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d’Alembert’s Principle and Kane’s Equations

Summary

This unit discusses the use of d’ Alembert’s principle and Kane’s equations to develop the equations of motion
of rigid body dynamic systems. The application of these methods relies heavily on the concepts of degrees of

freedom, generalized coordinates, partial velocities, partial angular velocities, and generalized forces discussed
in Unit 3. As discussed in Units 3 and 4, systems with multiple bodies will be analyzed as systems rather than one

body at a time as with the Newton/Euler equations of motion. Examples include an aircraft with two engines and

an upright, two-wheeled bicycle.
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d’Alembert’s Principle

Like Lagrange’s Equations, the application of d’Alembert’s principle differs from the application of the
Newton/Euler equations of motion (EOM) presented in Unit 2 of this volume in the following ways:

o Focus is on the entire system rather than individual components

o Constraint forces and moments that are inactive are eliminated from the analysis
Unlike Lagrange’s equations, d’Alembert’s principle does not require differentiation of the system’s kinetic
energy function. It does, however, require calculation of accelerations and angular accelerations.

For many systems, the resulting equations of motion form a set of differential equations. For more complex

systems the EOM form a set of differential and algebraic equations.
d’Alembert’s Principle for Multi-Degree-of-Freedom Systems

Consider a system of Ny rigid bodies with “n” degrees of freedom. Previously, it was noted that the
differential equations of motion (DEOM) of a such systems can be written for a set of “n”” independent generalized
coordinates ¢, (k=1,...,n) using Lagrange's equations. Another approach to finding the DEOM is to use
d’Alembert’s principle. For a system of N rigid bodies with “n” degrees of freedom moving in an inertial frame

R, d’Alembert's principle can be written as

R
~ i

R < R R aR@B-
; m; dg,- oq, "‘;[(gci' Q‘B,)"‘( Q)B,.X]ZIG,)] 66},{’ = F, (k=1,...,n)

The individual terms in the equations are defined as follows.

m; = mass of body B,

vg, = velocity of G,, the mass center of B,
Ra g, = acceleration of G, the mass center of B,
R@B’_ = angular velocity of B,
Ra p, = angular acceleration of B,
I, = inertia dyadic of B; for its mass center G,
H; = angular momentum of B; about its mass center G,
F, = generalized force associated with generalized coordinate g,
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Notes:
1. The boxed equations represent “n” differential equations for the “»” independent generalized coordinates
q, (k=1,...,n). It is important that all quantities be written only in terms of g, (k =1,...,n) and their time

derivatives. No other variables are permitted.
2. The right side of the EOM are the same as for Lagrange’s equations. All forces and torques (both

conservative and nonconservative) are included in £, .

3. As noted above, calculation of the left side of d’ Alembert’s principle does not require differentiation of
the kinetic energy function, but it dees require calculation of accelerations and angular accelerations.

4. This form of d’Alembert’s principle can be used for systems without constraints or for systems with
holonomic constraints provided it is convenient to use the constraints to eliminate surplus generalized
coordinates.

5. For systems with nonholonomic constraints or for systems with holonomic constraints for which it is
not convenient to eliminate surplus generalized coordinates, Lagrange multipliers are used. See Unit 6
for applications using Lagrange multipliers.

Kane’s Equations for Multi-Degree-of-Freedom Systems

Kane’s equations are very much like d’ Alembert’s principle. The major difference is that Kane’s equations
are written for (or based on) a set of independent generalized speeds which are not required to be time derivatives
of a set of generalized coordinates. Generalized speeds can, in general, be linear combinations of time derivatives
of the generalized coordinates. This generalization can simplify the equations of motion that are generated.

Consider a system of N ; rigid bodies with “n” degrees of freedom. Previously, it was noted that equations

€69

of motion of a such systems can also be written for the “n” generalized coordinates ¢, (k=1,...,n) using

Lagrange's equations or d’Alembert’s principle. An alternate approach is to use Kane's equations. For a system

of N, rigid bodies with “n” degrees of freedom moving in an inertial frame R, Kane's equations of motion can

be written as

R
Np 0 Vo Np

I [T B |

-1 Ou i=1 Ot

R
0 Wp,

= F (k=1,...,n)

Ug

Here, u, (k=1,...,n) are a set of “n” independent generalized speeds. These equations are like d’Alembert’s

principle except the partial velocities are based on a set of independent generalized speeds and not an independent
set of generalized coordinates. The individual terms in the equations are all as defined above for d’Alembert’s

principle except for the partial velocities and generalized forces.

Copyright © James W. Kamman, 2017 Volume II, Unit 5: page 2/64



aRYG. aR@B.
and
ou, ou,

The terms

are the partial velocities of the mass centers of the bodies and the partial

angular velocities of the bodies associated with the generalized speeds. The generalized forces are also calculated

in terms of the generalized speeds and are defined as follows.

ofv,
Fuk: Z Ei' 8]/{:1 +; Mj.

i

R
0 @p,

ou

Notes

1. As presented above, Kane’s equations can be written using a set of independent generalized speeds

u, (k=1,...,n) and a set of independent generalized coordinates g, (k=1,...,n). In this case, Kane’s

equations along with the kinematic differential equations represent “2n” first-order differential equations

for the “n” independent generalized coordinates and the “»” independent generalized speeds. It is important

that all quantities be written only in terms of ¢, (k=1,...,n) and u, (k=1,...,n). No other variables are

allowed.

2. As presented above, Kane's equations can also be written using a set of independent generalized speeds

u, (k=1,...,n) and a set of dependent generalized coordinates. Note that only the generalized speeds must

be independent. In this case, Kane’s equations must then be supplemented with kinematical differential
equations and differentiated constraint equations (relating the dependent generalized coordinates) so the
total number of first-order differential equations is equal to the total number of independent generalized
speeds plus the total number of generalized coordinates. This characteristic makes Kane’s equations more
versatile than d’ Alembert’s principle.

3. The right-hand-side of Kane’s equations are like that for Lagrange's equations and d’Alembert's principle,
except that the partial velocities and partial angular velocities are defined for the generalized speeds. Of
course, if the generalized speeds are defined as the time derivatives of the generalized coordinates, then
Kane’s equations become the same as d’Alembert’s principle. All forces and torques (both conservative

and nonconservative) are included in £, .

5. If it is more convenient to use a set of dependent set of generalized speeds, then Lagrange multipliers

must be utilized. See Unit 6 for applications using Lagrange multipliers.
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Example 1: Two Link, Planar Double Pendulum with Driving Torques

The figure to the right shows a double pendulum or arm in a vertical

plane with driving torques at the joints. The two uniform slender links

(LI,LZ) are assumed to be identical with mass m and length /. The system
has two degrees of freedom described by the generalized coordinate set
{0,.0,}.

Find:
Using 6, and 6, as the single generalized coordinates, find the

differential equations of motion of the system.

Solution:
Using 6, and 6, as the two generalized coordinates, the equations of motion of the system can be found

using d’Alembert’s principle.

2 oy 2 R
R <G, [( R ) (R )J ~L _ _
E m, a, —— + E I,  "a; |+|"w, xH —=F k=12
L i 4g, 20, £ Lg," 2y, 0, *11g, 20, o, ( )
Kinematics:

The angular velocities and partial angular velocities of the links can be written as

"0, o (i=))
_{@ (i=/)

"o, =0, k| (i=12) (i,j=1,2)

! 20,

The velocities and partial velocities of the mass centers of the two links can be written as

R. _ R WY R _R R Py 1,7
Y6, = Yg,0 =510, o, Yo, = YyoT Y6,u= 00, €p T3 L0, €y,
R R
oy oty o"v 0"y
—=xle, —=0 —=rle, —=3l¢,, o
00, 00, 00, 00, Eo

Finally, the accelerations of the mass centers of the two links can be written as

FO A
dg, = dgio=210, ¢y =210 ¢,

Typical Link

R
acs

— n — — T o
A, = Ao+ dg,a=00,ey —L07e, +300,e, —310¢

2 2r

Generalized Forces:

The active forces and torques in the system are the weight forces and the driving torques M, and M ,. Note

that the torque M, is applied to the first link by the ground, and torque M, is applied to the second link by the
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first link. So, the first link experiences a torque of M, —M, while the second link experiences a torque of M, .

The generalized forces can be calculated as follows.

F 2%, 0¥, (M M )k o, M.k @
=|-mg j — -mg j—0" |+ - — |+ —=
o £1756 &1, Y CRFY) 25756,

= |Fy, =M1—Mz—%mg€S€1

0%y, v ow
F, =|-m L+ -m "2 (M M) k== |+ | M k=2
o= "L aezJ £4750, (M, -0) 20, 25750,

=>|F, =M, —%mgﬁSGZ

Terms on left side of d’ Alembert’s principle can be written as

R
R 9",

o'y .. : o
i ~Gl:m(%gglggl_%gglzgrl).(%ggel):%mﬁgl my dg, - 20 :mlRQGl'Q:O
2

m, "a,  ——
1 4¢,
00,

R
0 Yo, _ 00 16> L Li2e )0
—=m\ Lt e, — LU, t7lU,ey —5L0€, |- LEy

1

R
m, ag,-

:m£2él +%m£262 (€92 -ggl)—%mgzég (grz .gel)

s s Lo
=m0, +3ml°0, ¢, '(_S2—1§r1 +C2_1§91)—5m€ 03¢y, '(Cz—l ¢ +S2—1§01)

R
0 Ya,

00,

R
= |m, dg,-

=m0, +im0*C, 0,1 m0*S, 6,

R
R 0 Ye,

m, "ag, == m(10 ¢, 107 e, +11b;¢, ~L105e, | Sle,,
2

s Lo Lo
=3ml°0 ¢, '(_52—1€rl +C2_1§91)—3m€ Ore, '(_S2—1€r1 +C2—1€91)+2m€ 0,

8RV . . .
=|m, “ag, -TGZz%mﬁzCz_ﬂl+%m£2S2_1912+%m€202
2
o'w, ofw,
2 5 . 0 .
(gGl'Rng). 8911 :(%mé 0, lg)lg:%mﬁ 0, ({el'R@Ll)' 8921 :(%mﬁ 0, IS)'QZO
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R
0 @,

(gcz'RQle)' ) Z(ﬁm£2ézlf)'920 (gcz’R@Lz)'

R
0 @,

00,

=(zm 0?0, k) k={5m°,

R

Recall finally for two dimensional problems that | "o, xH g

0].

d’Alembert’s Equations of Motion:

Substituting the above results into d’Alembert’s principle gives

AmCy L0, +5m 6, +im’S, |07 +LimglS, =M,

These are two second-order, ordinary differential equations for the generalized coordinates &, and 6, , and they

are identical to those found using Lagrange’s equations in Unit 4 of this volume.

