for a 3-1-3 body fixed orientation angle sequence, the angular

velocity vectors of the links can be written as follows.

R i i i 0 0 i 0 0 i 0 0 i
O =W, By +Wp Ny + O Ny =(‘9i1Si2Si3 +‘9i2ci3)’21 +(‘9i1Si2Ci3 _‘91‘251‘3)712 +(‘9i3 +‘9ilciz)’l3

The body-fixed components of the angular momenta of the links can then written as

H, - m 10 0]|@®; ;)
Hg, - =1gm; (7|0 0 0y@, r=1ym; (i1 0
Hg, - nf 00 1o, @3

1. 2 : : -
= \Hg, =mymi 1] (a’n n+o,, ’213) i=12)

b) The kinetic energies of the bars must include the translational and rotational energies. However, since
link OA is rotating about a fixed-point O, the kinetic energy can also be written as purely rotational energy

about point O.

Copyright © James W. Kamman, 2016, 2021 Volume II, Unit 1: page 24/35



Link 1:
Taking advantage of the fact that link 1 is rotating about a fixed point, first find the angular momentum
about the fixed point. Using the parallel axes theorem (or inertia tables directly) to find the inertias about

the end of the link gives

1
Hy- n 1 0 0@ @y

L{_1 2 _1 2 _1 2 1 1
Hy-nyp=5mLy|0 0 O o, r=53mliy 0 = |Ho=3m 4 (a)ll ny+ g3 733)
Hy ! 00 1|, o

Then the kinetic energy can be written as

_ 1R (L1, 2\ e 2 N L 22 2
K,=7 @Ll'1210—§(§m1€1)(0)11+a’13)—8m1£1 (a)11+a)13)

This result can also be found using the more general form for the kinetic energy. Using this approach, first
find the velocity of the mass center of the link.

R

N|§
S
[\

_ R LR _R _ - - Y s R ] 1 1
Yo, = Yo Yoiio0= @ XLgo=\Wn @0, )+ 03 1y My | = =7 \@nlt; —0; 1

Z€ro

R b 1 1
= | Yg —7(0)13731_0)11’13)

Using the general form for kinetic energy gives the same result

1 R 2, 1R
K=73m (Tvg ) +5 @, Hg

2
1 14 2 2 1(1 2 2 2\ _ (1 1 2 2 2
—jml(jl) (0)13 +a)11)+7(—2m1€1 )(0)11+0)13)—(§+ﬁ)m1€1(0)11+0)13)

1, 22 a2
=K, —Emlél(a)n”%‘)w)

Link 2:
First find the velocity of the mass center of the link.

R, _R R _ (R R
Yo, = Yut VG, —( o X’SA/O)"‘( O, ><’SGZ/A)

:(a’n o+ ny+ oy @g)x(—élglz)+(a)21 @y 1+ 0y, ’Zé)x(_T’ﬂz)

l
_ 1 1y_f2 2 2
__ﬁl(a)ll ;=@ ’31)‘7(‘021 3~ @3 ’31)

J4
R _ 1 1 2 2 2
= Ya, —gl(a’13’21_a)11’13)+7(0)23’11_w21713)

Transformation matrices can now be used to resolve all the components of RyGZ into the base frame.
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m m
Rszzél[a)l3 0 —a)H] n', +%[m23 0 —a)m] n
ny n

N, N,

=t [on 0 -0, [R{N+ 20 0 -0, ][RI,

N} ~3

So, the components of Rsz in the base system are

v, .
V, I:Vl V, V3] :|:£1|:a)13 0 wll:II:Rl:'—i_pz [5‘)23 0 wzlil[Rzﬂ
Vs
T/ T

[1fon 0 -0, J[R]] +|Fen 0 -0u][R,]]

" W3 W3
S[rt=a[R ] o 2[R, 0

Vs —0y )

The kinetic energy of link 2 can now be written as
_1 R 2,1R
Ky=5m,("vg,) +7 @, Hg,

_ 1 2 2 2\ 2 2 2\ (1 2 2 2
—Emz(Vl +Vy +V5 )"'5(”21 Ry + @y 1)+ W ’33)'(Em2€2(0)21 ny+ @3 ’33))

1 2 2 2 1 2 2 2
=K, —Emz(Vl +V; +V3)+§m2€2(a)21+a)23)

Clearly, the most intricate part of the kinetic energy of link 2 is in the translational energy.
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Exercises
The following observations are helpful in the solution of problems 1.1 and 1.2.

1. If « isan arbitrary scalar, and if 4 is an eigenvalue of matrix [A] ,then oA is an eigenvalue of matrix
a [A] .
2. If « is an arbitrary scalar, and if x is an eigenvector of matrix [A] , then x is also an eigenvector of

matrix o[ A] corresponding to the eigenvalue aA.