Example 2: Unconstrained Motion of a Rigid Body

The rigid body B with mass center G is moving freely in the

inertial frame R. The unit vectors of the body frame B :( €,€,, 53)

represent the principal directions associated with G and are related to

those in the inertial frame R:( Jyl,Jyz,zy3) by the transformation

matrix [R]. The velocity of the mass center G is given in the body

and inertial frames as

R _
Vg=ue tve,+we;

RYG:XN1+YN2+ZN3

These velocity components are related using the transformation matrix [R] as follows.

u X
V= [R] Y
w Z

The angular velocity of the body is written in body-fixed components as

R _
Wy =0, €+, €, +0; e,

Find:

The EOM of the rigid body using Kane's equations. Use Euler parameters to describe the orientation of the

body and define the six generalized speeds as [ul,uz,u3,u4,u5,u6] = [u, V,W,0,,0,, a)3] .
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Solution:

Using the generalized speeds defined above, Kane’ equations of motion for the rigid body can be written as

ofw
=5 (k=1,...,6)

Uy

r o 0%y R R
m-dg- +[(£G‘ Q‘B)+( Q)BXIZIG)}

Ou, Ou,

Partial Velocities:

The partial angular velocities of the body and the partial velocities associated with the mass center of the

body can be written as

o* 0"

o | (k=123) Eog) (k=450
Uy Uy

o* o*

D5 0| (k=1,2.3) D e (k=4.5.6)
ou, ou,

Mass Center Acceleration:

The acceleration of the mass center of the body can be written as

R R B R
R d Ve d Ve
aG: =

” dt dt

R R\ (- . ,
+( @p X YG)—(”€1+V€2+W€3)+ @ W, 0

u v w

R _( . ,
= QG—(u+a)2w—a)3v)g1+(v+a)3u—a)1w)§2+(w+a)1v—a)2u)g3

Terms on the Left Side of Kane’s equations:

Using the results from above, the terms on the left side of Kane’s equations can be written as

(k=1,2,3)

150 0 (e,

oty
R Vo . ) )
m=ag- = —m[(u+a)2w—a)3v)gl+(v+a)3u—a)1w)§2+(w+a)1v—a)2u)§3]gi
i
R aRYG . R aRYG .
=|\m-ag- =m(u+a)2w—a)3v) m-ag- =m(v+a)3u—a)lw)
ou, ou,
R aRYG )
m°ag- =m(w+a)1v—a)2u)
Ou 5
oy
Yo
ngG- =0 (k:4,5,6)
ou,;

R G - R, _ /G - G G
lg-"ag —=| 0 Iy 0 o, =g "ag=I0,¢+1nn,e,+1505¢;

0 0 IY||@s
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ofw 0w
I.-Ra,)—2=0 (k=123 I Ra, ) —£=1%¢ k=1,2,3
(:G Q‘B) ou, ( ) (:G @B) Pu, ., ik P ( )
€ € €;
R@BXIZIG: 2 2% 28]

o*w
R D p
o, xH, | =0 (k=123
( ~B "~ G) ou, ( )
0*w, 0"w,
= (R@BXI:]G)' P :(1%_152)(02“’3 (R@BX]ZIG)' :(11G1_1§3)w1w3
u, Ou 5
0%,
(R@BX[:IG)' P :(1(2;2_1?1)0)1@2
Ug
Kane’s Equations of Motion:
Substituting into Kane’s equations of motion gives
m(u+a)2w—a)3v)=Fu 1ﬁw1+(1§3—1§2)w2w3:le

v

m(v+ou-ow)=F,| and |I5,d,+(I}-1%)00,=F,,

3

: — G G _ G
m(w+a)1v—a)2u)—Fw 133a)3+(122—111)a)1a)2:Fw

Kinematical Differential Equations:
The kinematical differential equations that relate the angular velocity components to the Euler parameters and

the body-fixed velocity components to the inertial velocity components can be written as

& 0] _ _ w
1 1 & & & & 1 :

4 3 2 1
é X u
o LE o I v =[R] {v
&3 @, 2 1 4 3 @, 7 -
&4 0 & & & & 0

Recall here that the last of the four Euler parameter differential equations is simply the derivative of the constraint

. d
that relates the four parameters, that is, d—(sf +ertes+ gi) =0.
t

Together, Kane’s equations and the kinematical differential equations represent a set of thirteen first-order,

ordinary differential equations in the thirteen unknowns {X, Y, Z,6,,6,,65,E,,U,V,W,0,,0,, a)3} .
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Note: The form of d’Alembert’s principle given above could not be used for this problem because the four Euler

parameters are not independent. When using d’Alembert’s principle with a set of dependent generalized

coordinates, Lagrange multipliers are used. See Unit 6 of this volume for applications using Lagrange multipliers.

Example 3: Three-Dimensional Rotating Frame and Bar Reference Frames

The system shown has two degrees of freedom and consists T ;@ F- (m’}gz, IS)
of two bodies, the frame F and the bar B. As F rotates about the | (1% S (r/s) B 3(?1%’2&3)
fixed vertical direction, B rotates relative to the horizontal arm 1 Bar, B
of F. The orientation of F'is given by the angle ¢ (¢=Q), and I X
the orientation of B is given by the angle & (0 =w). The bar ole = G
has mass m and length /. The frame is assumed to be light. The d
motor torque M () is applied to F by the ground, and the — - - —
motor torque M ,(¢) is applied to B by F. e~ &
Find: Frame, F

The equations of motion of the system associated with the

angles ¢ and 6.

Solution:
Using the angles ¢ and @ as a set of independent generalized coordinates, the equations of motion of the

bar can be found using d’ Alembert’s principle.

mRQG'a(,:; ‘{(gc'R@B)"‘(R@BXHG)J'a;a;;B: £y
R 0"vg R R 0'w,
mde o5 +[(£G' @B)"‘( @BXI:[G)J' LY R £y

Kinematics:

The angular velocity, partial angular velocities and angular momentum of the bar can be written as

R S S T 0" o, 0w,

Oy ="Qpt Qy=9k+0n, = Py =k=-5,¢+C, e and 20 =1,
00 0[S,

Ho=1"@, >3m0 1 015 6 ¢ —|Hy=iml(0n,+4C,¢;)
00 1||4cC,

The angular acceleration of the bar is found by differentiating the angular velocity.
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R _Rd ..

oy —Z(¢£k+9@z):¢.]§+é’32_9¢5’11 :¢(_S9 e +C, ?3)+éﬂz_9¢(Ce e +S, ?3)

— | R

N

B~ _(Saé"' Ceéé) ¢ +(é)’lz +(Ce¢‘_S99‘¢‘) €3

Finally, the velocity of the mass center G and the corresponding partial velocities can be written as

. oF 0"y
fvo=—dpn,| = a;G=—dle 55 ¢

Generalized Forces:
The only active forces and torques in the system are the motor torques. The frame F is subjected to the motor
torque M ,(¢) and to the reaction torque —M,(¢) , and bar B is subjected to motor torque M () . The generalized

forces associated with these torques are

Terms on left side of d’ Alembert’s principle:

The terms on the left side of d’ Alembert’s principle can be written as

R
R aYG

~.8¢5

R
::m(_déﬂl_d¢2@2)(_d@1):”“ﬁé ’"RQG'aaéG:””RQG'QZO

0 0]|—(S,#+C,09)
1 0 9 - gG'ROjB:%mgz[é’,?Z—i_(Ce&_Seé&)g}]
0 1]} (C,$-5,04)

(1o-"as) S0 = o [Gn, +(C.-5,09) ] (-8, ¢+ Cy ) =dome* (C.i - 5,09)C,

00
R 0 @, Ry . . B | e A 1.2 ..
("opxHg): e -$S, 6 $Cy | ==5,(0)+Cy(~{5ml*S,04)=—5m*S ,C 0§

0 Hmfe LHmigc,
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< 0 1 0

R a @B _ 7 A 7 _ 1 2 i2

("esxHo)—s"=95, 0 $C, | =15ml S ,Cop
0 Hm*e Lmisc,

d’Alembert’s Equations of Motion:

Substituting these results into d’ Alembert’s principle gives

(Sm*Ch+md*)g—Lmi*S,C,0=M,

Smlo+Lme*S,C, 6 =M,

These are two second-order, ordinary differential equations for the generalized coordinates ¢ and &, and they

are identical to those found using Lagrange’s equations in Unit 4 of this volume.

Example 4: Three-Dimensional Rotating Frame and Bar

Find:
Solve the problem of Example 3 using Kane’s equations. Use {v Go a)z} as the independent set of generalized

speeds, where v, =d ¢ and o, =6.

Solution:

Using the generalized speeds given above, Kane’s equations can be written as follows.

ov,
R 0
(mRaG aﬁa‘;}j] [(ZG'RQB)—’_(R@BX ~G)} aaa))j = o
Kinematics:

The angular velocity, partial angular velocities and angular momentum of the bar can be written as

0fw 0fw
R R F Vg Y5 1 B _
w,= " w.+ 0w, =%k+o,n,| >——==-k==(-S,¢e,+C, e, )| and =n
Y p Or Vp=d % 2% v, an d( 0 € 9~3> o, 22
0 0 0][-dv,s,
Hy=1,"w, —»+m’|0 1 01 o, —|Hy =ml (0,1, +5v,C, ¢;)
00 1| Lv,C,

The angular acceleration of the bar is

R :R_d(

1 1 . 1 1 . 1
Qg 7 Ve k+o, 732)‘7"0 k+o, ’32"'(02(7"6 ]fx’fz)_EVG k+o, n,=w,7vel

1 - 1
=4V (_Se e+C, ?3)+0)2 ’32_EVG0)2(C9 e +5, ?3)
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— |

_ 1y . (s
Xy __E(VGSH +vGa)2C9) ¢ +(a)2)’~12 +7(VGC.9 _VGC‘)zSe) €;

Finally, the velocity of the mass center G and the corresponding partial velocities are

= GRVG aRvG
=— sl ~~ =0
Ve ="Vl = =—n =Y

ov, 0w,

Generalized Forces:

The only active forces or torques in the system are the motor torques. The frame F is subjected to the motor

torque M ,(¢) and to the reaction torque —M,(¢) , and bar B is subjected to motor torque M (¢) . The generalized

forces associated with these torques are

o*w o*w
FvG:[(M¢IS_M0’Zz)' OVGF "{Ma’}z'aTGB :%M¢(t)

ot ofw
szz((MgﬁlS_MH’gZ)' 8(0: +[M0’32'WZB :Ma(t)

Terms on left side of Kane’s Equations:

The terms on the left side of Kane’s equations can be written as

R
R 07vg

R S T S S R S R, V6 ko
mag—=S=m(=vgm =y ) (-m)=mig| |mag =m"a;-0=0
G

~1 (368, +v,0,C,)

({c : R@B)' a:i)g =%m€2 [d)z n, +%(‘}GC0 _Vca)zse) ?3]’%(_53 e +C, €3)
G

=beml® (v,Cy—ve,8,)C,

0fw
R Dg 1 ol . 1/ Ry
(£G' 0!3)' Py —Emﬁ [w2’32+E(VGC9_VGw259)€3]' ’gz_ﬁmg @,
2
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. -+, 0 L,
0w
R ~B _|_¥ VG __1 1 1 2 vV
(Fo5xHe) 5 s, o, BCy =S, (0)+5Cy (~ym’S 0, )
0 Hmlo, prmlv,C,
. 0 1 0
0w
R ~B _| Yg VG _ 1 2 2
( Q)BXI:IG)' aa)z __TSG 2p) 7C0 T 1242 ml SGCGVG
0  Hmlo, pzmlvC,

Equations of Motion:

Substituting these results into Kane’s equations gives

(md +ﬁm52Cé)"’G —5a M8 ,C o0, v =M 4(t)

2 1 2 2 _
ﬁmﬁ , +Wm€ SQCHVG—Mg

These are two first-order, ordinary differential equations for the generalized speeds v, and w,. To solve, these

equations are supplemented with the two kinematical differential equations.

$=1v,|and |0=0,

Example 5: Aircraft with Two Engines

The aircraft shown has two engines, one on each
wing. The orientation of the aircraft relative to a

fixed reference frame R is defined by a 3-2-1 body-

fixed rotation sequence (l//,0,¢). For the purposes

of this example, the aircraft consists of three main

components, the airframe A and the two engines E,

and E,.
The term airframe is used to refer to all the stationary components of the aircraft, and the term engine is used to

refer to the rotating components of the engines. The points G; (i =1,2) are the mass centers of the two engines,

G, is the mass center of the airframe, and G is the mass center of the aircraft.
The aircraft is symmetrical with respect to the x,z, plane. The two engines are assumed to be identical and
Y P »Zp D g

placed symmetrically on the airframe so the position vector of G, the mass center of the airframe and the
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position vectors of G, (i =1,2) the mass centers of the engines relative to G the mass center of the aircraft can

be written as

6,6 =%abi+2,bs 6,6 =Xpbi+ypby+2zpDb; L6 =Xpbi—Ypby+2pb;

Furthermore, the engines (rotating components) are assumed to be solids of revolution aligned with the x, axis

(meaning they are rotationally symmetrical about that axis). Finally, the velocity of G the mass center of the

aircraft is specified in the body and ground frames as

fvg=ub +vbh,+wbh; fvg =X N +Y N, +Z N,

The angular velocity of the airframe is expressed in body-fixed components as

R@A =0 b +w,b,+w,b, :(é_WSH)él+(9C¢+V)C9S¢)QZ+(_éS¢+WCH C¢) b,

Reference frame:
R:N,,N,,N; (ground frame — fixed on the ground)

A:b,,b,,b, (fixed in the airframe)

Find: (assuming all external forces and torques and engine speeds are known)

Equations of motion of the system consisting of the engines and airframe
Use {ul,u s Uy U g U s ,u6} = {u, VW, 0,,0,, 603} as the six independent generalized speeds
Solution:
In the following solution, it is assumed that the external forces acting on the airframe are replaced by a single

force F 4

4 acting at G, the mass center of the airframe and a corresponding torque 7', . The external forces on

the two engines are replaced by single forces F it (i=12) acting at G, (i =1,2) the mass centers of the engines
and corresponding torques 7' i"t (i=1,2). These forces and torques are then replaced by a single resultant force

F .. acting at G the mass center of the aircraft and a corresponding torque TY where

~ ext

[\

2
_ A A
Eext Fext + Eext ~ext ext Z ~ext (rGA/G XFext)+Z(rG /G ><Pvext)

i=1 i=1

See comments in Addendum 1 of Unit 4 regarding generalized forces when using equivalent force systems on a
rigid body.

Previous results

In Volume I, Unit 5 the angular velocity and angular acceleration of the airframe were found to be (using a

3-2-1 body-fixed, orientation angle sequence)

=(¢5—l/75g) b, +(9C¢‘H/)Ce S¢) [22+(_9S¢+‘/}C9 C¢) by2w ¢ +m,¢,+0; ¢,
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and

R, _dir y_d o
@B:E( @p :E( @B):w1121+a’2[22+w3123

In Unit 1 of this volume, the inertia matrix and angular momentum of the airframe were written as follows.

Note the zero values for some of the products of inertia due to the assumed symmetry of the airframe.

16 0 7%

XpXp XpZ
— Gy — (764 _ 79, ( G, ) (_ G, G, )
I:IGA :IA - 0 ]ybyh 0 I:']GA - (]xbxba)l bezba)3) él + IJ’b)’ba)z 122 + ]xbzb @y +Izbzba)3 123
G G
_Ixh;h 0 ]Zh;b

The angular velocities, inertia matrices, and angular momenta of the engines were also found in Unit 1.

Ithxh 0 0
fwp =(0,+0p )b +0,b, +03b;| (i=1,2) [IG.] = 0 IyEy 0 (i=12)
1 1 lA bYb
0o 0 I

Hg, :(IE b((‘)1+a)5i)) l~’1+(1E wz) 122"'(15,2,,@3) by| (i=12)

XpX, Vb Vb

Recall here that the inertias / yEI ,, and I f ., are equal and they are constant relative to directions fixed in the
airframe because of the assumed rotational symmetry of the engines about the b, direction.

Kinematics:

The velocities of the mass centers G, (i=1,2) and G,, can all be written in terms of the velocity of G the

mass center of the aircraft as follows.

R

R R . R. _ R R
Vo = YT @O 4XLg (i=12) Vg, = Yo @O XLg 6

~Ni

Partial Angular Velocities and Partial Velocities:

Due to the convenient choice of generalized speeds, the partial angular velocities and partial velocities take

on particularly simple forms.

oF oF

8@% :Q (k:1a253al=1’2) 0 Q)Ei :ék (k:1’2’3’l=1’2)
u, Upis

oF oF

sl (k=123) "Ly, (k=123
uk uk+3

or oF

e op | (k=123) =00 (k=123)
uk uk+3

ofv, oty )

a;:‘ =a(R¥G+R@szG,./G)= aJ,{G =b,| (k=123i=12)
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aRYG’ 0 (=« R 0’0, i
8uk+3 auk+3 ( Yo @AXKG,'/G): N XL6ic :ékX’:G,/G (k=1,2,3,1:]’2)
0%, 0 o*v,
~G4 _ Vo+ @, Xr =Y _p k=1.2.3
auk auk ( G Z 4 GA/G) ay/( b, ( )
0"y, 0 [x < 8R@A
ou,, Ou,, ( Yo+ @4 Xl:GA/G) - “. XI66 =i X6 6 (k=1,2,3)

Generalized Forces:

The generalized forces associated with the six generalized speeds are

Ry oRw 2
F, =Fo——24T0 ——=| FA+> Foi |'b,| (k=12.3)
’ du, du, i=1 )
ZC1ro
oy 0fw 2 2
E4k+3 :Eext'—~G+Tecj(t = = Z;t+zzg;i +(7:G /GXFext)+Z( GXFext) bk (k:1>273)
OUy,; Oy, i=1 i=1
H_/
ZC10

Kane’s Equations:

For the airframe with two engines, Kane’s equations can be written as

Ve 3
z m; RQG.' ~ +Z|:(ZG-'RgB-)+(RQ)B-XI:IG-):|'
i auk = ~Yi i i i

i=1

8R@B-
= F (k=1,...,6)

Uk

ou,

Here, the number of bodies is N, =3, and G, represents G, the mass center of the airframe. To find the
equations of motion, consider first the sums on the left side of the equation.

Using the results for the partial velocities for the first three generalized speeds {u, v, w} , the sums on the

left side of Kane’s equations can be written as follows.

R R R R
3 0"ves 0"vg 0"vg 0"vg
R ~Yi R ~Y1 R ~Y2 R ~Y4
Z m,a, - m, " a, - +| m, "a, - +| m .
L. RO oy E=G oy E =G gy 4 =0 oy
i1 k k k k
_ R R R
_(mE gGl'ZZk)+(mE ng'ék)+(mA QGA'ZZk)
_ R R R
_(mE g, tmgp dg, +m, QGA)‘le
mTRQG
3 R 8RVG_ R
~ M
= Z i de =mp"ag. | (k=12.3)
i=1 Uy
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N~

oy )+ ("o, XgGiﬂ.%:o (k=1,2,3)

» 3

i=1

Z€ro

Using the results for the partial velocities for the last three generalized speeds {a)1 ,@,, a)3} , the sums on the

left side of Kane’s equations can be written as follows.

R
1. z m; dg,

i=1 Oty 45

R
0 Ya,

= mER‘lG1 (l2k X’Scl/G))"'(mERQ’G (IZk XI:G2/G))+(mA RQGA (ék X’:GA/G))

Here, the accelerations of the individual mass centers can be written in terms of the acceleration of G the

mass center of the aircraft. Consider the first term in the square brackets.
R _ R R R R
mE( ' * 4dg, ) =MplG X[ dc +( oy X’:GMG)+ @ 4 X( @ 4 X’:GI/G):|

_ R R R R
_(I:GI/GXmE QG)+KG1/GXmE[( Q‘AX’SGI/G)"‘ @AX( @AX’:GI/G)}

Similar results are true for the second and third terms in the square brackets. Summing those three terms

gives
x R + x R + x R
Mg\ Lg g™ g, |TMe| Le,g* Qg, |TMy\ Lo, 6% 4a,
= X R + X R X + R X R X
=\Lgg*Mg dg|TMple e YR e Nle @4 R eNTe
+ xm, Ra |+ x| (Re , x + R0, xR, x
LGy *Mg Qg |TMpLg g Y R eNe] @ 4 Wy XLG, 6

R R R R
+(’SGA/GX’”A QG)+mA’:GA/GX[( Q‘AX’SGA/G)"‘ @AX( @AX’:GA/G):|

_ R R R R
—(mE’SGl/GJFmE’ZGz/G+mA’SGA/G)X QG+mE’:G1/Gx[( OfAXI:Gl/G)—" @AX( @AX’:GI/G):|

Z€ro

R R R
+mE7:G2/GX[( Q‘AX’IGZ/G)+ @Ax( @AX’:GZ/G):|

R R R
+mA7:GA/GX|:( Q‘AX’SGA/G)+ @AX( @AX’:GA/G)}

Substituting these results into the above equation gives
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R R
GI/G)+ @ 4 X( O y4XLG 16 )}}

Mw
S
=]
1Q
Q
0
Il
eyl
=~
/-/.‘——\
3
S
~
S
o)

X
—
—_

=
R
:.;
X
Y

(RQAXKGZ/G)+R@AX(R@AX’:GZ/G)J} (k:1’2’3)

R R R
( Q‘AX’IGA/G)"‘ @AX( @AXEGA/G):”

3

> 3l

i=1

o) 3
G,.'R@Bi)JF(RC’)B XHGI.)] 7 :Z[(£Gi'RQB,.)_"(R@BiX]:IG,)J'ZZk (k=1,2,3)

Oy 0

N

Combining the above results, the left side of Kane’s equations for the first three generalized speeds

{u,v,w} are

(mTRgG)'ék:(Eigt'i-iEg{it]'[zk (k=12,3)

where
I
QG:E( YG):E( YG)"‘ @ 4% YG:(”él+Véz+Wé3)+w1 W, s
u voow

R . . .
=|"ag :(u +a)2w—a)3v)lg1 +(v+a)3u —a)lw)lg2 +(w+ wlv—a)zu)é3

These equations are obviously just a statement of Newton’s second law for the aircraft written along the body-
fixed directions.