1.1 The body shown consists of two L-shaped arms welded to
a straight rod. The straight segment has length 3a , and each
segment of the L-shaped arms has length a . Each segment

of length a has mass m . All segments are slender.

a) Find the principal moments of inertia and the
principal directions for the mass-canter G .

b) Show that the eigenvector (or modal) matrix found

in part (a) diagonalizes the inertia matrix.

Z
Answers:

e 3.91667 1.00000 —1.50000

[I;]=ma*| 1 & 1 |xma®| 1.00000 591667 0.500000

-3 1 L ~1.50000 0.500000  3.33333

0.642082 —0.648393 —0.409045
[M]~|-0.246360 0330748 —0.910995 || |det[M]=1
0.725974  0.685706  0.052629

1,~1.83699 ma®| |1, ~4.99288 ma*||I; ~6.33679 m a*

e, = 0.642082 N, —0.246360 N, + 0.725974 N,

e, =—0.648393 N, +0.330748 N, +0.685706 N,

e, =—0.409045 N, —0.910995 N, + 0.052629 N,

1.2 The figures below show two views of a body with a central cylindrical section and two identical, box-

like ends. The central cylindrical section has a diameter of ¢/ and length of 10/ . The box-like ends have
two square sides (length and width equal to 4 /) and a depth of /. The cylinder has mass m and the box-
like ends each have mass 2m, so the total mass of the composite shape is Sm. Find the principal

moments of inertia and the principal directions for the point O on the outer corner of end B.
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10L

k
K—

.

4L

—r

Answers:
B 60 -60 50792 =60 =60
[Io]=mt*| —60 2381 20 |~m¢*| —60 33506 —20
60 20 3361 -60  -20  335.06
0.959542 —0.281564  0.000000
[M]~|0.199096  0.678499 —0.707107 || |det[M]=1
0.199096  0.678499  0.707107

I,~25.8928 m (°

I,%339.961m(*

15 =355.062m (*

e, =0.959542 N, +0.199096 N, + 0.199096 N,

e, =—0.281564 N, + 0.678499 N, + 0.678499 N,

e, =-0.707107 N, +0.707107 N,

1.3 The rectangular plate P is welded to a shaft so that it rotates

about its diagonal. (a) Find H; the angular momentum of

P about its mass center G. Express your results in the

X, Y',and Z' directions. (b) Find K the kinetic energy of

the plate.
Answers:
mabw . N 272 2 2, 12
a) H-=——(2abi+(a”-b b) K=ma'b-w"/12(a” +b
) Hg 12(az+bz)( i+(@-b"j) b /12(a> +5%)

14

a shaft of length 3a. The planes of the arms are at right angles
to the shaft. If all parts are made of “slender” bars, complete
the following. (a) Find H the angular momentum of the
system about its mass center G. Express your results in the
X', Y',and Z directions. (b) Find K the kinetic energy of

the system.

: = ma* 3,1 .10 _ 2 2
Answers: a) H; =ma w(_7£’+7['+?lg) b) K—%ma o
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1.5

1.6

1.7

The system shown consists of a bar B that is pinned through
the center of a shaft of length 2a. As the shaft rotates about
the Z-axis at a rate Q (r/s), B rotates about the Y’ at a rate

0 =w (1/s). (a) Find H the angular momentum of B about
its mass center G. Express your results in the X', Y', and Z

directions. (b) Find K the kinetic energy of B.
Answers:
2) Hg =l (~(Q5,C,) i'+ o] +(057 ) k)

The system shown consists of a bar B that is pinned to the bottom of
a disk D. As the disk rotates at a rate Q (rad/sec) about the Z-axis,

the bar rotates at a rate @ (rad/sec) about the X'direction. (a) Find

H the angular momentum of B about its mass center G. Express

your results in the X', Y', and Z directions. (b) Find K the kinetic

energy of B.
Answers:
a) Hy =Lml? (9£'+(QS9C9)Z'+(QS§)15)

b) K =im(bQ+100Q5,) +Lme*0* + L m*Q?s]

The system shown consists of two bodies, the cross-shaped
frame A and the disk D. Frame 4 is connected to the ground
with a two-axis joint whose motion is described by the
angles ¢ and 6. The angle ¢ allows A4 to rotate about a

vertical axis while the angle @ allows an additional rotation
about the rotating n, direction. Disk D is pinned to the end

of 4 and can rotate relative to 4 also about the n, direction.
The unit vector set 4:(n,,n,,n,) are fixed in the frame 4.
The points G, and G/, represent the mass centers of 4 and
D.a)Find H; and H; = the angular momenta of 4 and D

about their mass centers, and b) Find K the kinetic energy of
the system. The system mass center G lies a distance d, to
the right of G, and a distance d,, to the left of G,.