The left side of Kane’s equations for the last three generalized speeds {a)1 , @y, a)3} can be written as

follows. In the simplification process, advantage is taken of the vector identity |ax(bx¢)=(a-c)b—(a-b)c

3 oy 3 R
R <G, z R R H ~ B
Z e QG,. . auk " i=1 |:(£Gi . QBi)-i_( CgB" <l Gi ):| 6uk

_ R R R R R
—[(écl' Q‘EI)JF( @EIXI:IGI)+mE’:G1/GX|:( gAXKGl/G)+ @AX( @Axfal/c)ﬂ'l}k
R R R R R
+\Lg, - Q‘Ez)+( @EZX]:IGZ)+mE’:G2/GX[( Q‘AX’SGZ/G)Jr @AX( @AX’SGZ/G)H'ZZk
by

R R R R R
+|:(£GA' @A)"'( @AXHGA)+mAKGA/GX[( Q‘AX’SGA/G)"‘ Q’AX( @AX’SGA/G)H'
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(
[(gGA 'RQA)Jr(mA KGA/GX(RQ{A XEGA/G))]Q" i (R@El X@Gl)J”(R@Ez XI:[Gz)+(RC~0AXI:IGA ):|'l~)k

+

2
Z[(R@E,. ><IE’G,.)7L7"15 (’SG,./G ' R@A)(’SG,./G x o, )} by

i=1

+|:(R@A Xf!@)*'mA (’:GA/G ' R@A)(’:GA/G X R@A)J'ng

This result can be simplified by making use of results presented in Unit 2 of this volume. Specifically,

R R B R
(gcA' Q‘A)"'”"A’SGA/GX( Q‘AX’IGA/G)—@G)A' a4

i

gGi'RQ{Ei+mE7:G,-/GX(R0fAX’:Gi/G):[(gG)E "y +[lcl~'RQA‘EJ (i=1,2)

R R R A~ . R~ - .
ap, = q,+ag | With Ty =ap b +wi0, by, —w,0, by (i=12)

i

Substituting these results into the above equation and simplifying gives

Ou

(o), e e tan ] ] (1), e o 10" ]

=
S
o
X
=
Q
ES
S—
+
3
NS
—
1
Q
Q
=
S
N
S~
—_
~
Q
Q
X
S
N
S~
L 1
=
=
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Substituting into Kane’s equations for the last three generalized speeds gives

([(gc)aircraft . Rin|+|:£Gl ’ RéE1j|+|:£G2 ' R@Ez :|)l2k

+Z:[( R@E,. xH g )+mE (’:Gi/G : R@A)(’:Gi/G <o, ):|l~)k (k - 1’2’3)

R R R
‘{( @AngA)+mA(KGA/G‘ @A)(’SGA/GX q)A):|'l~)k:F;4k+3

Consider now the expansion of each of the terms in these equations into component form.

G 0 G

XpXp *bZp a)l
R G .
1. (1 ) Ta, =>| 0 1 0 W,
= Jaircraft ~ YbYe
G G @
Tz 0 Izhzb 3

= (gc)aimraﬁ‘R@AZ(IxGbxba"l_Ixszbd’s)él+(]yiy,,d’2)122+(16 oy~ 1 d’l)é3

ZbZp XpZp

E
XpXp O O a)Ei
2. I %, =| o0 If 0 { v
:Gi E; YoV 3 Ei
E
0 0 I, ||-00F

= gc-'R@E =(])§xbd)El—)él+(])iyba)3a)E[)é2_(IE a’za’E[)Zb (i=12)

b, b, b,
3 R@AXI:IGAz o, W, @3
oIl oy I o, 17 o;-17 o,
:[( th;, W [sz a)l)a’z th},]wzw3}@1+[(]fb'4 a)l_lgﬁ 0)3)‘03 (Ithﬁ,,‘% Izi,,wl)ah}bz

+[IGA 0,0, —(IGA @, —Igfz*ha@)a)ZJ@

Y dp XpXp

Yo, xHg, :[([zfgb _IbeAyb )a)za’s _[xGbAzba)la)Z:|él +[ff,f§b (a)lz _w§)+(1GA -1 )a)la)3:|122

XpXp ZpZp

Vb Vp

G G G
+|:(I ] _be;b)a)la)2+1xb;ba)2w3:|l23
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b, b, b,

R —
4. "op xHg =| o+og W, W,

[f;xb(a)l+a)5i) ]yEbyba)Z IZEbea)3
:[(Iizb—Iiyh)a)za)3]lgl+[lixb(a)1+a)El_)a)3—Iizbco3(a)l+a)Ei)}lg2
+[Iﬁth2(a)l+a)Ei)—If;xb(a)l+a)Ei)a)2}lg3

R~i i |:([zljzh_I)iy,,)wza)3:|él+[(lixb_Izlizh)(a)l+a)E[)a)3:|é2

B G

S
&

X
o
Q

Il

by by by

R R \_
5. mA( @A":GA/G)(’:GA/GX @A)—mA(an’l"‘ZAa’s)xA 0 z,

W W, Oy

R R —
= mA( 2y 'I:GA/G)(’:GA/G X @A) =m, (an)l +ZA5’)3)[(_ZA502)[21 +(ZAa’1 _an’s)éz +(an’2)123]

b, b,

b;

R R —
6. mE( @A":GI/G)(’:GI/GX @A)—mE(an’1+)’Ea’z+ZEa’3)xE Ye ZE

W) W, 0;

R R
mE( @A":GI/G)(KGl/GX @A)

=mg (an’l TYE®D, +ZEw3)[(yEa)3 _ZEa)Z)lzl +(ZE601 _an’3)Z32 +(an’2 _yEa)l)é3]

R R
mE( @ 4 'I:GZ/G)(’:GZ/G X @A)

=mg (an)1 —VE®, +ZEC‘)3)[(_J’EW3 _ZEa)Z)él +(ZEa)1 _an)s)bz +(an)z +J’Ea)1)]23]
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Summing the last two terms gives the following.
8. myg ( ey 'EGI/G)(KGI/G X R@A)erE ( ey "SGZ/G)(’SGZ/G X R@A)
= |:mE (an’1 TYE®D, +ZEC‘)3)(J’ECO3 _ZEa’z)+mE (an’1 —VEg®, +ZE“’3)(—)’ECU3 —ZgW, )}121
+|:mE(an)l TVE®; +ZEa)3)(ZEa)1 _an)3)+mE (an’1 —VE®D; +ZE("3)(ZEQ’1 —Xp0s )}122

+|:mE (an)l T VgD, +ZEa)3)(an)2 _yEwl)+mE(an)l —VE®, +ZEa)3)(an)2 +)’Ea’1)}123

R R R R
mE( @A":Gl/G)(’:Gl/GX @A)"‘mE( @A'KGz/G)(’:GZ/GX @A)

:mE[—szzEa)lco2 +2(yé —zé)wszZN)l +mE[2szE (0)12 —w§)+2(zi~ —sz)a)la)3]@2

+my [Z(xé —yzE)a)la)2 +2szEa)2a)3]lg3

Substituting these results into the engine terms on the left side of the moment equation gives

8

R R R
[( Df. X[:IG,-)—'—mE (KGi/G' @A)(’SG,-/GX Q)A)J
i=1

_ E E E E E E
_|:(12be _beyb)a)2a)3j|él +[([xbxb _Izbzb )(a)l +wE1 )0)3i|l22 +|:(IYbJ’b _bexb )(a)l +a)E1 )w2i|é3
(12, -17,) bo+| (15, ~1f by +| (15, ~1IE b
zp2), Yo 0,05 ~1+ (xbxb szb) a)1+wE2 2] ~2+ (ybyb xbxb) a)1+a)E2 @, |05
+mE[—2szEa)1a)2+2(y25—zé)a)2a)3}lgl+mE[2szE(a)12—w§)+2(z%—x%)a)la)3}@2
+mE[2(xf5—yzE)a)la)2+2szEa)za)3}lg3
:[2([lszb+mExé+mEy%]—[lf;yb+mExé+mEzzE})a)2a)3—2mEszEa)1a)2}lgl

E 2 2 2 2
_|:Izbzb TMpXy +mEJ’E])(01a’3 +2mpxpzy (0)1 — 3 )Jéz

N

+:2([1E +m Yy +myz

XpXp

¥ (15, ~1F )(a)E1+a)E2

XpXp ZbhZbp

[ E 2 2 E 2 2
+ 2([beyb+mExE+mEzE —[I +mEyE+mEzE})a)la)2+2mEszEa)2w3}@3

E E
+ (beyb _bexb)(a)El +a)E2 0)2:|l33

:[2( Izizb )E—(lyiyh )E)a)za)3—2(1xszb )E wla)z}lgl
#2((12,),~(19,), Jowos +2(15,), (0F =03+ (12, =12, )(0r, + o, ) |p,
+[2((1yiyb )E _(]xG,,x,, )E)a)la)2 +2(]ga )E W, +([fbyb —]ixb )(a)El +op )a)z}lg3

And substituting into the airframe terms gives
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(R@AXIZIGA)+’”A (’SGA/G'R@A)(’SGA/GXR@A)
:[(Izc,j/zl,, _chiAy,, )a)za)3 Isz a’l”z}@ +[];i§h (a’12 _a’g)"'(lsfch _IzG,,ﬁ,, )a’la)J[Ez
+[(1§;f;b Ifbg‘c )a) a)2+1 @ a)3}b
tmy (an)l +ZA”3)[(_ZAC"2)[21 +(ZACU1 _an)s)lZz"'(an’z)lZJ
:[([[zcb;b +mAxﬂ—[1beAyb +m X +mAzfl])a)2a)3 —(I)ileb +mAxAzA)a)la)z}lg1
+[([Ifb;‘cb +mAzﬂ—[IZCZfZ‘b +mAfo)a)1a)3 +(Ifb;‘b +mAxAzA)(a)12 —a)g)}lgz

G 2 2 G 2 G
+[([1ybf;b +m, x +mAzA]—[1xb;‘% +mAzA])a)la)2 +(befz‘b +mAxAzA)a)2a)3Jlg3

(R@A xHg, )+mA (’ZGA/G ' R@A)(’SGA/G x R@A)
= |:((IZ(ZZ[7 )A _(Ibeyb )A)a)2a)3 _([xszb )A a)la)zj|l~)l +[((]fbx,, )A _(Iszzb )A)a)lwz +(Igzb )A (a)lz ~w; )}@2
[(([y(,;,y,, )A —(If,fx,, )A)a’la’z +([xszb )A wza’zllb

Finally, substituting again into Kane’s equations for the last three generalized speeds and separating into

individual equations gives
k=1:

G - G E - E G G G
Iogon—1g. o5+ op +1 a)E2+(1 -1 )a)za)3—1xbzba)la)2—T -b,

XpXp XpXp ZpZp YbIb ext

k =2: Advantage is taken of the assumption that /| Eo=1f

Zp2p "

G . E G G G 2 E E
beyb +]yby (a)El +a)E2 )(03 (]xbx, ]z,,z,, )a)la)3 +]x,,z,, (601 - ) ([x,,xb _Izbzh )(a)El +a)E2 )a)?)
_ G . G G G 2 E
- Iy,,yba)2 (]xbxb ]zbzb )(010)3 +1xbzb ( )+1x,xb (a)El +a)E2 )CU3
G . G G G 2 E _ 7G
= [ybyb ([xbxb Izbzb )0)10)3 +]xbzb (a)l —Cl)3 )+bexb (a)El +a)E2 )@3 - Zjext '122

k =3: Advantage is taken of the assumption that /| =

Zp2p

G G E G G G E E
Izbzb bezb Izbzb (a)El + a)Ez ) (beyb bexb )a)la)2 +bezbw20)3 (beyb bexb )(a)El + a)Ez )0)2
_ G G G G G E
- Izbzb bezb (beyb _bexb )a)la)Z +bezba)2a)3 _bexb (a)El +a)E2 )0)2
G G G G E _7G
= IZbe ]szba) +([ybyb _bexb )a)la)2 +1xbzba)2a)3 _]xbxb (a)El +a)E2 )a)2 - Z:ext .éfﬁ

These are identical to the moment equations found using the Newton/Euler equations in Unit 2 and Lagrange’s
equations in Unit 4 of this volume.

Equation Summary:
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my [(u +a)2w—a)3v)él +(\>+a)3u—a)1w)éz +(W+ a)lv—a)zu)@] b, =F

(k=1,2,3)

G - G - E . E - G G
I oy =15 oy + 1L iy +10, oy +(15, ~1

XpXp XpXp ZpZp YbVb XbZh

)wza’3 —I7 @0, =Tg b

G G G G 2_ 2 E _7G
I, @, +(bexb -1 )a)la)3 +1, . (a)l _a)3)+]xbxb (a)El +tog, )a)3 =T

Lext

ZpZp YbVb XpXp

G G - G G G E _
1], w, —]xbzba)1 +(I -1 )a)la)2 +bezba)2a)3 —bexb (a)E1 tog, )a)2 =

by

These represent a set of six first-order, ordinary differential equations in the six generalized speeds

(u,v, w, a)l,a)z,a)3). These equations must be supplemented with kinematical differential equations to track

changes in the position and orientation of the aircraft. As in Example 2, changes in orientation can be tracked

with a set of three orientation angles or with a set of four Euler parameters.

Example 6: Double Pendulum or Arm

The system shown is a three-dimensional double
pendulum or arm. The first link is connected to ground and
the second link is connected to the first with ball and socket
joints at O and A. The orientation of each link is defined
relative to the ground using a 3-1-3 body-fixed rotation
sequence. The lengths of the links are ¢, and ¢ ,. The links
are assumed to be slender bars with mass centers at their
midpoints.

Reference frames:

R:N,,N,,N; (fixed frame)
L,:n',nh,nt (i=1,2) (fixed in the two links)
Find:

Using Kane’s equations, find the equations of motion describing the free motion of the double pendulum

under the action of gravity. Assume the N, direction is vertical. Use the six independent, body-fixed angular

velocity components {u,,u,,u;,u,,us,ug} = {a)“, Wy, W15, Dy, Dy, 0)23} as the six independent generalized speeds

where

R _ 1 1 1 R _ 2 2 2
QO =0, N+ 0,10, +0;1; O, =@y 1+ Op 15+ W3 115
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Solution:
Previous Results
The transformation matrices and the body-fixed components of the angular velocities of the links

L. (i=1,2) areas given in Unit 5 of Volume I.

C.Ch—8,CS;y  S,CotCuCnSy 8,8, |@n=015,85+60,Cy
[Ri] =|=CiSi3=5:4CiCis =883 +CCiCis §,,C 3 Wi = ‘9i1Si2Ci3 - éiZSzS (i=12)
SiSi —CuSy Ci W3 = 9,3 + 9,~1C,~2

Angular Momentum:

In the analysis that follows, the inertia matrices of the links about their mass centers are written as

I, 0 0
16 ],=| 0 I 0] (=12
0 0 I

Using these inertia matrices, the angular momenta of the links about their mass centers can be written as

B0 0],

- R i _7i i i i i i .
Ho =16 "0, — |0 Iy 0 Ko, =|Hg=1)0,n+150,n,+I505n5 (i=1,2)

0 0 Iy||@s

Kinematics:
The velocities of the mass centers of the links can be written as

1 1 1
n, n, n;
R _ R _ R _ 1 1 1
Vo, = Y0~ @O XLgio~=|0n Op Oy =54, (a)IS n, —aw 733)
1

0 -3¢, 0

nooomm

R R R R R 1 1
Vg, = Vut Vg4 =2 Vo, T @, XIg /A_él(a)13’zl_w11@3)+a)21 Wy Wy
1
0 -3¢, 0
R _ 1 1 1 2 2
=\ Ye, = 61 (0)13 n, -, ’33)+§£2 (0)23 ny =0y ’33)
The accelerations of the mass centers of the links can be calculated similarly.
R k x + X X
46, = 460 =\ &, *Lg 0 @p X\ @O, * Lgo
1 1 1 1 1 1 1 1 1 1 1 1
n n, UE] n n, UE! n n, n; n n, UE!
=0 O Opit O X|0 O O3 =0 @O Opt © O @3
1 1 1
0 -3¢, 0 0 -3¢ 0 0 -3¢ 0 slho;; 0 5o,
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R, _1, (- 11 2 N 1y (s 1
= QGI—Egl(a)m_0)110)12)’11+7€1(a)13+a)11)’12_7€1(0)11+a)120)13)’23

1
0 -Llo, 0
2 2 2
n n, n;
+Rp, x
W, X|Wy Wy Wy
1
0 -Le, 0

2 2 2
m ug L
2
+2€2(a)23n1 a’zl’}z)"' @y Wy @3
1 1
700y 0 =50,

R _ : 1 2, 2\ 1 (. 1
ag, _€1|:(6{)13 _a)na’n)’il +(0)13 +0)11)’12 _(a)ll +a)12a)13)1~13}
2
2

1 - 2 2 2 - 2
+50, [(0)23 _a)210)22)’21 +(a)23 +a’21)’3 _(‘021 +a)220)23)’13]

Partial Angular Velocities and Partial Velocities:

The partial angular velocities of the links can be written as follows.

) 0"o, 0"o,
| (SR |S2ng (k=1.23)
ow,, 0w,, 0w,, ow,,

R
0 @,

The partial velocities of the mass centers of the two links can be written as follows.

0"vg 0%y 0" o
1 __%fl B -=0 l :%fl m| and -=0 (k=1’2’3)

aa)ll aa)IZ aa)l3 aa)2k
aRV aRV aRV

~G2 __éln ~G2 :Q "’GZ _gl nl
80)11 awlz 80)13

R R R
0 YGz 1 2 0 YGZ _ 0 YGZ _1 2

=—5l,n; =0 =75lm

6(021 aa)zz aa)23

Generalized Forces:

The only active forces in this system are the two weight forces that act at the mass centers of the links. The

generalized forces associated with these two forces can be written as
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(k=1,...,6)

Specifically,

F, =F, =-mgN,-

Fuz :lez :_mlgNZ'

U3 @13

F, =F 1 =-mgN,-

Fy=F,,=-mgN,:

s @)

(
(
F, =F, =-mgN,-(30,n))=mg N, -(£,m))==(3m,+m, ) g, (N, -n})==(1m, +m,) g R},
( 14
(
(

F, =F, =-mgN,-

Ug @)

Here, R}, and R,, (i=1,2) are entries of the transformation matrices [R 1.] (i=12).

Kane’s Equations:

Kane’s equations for the two link pendulum can be written as

R R
2 0"vg 2 0w,
~ 1

Z miRQG,-' — +Z|:(£Gi'RgLi)+(R@LiXI:IGi):|' ou =F, | (k=1...,6)
k

-1 ouy i=1

The calculation of each of the terms on the left side of Kane’s equations follows. Advantage is taken of the

transformation matrices to transform components into the same reference frames.

o™y
R ~Gi _ 1 . 1,1 2 2\, 1 _1 . 1 1 1
Lom "ag - ou —ml[ifl(a’w_wua’lz)’ﬁl+7€1(a’13+a’11)’32_7£1 O+ @O )1 || =5l 1
I
R
R 0 Yo,

— 2( -
m, dg - _Zmlgl(a)ll+a)l2a)l3)
' Ou
1

o'y
R ~G _ 1 . 1,1 2 2\ 1 _ 1 . 1 1 1
™o de T —ml[ffl(a)n_wna’lz)’ﬁl+7£1(a’13+a’11)’32_7€1 O+ 0RO )1y | 30
3

0%y
Ry = L 0 (.. —
my dg =gmb |\ O3 — 00,
' Ou
3

R aR‘ZG1
m "ag - e =0 (k:2,4,5,6)
k
R aRYGz . 1 2 2,1 . 1 1
2.m, QGZ.W:mZ[ﬁl[(a)B_wllwu)Kll+(w13+w11)732_(a)11+a)12w13)’g3:u'[_€1733i|
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(0)23 - 0)21“’22)

o'y
R ~Gy 2/ - 1 1 1 1 2 2
=M 46, 5 —mzﬁl(5011+a’12a’13)_7m2£1€2[R31 Ry, R33][R2] (0)23"‘6"21)
1
_(0)21 + 0’22“’23)
R
R a YGZ _ R 0_0
m, dg, ou =m, dg, Y=
2
o™y
R.~G2_€-_ o+ 02 Vi — (o + NI
m, dg, ou My | L\ @3~ @@ ) T\ W13 O )11, — (D)) T D103 |15 1
3
| - 2 2 2\, 2 _(, 2 1
+m2[7€2[(a)23—w21a}22)@1+(a)23+a)21)ig2—(a)21+a)22w23)ig3ﬂ-[€ligl}
(0)23 _0)21@22)
R aRl}Gz 2( - 1 1 1 1 T 2 2
=My dg, - ou :mzﬁl(”13_5"116"12)"'7”125162[1{11 Ry, R13J[R2J (0)23"'0’21)
3
_(0)21 +0)220)23)
R aRYGz . 1 2 2\ 1 . 1 1 2
M2 e, T4 :m2[€1[(0)13_wna)u)’i‘l+(a’13+w11)’12_(a)n+a)120)13)’13ﬂ'[_7€2’23]
4
1 - 2 2 2\, 2 _(, 2 1) 2
+m2[2£2[(a)23—w21a}22)igl+(a)23+a)21)ig2—(a)zl+a)22a)23)ig3ﬂ-[—7€2;~13]
(0)13 _0)110)12)
o'y
R . ~G, __l gz R2 R2 R2 R T 2 2 l »62 .
m, dg, on FMmybiby| I3 Rz Iig 1 W3 + 0y T Mty (@) T W0y
4
_(0)11 + 0)12“’13)
R
R a YGZ _ R 0_0
m, dg, ou =m, dg, Y=
5
R aRYGz . 1 2 2\ 1 . 1 1 2
m, dg,- :m2[£1[(0)13_wlla)u)’il+(a’13+w11)’22_(a)11+a)120)13)’13ﬂ'[7£2’11]

{4

1 - 2 2 2\, 2 (.
T, [Eﬁz [(”23 _a’zla’zz)’ﬁl +(0)23 +a’zl)’ﬁz _(a)21 +a)22a)23)1~13]
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o% (@13_5"115"12)
YG T :
mzR‘le ou zz%nglgz[R%I R, R%3][R1] (a)f3+a)f1) +%m2€§(a)23—a)21a)22)
6
_(d)ll+w12a)l3)
R
Lo, " 2y ) —( @y 1+ L@ 1, + 330)13713)"1k— wOu| (k=12,3)
= Oou,
R 8R6~0L1 R
(!Gl' ng) auk _(:Gl QLl)QZO (k=4’5a6)
R 8R@Lz R
4 Lo, *au,) S =(I¢, "a.,):0=0| (k=123)
R
[ R aQ)Lz_Iz- 2 12 . 2 12 . 2 2_12 - k_123
Le,” 4, —( 1@ 1y + 1505 15 + 330)23’33)"11(— W@y (k=1,2,3)
Oty 3
AR R
R@L,-X[:IGI = Wi @iy W3
3. , .
Iho, Iho, [0
:(133_Ii22)a)i2wi3’:lil+(]lil_]i33)a)i1a)i3lli2+(Ii22_Iil)wilwizljg
R aR@Ll 1 1 1 1 1 1 1 1 1 1
6 (@LIXEIGI) du, :[(133_[22)60125013’11"'([11_[33)5"115"13’32+(122_111)a’11w12’33]’31
1 gl
:([33_122)5012(013
fw,
= gl 1 171
(R@legcl) 1:[(133 ]22)5"125"13”1"'(111 ]33)a’11a’13n2+(122 111)‘0110)12’33]’32
ou,
I
:(111 ]33)0)11(013
fw,
= gl 1 171
(R@legcl) 1:[(133 ]22)5"125"13”1"'(111 ]33)a’11a’13n2+(122 111)‘0110)12’33]’33
Ou,
1
:(122 ]11)0)11(012
R aRq)Ll R
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R
7 ey xmo )2 (%, xm, J-0=0| k=123
Dy, X1 g, ou. Wy, X Mg, 'Y= =12,
Uy
(R@szlez) ou [(153 1%2 a’zza’23” +([11 ]33)0)216"23’322+(1§2_[%1)0)21w22’3§]’3%
4
:(1 337 22)5"22‘023
(R@szlez) ou :[(133 1%2 a’zza’23” +([11 ]33)0)216"23’322+(1§2_1%1)0)210)22’3§]’322
5
:(11 33)50210)23
(R@szlzle)' ou [153 1%2 a’zza’23” +([%1 ]33)0)216"23’322+(1§2_[%1)0)21w22’3§]’3§
6
:(152_[%1)0)210)22

Substituting these results into Kane’s equations gives the following six equations of motion.