Answers:

XT
N
— - (-
G o N
Bar, B
b) K =L ml* (o +Q7S;)
21
s 52
k— R —
| % LI

=8

— 2p —H
b - n\ &1k
s C_)Tb ;;TT
A o
I[P

a)

— GA GA GA
Hg =1Ly on +1; o,n, + ;i oy,

— 76p Gp Gp
He, =1 oy n + 1 (a’2+a’0)’32+133 W3 15
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K :%(mA +4mD)b2 (a)f +w§)+%[1§f‘ of + I3 0} + I a)ﬂ
b)

2
1 G 2 G G 2
+3[IUD W, +122D(a)2 +a)D) + 157 a)J

or

K=ty (b44,) (o +a3) +4{(15),, 01 +(15), 02 19) ., 03]

A+D
1 G 2
+3(I22 )D(a)D + 2a)2a)D)

1.8 The system shown is a three-dimensional double
pendulum or arm. The first link is connected to
ground and the second link is connected to the first

with universal joints at O and A, respectively. The

ground frame is R : (N, N,,N;) and the link frames
are L, :(lgil,lgiz,lgg) (i=1,2). The orientation of L,

is defined relative to R and the orientation of L, is

defined relative to L, each with a 1-3 body-fixed |"

rotation sequence.

Link OA is oriented relative to the ground frame by first rotating through an angle @,, about the N,
direction, and then rotating about an angle @,, about the ' direction. Link 4B is oriented relative to link
OA by rotating first through an angle @,, about the 7' direction, and then through an angle 6,, about the
n; direction. The lengths of the links are ¢, and ¢, with mass centers are at their midpoints. Find a)
Hg (i=12) the angular momenta of the two bars about their respective mass centers, and

b) K, (i =1,2) the kinetic energies of the bars.

Answers:

R _ 1 1 1 _ 5 4 T 5 1
@ =0 N +0 N+ =0,Chn —0,S,n,+0,n;

R _ R L, - 2 2 2
@Op, = @p+ @p =0y N +0y»N,)+0,301;

@) C 0 Cyy 0y,
=11 P2 :[RzJ =S50 (+1=Sn b

W3 61, 0y,
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V, W5 , W3 Cin CuSn SiSi
T T T
v, zﬁl[Rl] 0 +72[R1] [RZJ 0 [RJ: =S CuChp S4Cy
v, —0y, @y 0 =S Ca
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Addendum on Inertia — Non-distinct Eigenvalues

It was noted above that nonsymmetrical bodies can have an infinite number of inertia matrices associated
with each point in the body, because the inertia matrix changes with the orientation of the axes at that point.
All those inertia matrices can generally be reduced to a single unique inertia matrix about a unique set of
principal axes at that point. However, for this to be true, the principal moments of inertia must be distinct
(i.e., not equal).

Symmetrical bodies also have a unique set of principal moments of inertia at any point. However,
symmetrical bodies can have multiple sets of principal axes at a given point and multiple points can have the
same principal moments of inertia and principal axes. A body of revolution was used above as an example.

It turns out that a point of a body has multiple sets of principal axes whenever all the eigenvalues of the
inertia matrix for that point are not distinct, that is whenever two or all three of the eigenvalues are equal. The

body may be symmetrical about the plane formed by the eigenvectors, but it may not.
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Example 6: Square Prism
To illustrate this situation, consider the square prism shown below having square ends with sides of length

a and a total prism length of 3a . The mass center G is at the center of the prism and the axes of the reference

frame B: (x, y,z) located at G are perpendicular to and pass through the centers of the sides as shown.

The x-y, x-z, and y-z planes are all planes of symmetry, so the three axes are principal axes and the moments
of inertia about these axes are the principal moments of inertia. Using a set of standard inertia tables, the

principal inertias and inertia matrix can be written as follows.

_ 1L 2, 2\_1, 2 7 _1 2 2\_10,, 2 _5, 2
Ixx—lzm(a +a )—6ma Iyy—lzz—lzm(a +(3a) )—12’”“ =Zma

1 oo
[12]="0 5 0
00 5

Now consider rotating frame B relative to a frame C: (X Y, Z ) using a 1-2-3 body-fixed rotation sequence

as defined in Unit 5 of Volume I. The transformation matrix that transforms vector components from C into B

can be written as follows.

[R] - [Rs][Rz][Rl]
G S 0)lC, 0 =S, |1 0 O C,C, CS,+85,5,C  SS;,-CS,C
=-S5, C 0|0 1 0 |0 C S |=]-CS; CC-S5S,5; S8 +CS,S,;
0 0 1S5, 0 ¢ ||[0 =S C( S, -5,C, C, G,

Here, S, (i=1,2,3) and C, (i =1,2,3) represent the sines and cosines of orientation angles 6, 6,, and 6.