([il +myly +mzﬁ)a)u +([133 +gmyly =1 +m2€f)a)12a)13
(@23 _0)215‘)22)
_%m2€1€2|:R131 Ry Rln][Rz]T (0)334‘0’%1) :(%ml+m2)g€1Rl32

_(a)Zl + w22w23)

L 1
Iy oy +(111 _133)0)11(013 =0

([133 +gmyly +m2€f)a‘)13 +([122 —Iy —gml _m2€%)a)lla)12
(@23 _a’zlwzz)
+%m2£1£2[R111 Ry, R113][R2T (a)§3+a)%1) =—(%m1+m2)g£1R112

_(a)Zl + w22w23)

(1ri44mati oo+ (B +gmati ~ 13 000
(@13_5"116"12)
_%nglgz[Rgl R%z R%J[RCIT (a)f3 +CO%1)

_(0)11 + 0)120)13)

2=

ngzzRgz

2 2 12
150, Jr(111 _133)0)21‘023 =0
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(@3 +%m2@)d)z3 +(I§2 -1, _%ngé)wzlwzz
(d)IS _a)lla)IZ)
+%m2€1€2[Rf1 R}, R%3][R1]T (a)fa +a)f1) :_%ngngfz

_(‘011 + a)lza)ls)

Notes:

1.

If the inertias of the two links about their mass centers for the 7} and 7', directions are equal, thatis if 1, =I5,

and I;, =I3,, then the second and fifth equations simplify to

I _ _ ) _ _
I, o, =0 = |w,, =constant I5,0,, =0 =|w,, = constant

If the inertias 1}, and I3, are assumed to be zero, then the second and fifth equations simply state that 0= 0.

However, the angular velocity components @,, and ®,, appear in the other four equations. This renders the

equations unsolvable as there are only four equations with six unknowns.
To track changes in the orientation angles, Kane’s equations are supplemented with the six kinematical

differential equations relating the angular velocity components to the orientation angle derivatives.

0, = (a)iISiS +0;,Ch )/Si2
0, =0,Cp—0,,S 3 (i=12)
0,5 = o, _(a)ilSi3 +a)i2Ci3)Ci2/Si2

Using d’Alembert’s principle or Lagrange’s equations to generate the equations of motion for this system
produces much more complicated results due to the need for choosing a set of independent generalized
coordinates on which to base the equations.

The third set of terms on the left side of the first, third, fourth, and sixth equations involve matrix-vector

products associated with the transformation matrices of the two links. Recall, in this case, the rows of a

transformation matrices [R l} (i=1,2) (and hence the columns of their transposes) contain the base-frame

components of the unit vectors fixed in the links. Hence, the matrix-vector products in the equations of motion

can be interpreted geometrically as cosines of the angles between the unit vectors fixed in link L, and those

fixed in link L, . Specifically,

1 1 1 T 1.2 1.2 1 27]_ 12 12 12
[R31 R3, R33][R2] —[’33"31 n3-1; ’23‘723]—[005(123,731) COS(’Gs:’!z) COS(’L’sa’Js)}

1 1 1 T 1.2 1.2 1 27]_ 12 12 12
[Ru R, R13][R2] —[’11"31 -1, ’21"23]—[005(@1%1) 005(413’12) COS(’Zl:’h)]
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2 2 2 T [ 2 1 2 1 2 17 2 1 2 1 2 1Y]
[R31 R3, R33][R1] _[’13"21 EN) ’13"23}‘[005(7139’21) COS(’Z39’22) 005(939’13)

2 2 2 T [ 2 1 2 1 2 17 _ 2 1 2 1 2 1
|:R11 Ry, R13:|[R1] _|:’11"11 1y -1y ’11"23:|—[C05(’11>’31) 005(919’32) 005(7119’23)}

Example 7: Free Motion of a Bicycle (for more information, see references 10 (a)-(d))

Configuration: Aligned Position

The analysis that follows is for a two-wheeled,
upright bicycle as shown. The bicycle is modeled as four
interconnected bodies — the rear wheel A, the rear frame
and rider B, the steering column and fork C, and the front
wheel D. The bicycle is assumed to be moving freely on
a horizontal surface with the rear wheel contacting the
surface at point P and the front wheel contacting the

surface at point Q. The distance between the contact

points is the wheelbase w.
The steering column is assumed to be tilted relative to the vertical at an angle A . This angle is a right-hand

rotation about the N, =N, x N, direction. The projection of the steering axis onto the horizontal plane is assumed

to be a distance c in front of the contact point Q. Positive rotations of the front and rear wheels are also measured

about the N, direction, so for forward motion of the bicycle, both angles 8,. and 6, are negative.

In the configuration shown in the figure above, the x and z axes fixed in the rear frame B are aligned with the
global (inertial) directions defined by the unit vector set R :( N;, N,,N5). The unit vectors &, and N, are parallel
to the horizontal plane, and the unit vector N, points vertically downward.

The points G,, Gz, G, and G, are the mass centers of the bodies and are located using the following data

for the bicycle. Recall that body B includes both the rear frame and the rider. All the data given in the table are

referenced to the global directions.

w c Frw Frw Fg,p LGyip LG.p LGyp A

1.02 (m) | 0.08 (m) | 0.3 (m) | 035 (m) | (0,=rgy ) | (0.3,-0.9) | (0.9,-0.7) | (w,=rpy ) | 18 (deg)

It can be shown using a geometric analysis that a point S located on the steering axis (common to both the rear

frame and the steering column) can be located using the following equations.

Horizontal distance from G, to S: |xg =(w+c)C5 —rpyS,C,

Vertical distance from G, to §: |z = xg tan(4)
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For convenience in the later analysis, two additional sets of unit vectors are defined. The set B: ( 131,132,133)

is fixed in the rear frame B, with b, pointing in the x-direction (forward), b, pointing in the y-direction (to the

rider’s right), and b, =b, xb, . In the figure above, the unit vectors of B are aligned with the unit vectors of R.

A second set C :( gl,gz,g3) is fixed in the steering column C. In the position where frame B
is aligned with frame R, the unit vectors in frame C are directed as follows. Unit vectors ¢, and

¢, are at an angle A with their counterparts in the B frame, and ¢, is aligned with b,. See

diagram. Component Value (m)
For the analysis that follows, the position vectors of G, and S AL 03
Zy 0.6
relative to G, are expressed in the B frame, and the position vectors
X 0.9067915590623501
of G, and G/, relative to S are expressed in the C frame as follows. zg 0.2946344379171024
LGyi6, = *B by —zgb, Lsig, = xgby —zgbs Ye 0.02610059280343250
Z. -0.1023073115806087
Yeers =Xc€1tZcCs| |Lo,s =XpC1T2ZpCs X, 0.03207142672761934
The fixed values of the components of these vectors are provided in “p 0.2676445084476887

the adjacent table. The values are based on the data and formulae provided above.

Configuration: General Position

The figure to the right shows the bicycle in a more general
configuration. The figure illustrates five of the six angles
used in the analysis. The rear frame B is oriented relative to
the inertial frame R using a 3-1-2 orientation angle sequence.
The steering column C and rear wheel are oriented relative to

B by single angles, and the front wheel is oriented relative to

C by a single angle.
The 3-1-2 orientation angles (l//,¢, 6’) orient the rear frame relative to R. They represent the yaw, roll, and

pitch angles of B. The diagram shows pesitive yaw and roll angles. The pitch angle is not shown. The value of
the pitch angle is small and is determined to ensure the front wheel remains in contact with the horizontal surface.
The diagram also shows a positive steering angle 6 . So, for the angles shown, the bicycle is rolling and turning
to the right. As noted earlier, the angles of the wheels relative to the frame are both negative for forward motion.
Degrees of Freedom:

One approach to determining the number of degrees of freedom of the bicycle is to first assume the frame B

has six degrees of freedom. The front and rear wheels and the steering column all add one additional degree of
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freedom associated with the angles 8., 6., and ¢ . This makes a total of nine possible degrees of freedom.

However, there are six constraint equations associated with the no-slip conditions at points P and Q. Hence, the
bicycle has only three degrees of freedom. This, of course, assumes no rider motion relative to the bicycle.

In the analysis that follows (and consistent with other published literature), the angles ¢, 6, , and o will be

taken as an independent set of generalized coordinates representing the three degrees of freedom. It is also

implicitly assumed that the velocity of P is zero. This allows the equations of motion to be developed in terms of

the six angles (l//,¢, 0,6,,9, 49F) and their time derivatives. Using this approach, only three constraint equations

are required associated with the no-slip condition at Q.

Kane’s Equations of Motion:
Defining the vector of independent generalized speeds as {u} = {u,} = [qﬁ 0, o T, Kane’s equations of

motion can be written as follows.

R
0 @,

Z[(g Y -)+(R@B,.XI~{G,.)] 81; - = F, (k=1,2,3)
k

i=1 8uk

Bodies one through four are the bodies A4 through D as previously defined. Note, in this form, these equations
are equivalent to d’Alembert’s Principle.

Details required to form the equations of motion are provided in the sections below. Specific results are
provided for the transformation matrices, no-slip constraint equations and their derivatives, partial angular
velocity and partial velocity matrices and their derivatives, angular accelerations, mass-center accelerations, and
the generalized forces. All contributing terms are then combined to form a single matrix equation of motion.
When combined with the constraint equations, these form a complete set of governing differential equations of
motion for the bicycle. The generalized mass matrix and right-side vectors are clearly defined.

Transformation Matrices:

Frame B is oriented relative to the inertial frame R using a 3-1-2 rotation sequence ((//, @, 9) representing the

yaw, roll, and pitch of B. The transformation matrix associated with this sequence is

[Ruas]=|  -S,C, c,C, S,
C,Sy+S,5,Co S,5,-C,8,Cy Cy,C,

Frame C is oriented relative to frame B using a 2-3 rotation sequence (/1, o ) . The steering tilt angle A is constant.

The transformation matrix associated with this sequence is
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C,Cs  Ss =8,Cs
[RBzc] =|=CSs Cs  S,Ss
S, 0 C,

The transformation matrix associated with the complete sequence from R to C is

[Rrec ] =[Ronc || Ris ]

Here, [R R2 B] converts vector components in R to vector components in B, [R Bzc] converts vector

components in B to vectors components in C, and [R ch} converts vector components in R to vector components
in C. The transposes of these matrices perform the opposite tasks.
Front Wheel Rolling Constraint:

Assuming no slippage at Q the contact point of the front wheel with the surface, the velocity of Q is set to

zero. Starting from P the contact point on the rear wheel, the velocity constraint can be written as

_ R _R R R R
0="vo="Yo p+ Vs, T Yays+ Yo,

<<

(R R R R
—( @AX’SGA/P)"'( @BX’ZS/GA)"‘( Q)CXL”GD/S)"'( Q)DX’SQ/GD)

Angular Velocities

Using a 3-1-2 orientation angle sequence, the angular velocity of the rear frame B can be written as

Yo, :(¢5C9_V7C¢S9)[21 +(‘9+‘/}S¢)l22 +(¢;Sa+‘/)c¢ca)@3 2@y b+ @by + 0y b,

Or, in matrix form,

Wy ~C,Sy Cy O[] [Co 0 0][4] |-CySe 0 O|(y
gt = S, 0 1]3de=|0 0 0|{6¢+ S, 1 086
wgs |, | CsCo Sy OJLO) [So O OJ[5] | CyCp 0 0fL6F

Note that a subscript B is included on the vector of components to indicate these are B-frame components. Note
also the terms on the right side of the equation have been separated into two types of terms, those involving only
the derivatives of the independent angles and those involving only the derivatives of the dependent angles.

The angular velocity of the rear wheel A can be written using the summation rule for angular velocities.

R

_ R B — ] A
W,4= Opt+ @O, —a)m@l"'(a’gz"'e}e)l}z"'wm by=w b +o b+ 50,

Or, in matrix form,

o, —C,Sy Cy Ol(y) (0] [Co 0 0][4)] [-CySs O Of(y
0o =| S, 0 1[{@p+36pr=| 0 1 0[6p¢+| S, 1 0[50
®5), | CiCo So 0JLO) LO) |Sg 0 Of(0] | Cycy 0 0]L0

Again, using the summation rule, the angular velocity of the front frame C can be written as
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R

_ R B — S —
Wc= @+ @c—[a’31131+w32[22+a733[23]+593—[a’Bl @, Q’BJ

S S S

€ ¢
:[a)Bl @ p, a)B3:||:RCZB} ¢ +[O 0 5] Crp D €T Oc €y Dy
¢3 C3
Or, in matrix form
Ocrt 2[Rerp | 105 1 +101=[Rapc ]| 0 0 0[6, 14| S, 1 0]16¢+10
®cs @ g3 o S, 0 0|0 Cc,Cy 0 0 0y o
© s [Rusc ]| O +/0 0 Oy +[Rpc] S, 10 0
®cs) S 0 o c,Co 0 0|
Finally, the angular velocity of the firont wheel can be written as
R@D:R@c+c@02001€1+(wc2+9F)§2+wc3€3éa’mgl"'a)mgz"'a’mgs
Or, in matrix form,
A T . . . .
Oyt E[Reap | 404 t+36p 1=[Rpoc [3| 0 0 0360+ S, 1 0[]0 (p+46,
@ps | . @ g, o S, 0 0|0 c,Co 0 0 Oy o
Wp) Cy 0 0 0 0 é -C,S, 0 0 0 0 O0f||w
®p, [Ripsc]| 0 0 O[|+[0 0 0|36 t+||[Ruac] S, 1 O[[+[0 0 1[[<8
®ps |, S, 0 0_ 0 0 1 o c,Co 0 0 0 0 0f||6

Relative Velocities

The velocity of G, relative to P can be written as

R _R _
Yop= @OuXLg p="TLgp*

R A
@y =vybi+vyby+v,3 0,

Using a skew symmetric matrix to perform the cross product, the result can be written in matrix form as
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v 0 C, 0 ||loy,
Vapr =~ trw|=Cop 0 =8, oy,
Vaz) g 0 S, 0 Jlog 3
0o -C, 01l|[Cc, 00 ¢ —CySe 0 0y
=rr|Cp 0 Syl 0 1 0 9{e+ S, 1 0K¢
0 =S, 0||[Se 1 O]|0] | C,Cy 0 0|0
Vior =l 0 0O e+7zy| O 0 0[50
Vs g 0 =S, 0|0 =S,85 —So 0|6k

components along the b, and b5 directions. Thatis, 75 p =7y (—Se b,+C, 133).

The velocity of S with respect to G, can be written as

R _ R _ R A
Vsig, = @pXLsiG, = Tsic, X @ =Vas1 D1+ Vasa 0y + V45305

Using a skew symmetric matrix to perform the cross product, the result can be written as

Vs 0 zg 0 ||@p 0 -zg 0]|[Co O 0|4 —CyS,
Vysat =—|=2zg 0 —xg[q@g ¢ =|zg 0 Xxg 0 0 046+ S¢
Visa) g 0 x5 0 Jlog) L0 —x 0J|[S, 00 ' C,C,
V o 0 0 0|(4 ~zsS, zg O(y
visa t =| (x589 +25Cy) 0 016, (+|(x5Cp—258,)C, 0 040
Visi)p 0 0 0|l xS, —x, 0|6

The velocity of G/, relative to S can be written as

R _ R _ R A
Ves = PcXLeys = Leys X @c =Vsp1€1 T Vsp2€a T Vsp3 €3

Copyright © James W. Kamman, 2017

Note that 7 ,p =7y b; only when the pitch angle 0 is zero. For non-zero 6, the vector must be broken into

0
0
0

51%' - <.

0
1
0

Again, using a skew symmetric matrix to perform the cross product, the result can be written as

Volume II, Unit 5: page 37/64



Vsp1 0 -z, 0 ||®a
Vspap =—|Zp 0 —Xp |y0c,
Vsp3 ) ¢ 0 xp 0 @cs .
0o =z, o]l C, 00 0]
=l-z, 0 x, RBZC +0 0 0|36,
0 -x, 0 S, %)
0 z, 0 ~C,S, 0 0|(y
t=zp 0 xp|[Rpc]| S, 1 040
0 -x, O c,Cp 0 06

To calculate the velocity of O with respect to G, the position vector of the contact point Q relative to the

mass center G, must be found. For an arbitrary orientation of the front wheel, it can be shown that

Lox(Mxe)] (e e) ¥ (N e |

oG, =Frw H

Now, if Ny =ny ¢, +n3,¢)+n3;5¢;, then

2 2
(Qz ‘ 92)N3 _( Ny ’92)§2 =ny ¢, +nycs| and ngx( WE ng)H:\/”31+”33

Substituting into the expression for 7,,; = gives

Few
> — 5161t 7133C3
N3+ N33

Lo, =

The velocity of the contact point Q relative to G,, can then be written as

R
YoiG, = a)Der/G oG, X fo, 2 VDQ1€1+VDQ2€2+VDQ3§3

The result can be written as
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0 ny 0 Co 0 0l To o 0|4
r .
=m0 ny, [Risc ]| 0 0 O[|+[0 0 046, +
TS 0 a0 S, 0 0[] [0 0 1|8
|y 0 ny, [Rupc]| S, 1 0O[[+[0 0 1[50
NRLETRCEEN “ny, 0 C,Cy 0 0 0 0 0|6
Or,
Vpo1 0 N33 0 Cy, 00 0 0 O ¢
rFW .
Vo | =] || s Oy |[Rpc ][ O 0 O[|+/0 0 ny | {61+
vpos ). NTITTEI 0 Sy 0 S, 00/ o0 o]|l¢
) 0 ny O ~C4Sy 0 O] O 0 ny]|(y
Fw A
ﬁ “ny 0 ny|[Rpc] S, 1 O[]+[0 0 0 0
N3 T3 0 -ny O C,Cy 0 0 0 0 —ny|||6r

Substituting the above results into the front wheel rolling constraint gives three scalar constraint equations

that can be written as

¢ o[
[C )16z ¢ +[Co]4 € =40
) 0, |0

The constraint matrices [C,] and [C, ] are defined as follows.

0 ~rwCy O T 0 2z, 0 C, 0 0
[C2[Reac]| rrw +x5S 5 +25C, 0 Ol+|-zp 0 xp [RB2C] 0 0 O+
0 S, O] L O =x, 0 S, 00
0 =z, 0170 0 0 . 0 ny O Cy 00/ 00 0
~zp 0 xp||0 0 Of4 =]y O my [Rusc ]| 0 0 0[+[0 0 ny
0 -x, 00 0 1] V'atsll o, S, 00| [0 0 o
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—(FRWCa+Zs)S¢ _(rRWC9+ZS) 0 0 z, 0 ~CySy 0 0
[CZ]é[RBZC] (xsca—ZSSg)C¢ 0 Ol+|-zp 0 xp [RBzc] Sy 1 0+
_(FRWSH +xS)S¢ _(rRWSH +xs) 0 O _xD 0 C¢C9 0 O
0 Ny 0 -C,S, 0 0 0 0 ny
"
2FW || 733 0 ny [RBZC] S¢ I 0f+/0 0 O
I’l31+l’l33 0 —ns, 0 C¢C9 0 0 0 0 g,

Given a set of independent generalized speeds, these equations can be used to calculate the dependent speeds.

Specifically,
v ¢ ¢
. _1 . A .
6L =—[C,T'[C 116, L2 [,
0, 5 5

To make the equation more compact, define {u D} = [g[/ 0 6, ]T and {u ,} = [¢ O, o }T to get

fn) =[]

Note the elements of the matrix [J ] represent the partial derivatives of the dependent generalized speeds with

respect to the independent ones. That is,

ou p;

ij

Ouy;

Note: The forms of the matrices [C 1] and [C 2} shown above can be further simplified by expansion of the

matrix products while taking advantage of the numerous zero elements.
Time Derivatives of the Constraint Matrices:
The derivatives of the dependent generalized speeds can be related to the derivatives of the independent

generalized speeds by differentiating the constraint equation.
{i o) =L/ [T o}

The derivative of the constraint matrix [J ] can be determined by differentiating the unsolved constraint equation.

That is,

[Cl{usf+[C)unt={0} = [, |+[Cip}+[C ), |+ C [up)={0)

Solving for the derivatives of the dependent speeds gives
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fio}) = -laT' 1G] {i) + [ -laT (6 1[G i)
2[fi,} + []fu,)
[]=-le]'[G]-[¢]]]

Time Derivatives of the C-frame Components of N,

The C-frame components of the unit vector N, can be found using the transformation matrices.

N, 9 . 9 . . 9
N, :[Rch]T ) :([RBch[RRzBJ) ¢ :|:RR2B:| [RBzc] )
V3 Cs C; C3

=N r=|5,C,+C 8,8, CC, S,5,-C,S,Cy S Cs 0 |5c¢c,

Using this result, the C-frame components of unit vector N, can be written as

N; ¢ Ny, —CyS pCCs +8485 —C,C S, Cs
Ny-cy =903 = C¢SQCAS5+S¢C5+C¢CHSZS(3
N cs 33 —CyS S, +C4C G,

The derivatives of the first and third components can be written as follows
sy = Co[ (55C580)8+(CpS5S0)8=(CoCCo )0 ]+(CyS5 )9+ (5,C5)
8, (8,C5C0)8+(Cp85C ) 8 +(CyC58,)0 |

= (8,C5 (iS5 +8,C )+ S5 )+ (CyS5(CiSy +8,C) +5,C5 )= CyCs (C1C, =S, ) 0

gy =(8,C5S 10+ CySs ) $+(CyS5S 1p +5,C5 )6 = C,C5C 1. 00

iy = =S, (=(8580)+(CoC0)0)+ Co (=(8,C0)8-(C,S4)6)

==8,(C,Cy—5,5,)8—C,(8,C,+C;S,)0

My = _S¢Cﬂ+9¢ - C¢S,1+99

Note that the symbols C,,, and S ,,, are used to represent the cosine and sine of the double angle A+ 6. These

expressions are useful when calculating the time derivatives of the constraint matrices.
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Time Derivatives of Constraint Matrices [C 1] and [CJ

To calculate the derivatives of matrices [Cl] and [Cz], it is first helpful to use simplified expressions.