Using results presented earlier in this unit, the inertia matrix about the axes of frame C can be calculated as

follows.
16 |=[R] [ 15 ][]

As an example, consider rotating frame B relative to C using the angles 6, =20 (deg), 6, =-30 (deg),

and 6, =60 (deg) . Using these values, the transformation matrix [R] is found to be approximately
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0433013  0.728293  0.531121
[R]=| -0.75  0.617945 —0.235889
05 0296198 0.813798

Using this transformation matrix, the inertia matrix about the axes of reference frame C is found to be

[ 425 126144 -0.91993
(16 |=[R] [ 18 ][R]= | -1.26144 287836 —1.54725
~0.91993 -1.54725 3.87164

In theory, this process can now be reversed by calculating the eigenvalues and eigenvectors of [[ g ] .

As noted in the Exercises, if « is an arbitrary scalar, and if A is an eigenvalue of matrix [A] ,then a 4 is
an eigenvalue of a[A4]. Also, if x is an eigenvector of matrix [A], the x is also an eigenvector of matrix
a[A]. So, if we define the matrix [ 4] as

425  -1.26144 -0.91993
[4]=|-126144 2.87836 —1.54725
~0.91993 -1.54725 3.87164

then the eigenvalues of [Ig ] are % times the eigenvalues of [A] Also, the eigenvectors of [ I§ ] are the

same as the eigenvectors of [A]

Using MATLAB, the eigenvalues and eigenvectors of [ 15 ] are found to be approximately

A , (1 1 0 0 0.43301  0.85955 -0.27143
Ay r = mg 5 [M]B ~|0 -0.960465 -0.278402 [M]C ~|0.72829 —0.51105 —0.45653
A 5 0 —0.278402 0.960465 0.53112 0 0.84730
Here, the components of the eigenvectors in frame B form the columns of the matrix T
y

[M ] » and the components of the eigenvectors in frame C form the columns of the :

matrix [M ] ¢ - Notice the first eigenvector (first column of [M ] z) points along the | « & Gl e
N

x axis as we expect. However, the second and third do not point along the y and z

axes. In fact, the second and third eigenvectors are perpendicular to each other but
have both y and z components. The second eigenvector makes an angle

¢ ~ 73.8 (deg) with the z axis. See the pair of blue vectors in the diagram.
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Are these principal axes? Certainly, none of the planes associated with the x axis
and these two eigenvectors are planes of symmetry. To answer this question,
consider rotating frame B relative to frame C using a single rotation through an angle
6 about the x axis. In this case, the transformation matrix that transforms vector

components from C into B is

1 0 0
[R]=[R]=|0 ¢C s,
_Sl Cl

The inertia matrix about the axes of frame C can then be calculated as follows.

I 0 0 ¢(1 O O0)j1 O O

2

16 ]=[RT [ ]R]="0 ¢ -si|o 5 00 ¢
08 G Jlo 0 5]0 -5 G

JJr 0 ot o o0
ma
=0 G 5|0 5G s,
1 0 0
2
:’"g 0 5(CP+S7) 5GS,-5GS,
0 5GS,-5GS, 5(S'+C7)

100
=16 =" 03 <5>=[f£]

So, the inertia matrix remains unchanged by an arbitrary rotation about the x axis.

As a final step in this example, we can make sure the eigenvector matrix can be used to diagonalize the

inertia matrix. For this we need the eigenvectors expressed in the frame C.

4.25 —-1.26144 -0.91993 || 0.43301  0.85955 -0.27143

16 |[M]. ~=—| -1.26144 287836 -1.54725| 0.72829 —0.51105 —0.45653

[0.43301 429775 -1.35715
~—|0.72829 -2.55526 —2.28263
10.53112 0 423648

Copyright © James W. Kamman, 2016, 2021

| —0.91993  —-1.54725 3.87164 || 0.53112 0 0.84730

Volume II, Unit 1: page 34/35



L [043301 072829  0.53112 |[0.43301 429775 135715
[M]Z[Ig}[M]Cz% 0.85955 -0.51105 0  [0.72829 -2.55526 -2.28263
027143 045653 0.84730][0.53112 0 423648
1 00
~22 10 50
6
00 5

So, in fact, the eigenvector matrix can be used to diagonalize the inertia matrix.
Final Note

Although the above result was derived specifically for the square prism, the results are true so long as the
inertias about two of the principal axes are equal. Hence, for a body, if two of the principal inertias are equal,
then — 1) any axis perpendicular to the axis associated with the third (distinct) principal inertia is a principal
axis, and 2) an arbitrary rotation about the axis associated with the third (distinct) principal inertia does not
change the inertia matrix. This result can be extended to show that all vectors are eigenvectors if all three

principal inertias are equal.
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