Expanding the expressions given above, it can be shown that [C;] and [C, ] can be written as

[G]=[CL]+[Cs]+[Cc]
S&(FRW+(XSS€+ZSC0)) ~TrwCsCaip O ~2585C 1.0 0 0
= C&(”RW+(XSS0+ZSC9)) PrwSsCag 0|+ XpS;.9=2pCsChip 0 Xp
0 ~TewS 100 0O XpS5C 140 0 0
—13355C 110 0 0
al
+ﬁ —Nn33CsCoptn318,, 0 ny
s n3155C 10 0 0
(Ca)y (Cuady Of [(Cog)y (Cap)y, O - 2C)” 2C)12 "
Fw = =
[CZ]: (C2A)21 (CZA)zz 0|+ (C23)21 (CZB)zz 0 +ﬁ 2C)21 ( 2C)22 0
(CZA)31 (C2A)32 0 (C2B)31 (CZB)sz 0 o | ézC)31 (~ZC)32 a1
The non-zero entries of the [C 2] submatrices are as follows.
(Cou)y =T awCsS 4C aup +(x5S, —25C, ) CsS 4 +(x5Cp — 258, ) S5C,
(Cou)yy = 7awSsS4C 1o +(25C 5 = %58, ) 858 4 +(x5Cp — 2584 ) C5C,
(CzA )31 = _rRWS¢S/1+0 _(xsc/l + ZSSA)S¢ (CZA )12 =1 CsC 100 +(xSS/1 _ZSCA)CE
(CzA )22 =7 SsC 140 +(ZSC/1 _szA)Scs (C2A )32 =TS 140 _(xsc/l +ZSS/1)

s

=218 1.655C 4 +2pC5S

(Cas )y

=2pS 1.:0C 4Cs —

20858 4 +xpC 1,4C,5

B )31 = _xDS/1+HS5C¢ _XDC5S¢

(CZB )12 =2pCs

(CZB )22 ==2pSs

(CZB )32 =—xpCs

2C

1

133S,,955C s +135C5S

=n3C,,0C 5 +1335,,,CsCy —n33S58

2C

31

~1315,,955C 5 —131C58 4

(Coc),
(S

) =n33Cys

(Cc),, =
(Coc)y =
(Cc)

2C

22

(ézc )32 =-ny,Cs

=—n3S;

Differentiating the above expressions, the non-zero elements of the matrices [C‘l A} and [ A B] can be written

as follows.
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n_ (rRW +(xS, +ZSC9))C55+ S5 (xsCo—255,)0

=+ (35S0 +25C 4 )) 858+ Cy (x5Cy =28, )0

no ”RWS5cz+e)5+(’”RWC551+9)9 (CIA )22 = (rRWC5cl+6)5_(rRWS5Sﬂ+6)9

)
)
)=
€)= (i Cao)0
)=l
), =l

e e S O ) o+ (Zpsésma ) 0 (Cw )21 = (ZDS5C/I+6’)5 + (xDC1+9 +2pCs8 140 )‘9

XpCsC ) o _(XDSC?Sme ) 0

Using the product rule, the matrix [Cw] can be written as follows.

p - —13355C 110 0 0
~ FW
I:CIC]:E || ":CsCro T35, 0 ny

2, 2
VT RES!

n3185C 110 0 0
- J -
—(—n4355C 0 O
dt( 3395 l+9)
Trw d .
B ?(_”33C5C/1+9+”3151+9) 0 7y
31 T 15 ! J
E(”nsacma) 0 0_
Here,
d "rw d - -3 : :
7T Ty (”%1"‘”%3) 2j:_%’”FW(”§1+”§3) 2(2”31”31"‘2”33”33)
VKRS

Yew ~Trw (”31”31+n33”33)

| T e :
t =
N3y + 15 (n231 +n§3)2

(_”33550/1“9) =—13385C .9~ (”33C5C/1+9 ) o+ (”33S55/1+9 )9

4
dt
%(_”ﬂcacma + ’731S/1+9) =—133C5C 0 + (”33S5C1+9)5+ (”33C551+9)9+ 1318 140 +(”31C1+9)9

%(”nsécma) =73155C 149 +(”31C§C/1+9)5_(’131‘355/“9)9

The time derivative of matrix [C, ] can be calculated as follows.

(G 1=[G ][ G ]+ Coc
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The non-zero elements of [C‘z A] can be written as

(&

i

[( e CyCsC oy

P ¢S cM

(s
Al

xSy +2z,C

o)+ (xSSl—ZSCA)(C¢C5)—<XSC0—ZSSQ)(S¢S5)}¢3

(x5, =25, ) (8485 )+ (%5Co =265 5)(C4C5 ) |

555 )+ (7w ,C SM)}

(xsC
[ 58, ~25C,) (5,6 ) (35
[( 5) (rRWSgﬁSgSMQ)}e

[(”RW z+9 st +2zgS, )}(C¢)¢_(FRWS¢C2+9)9

o [(FRWCM@ ) _(xSSﬂ —25C) )} (S5)5 + (rRWC6Sﬂ+9)9

[(’”RWC S C1+9 xs 2 —25C )(

Ss)-
+ (r SCCM Cs)-

xgS,y+zC

The non-zero elements of [Cz B] can be written as

(Con),, = 20| ~(84558 120)+(CsCs) |8+ 2 | (CoCsS 1) (855 5) [ +25 (C85C 110) 0

(Cos),, = —[ZD (S4C5S 100 )+ 25 (C 4S5 )+ 2 (S 4C e ):|¢—ZD [(C¢Sgsﬂ+9)+(s¢cg)}5’
[l CCar) 0 (5.0)(C1)0

(Con )y, =20 ] (8455810)~(CoCs) [ #+ %5 | (8 485)~(C4CiS10) |6 =5 (CS5C00) 6

(Con) =~ (205:)8] [(€22) =(20C0)3| [Con)=(u050)5

Using the product rule, the matrix [Czc] can be written as

(62(? ) ( ~2C ) ’;l33
11 12
(Gac). (Cac). 0
21 22
C~V2C C~VZC

(Ce), (Ge),

The first matrix is well defined given the previous results, and the derivatives of the entries in the second term

—n3

are as follows.
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( ch )11 =N33 (C¢C5 - S¢S5Sz+a)¢3 T (C¢C55,1+9 = 8455 ) o+ N33 (C¢S5C1+0 ) 0

+7i33(C 485859 +S,Cs)

(ézc )21 = _[”31 (S¢Cﬂ+9)+”33 (S¢C55/1+9)+”33 (C¢55)J¢_”33 [C¢S5S/1+9 + S¢C5]5

+[n33(C5C1+0)_”31(Sﬂ+9)}(c¢)9 + 13, C4C, 5+ T [C¢C5S/1+0_S¢S6:|

(ézc )31 =ngj (S¢S5S,1+e _C¢C5)¢3+ n3 (S¢S5 - C¢C5S1+9)5_”31 (C¢S5Cz+9)9

731 (CyS5S1.0+5,4C5)

(ézc )12 =n33C;s _(”3355)5 (Czc )22 =—1338; _(”33C5)5 (620)32 =—13Cs "‘(”3155)5

Note in the above expressions that the value of the dependent speed 0 can be found from the independent speeds
using the constraint equations.
Partial Angular Velocities:
As noted above, the B-frame components of the angular velocity of B can be written as
@ p C, 0 0ffg -CySy 0 0(y
Opyp =0 0 0]Gp+| S, 1 010
o), [So 0 0J[é] | c,c, 0 0]l6

The dependent speeds can now be eliminated from this expression using the constraint matrix [J ] .

gt = 0 0 0RO e+ S, 1 0[[J]{6;2[WB]{6,
@3], S, 0 0|0 c,Co 00 o o

with

Cy, 0 0] |-C,S, 0 0
[WB]2] 0 0 O+ S, 1 0|J]
S 0 0] 1 Cc,cy 00

The components of the partial angular velocities associated with B are in the columns of [WB] .

3 @ WB,, 3 @ gy WB,, 3 25 WB,
6_¢ @pypr =4WBy, @ Wpy ¢ =4WBy, % Wpy ¢ =4WBy,
@p3 ], WB;, @ps |, WB, @p3 ], WB

The B-frame components of the angular velocity of rear wheel 4 are written as
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@ 4 @ py 0 ¢ 00 0ffl¢ ¢
Ot =0 {0 b=[WB]J6 t+|0 1 046, ¢ =[WA]} 6,
0p), |osm), L0 s 100 0f|é )

As for B, the partial angular velocity vectors of 4 are the columns of [WA].

The C-frame components of the angular velocity of C can be written as

e, @p | [0 4] [0 0 0]l ¢
Ocy | =[Rpsc [{0mp +101=[Rpac |[WB]16; 1 +/0 0 0[16, 1 2[WC]16,
o). o) |9 S| 100 1]|s B

with

000
[WC]=[Rysc |[WB]+|0 0 0
00 1

The partial angular velocity vectors of C are the columns of [WC ] .

Finally, the C-frame components of the angular velocity of D can be written as

@, @ p 0 é| [o 0 o]|4] [O O O]y
Opr( = Rysc [$@prp +40p =] Ry |[7B] 9'R+o 0 0[46,0+/0 0 1[36
Ops | o), L6 0 0 s [0 0 0]|6,
4] [0 0 0 ooo
| Ryac |[WB] 6 p+|0 0 0 9 +0 0 eR 2 (WD) 6,
5| |0 01 000 5 5
with
00 0 000 000
[WD] 2[Ry |[WB]+|0 0 0]+[0 0 1|[J]=[wC]+
00 1 000 000

The partial angular velocity vectors of D are the columns of WD
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Partial Velocities:

Using results from above, the B-frame components of the velocity of G, can now be written as

v 0 —C, 0|4 [—CyS, —C, O|(y
Vet =Fap| 1 0 0[8+7rpy| O 0 046
Vi3 ) g 0 -5, 0||o | —S,S, —Ss 0][6r
[0 —C, 0|4 [—C,S, -C, 0] (4 é
=repll 0 038 t+ryy| O 0 O[J]S6k2[VA4]4 06,
0 -S, 0f|lo ~SyS, =Sy 0 %) 5
with
0 -C, 0 ~CyS; —C, 0
[VA]=rgw|1 0 O|+rgy| O 0 0]
0 -S, 0 ~SyS; —Sy 0

The B-frame components of the partial velocity vectors of G, are the columns of [VA] .
The B-frame components of the velocity of G, can be written as

Vi Va VB
Vear = Va2 T\ Vun2
Veslp Vaslp VaBslp

Substituting previous results for the right-side velocity vectors gives

vin [ =[VAJ G p+| (1589 +2,Co) 0 010, 1+| (x5C5=255,)C, 0 0[50
Vi) g g 0 0 0|9 —x5S, —x; 0|0

0 0 07]( 4 2,8, z; 0 p
=|[VA]+| (xS, +2,C5) O 0O 6"{e +|(x5Co—258,)C, 0 0|[J] 6"{e
0 0 o o

0 —XpS, —xz 0
¢
S
o
with
0 0 0 —ZpS, -z 0
[VB]:[VA]+ (xBS9+ZBC€) 0 0|+ (xBCg_ZBSg)C¢ 0 0 [J]
0 00 —XpS, —xz 0
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Note the components of RL’GB i, were found by replacing xg and zg with x; and z; in the expression for

Ry s/G. - The B-frame components of the partial velocity vectors of B are the columns of [VB] .
~ A

The C-frame components of the velocity of G can be written as

Vel Va Vs Vsci

Voo r T3YVaz ¢ TyVus2 ¢ T Vsc2

Vesle Was)e Wass)e Vses) e

Substituting previous results for the right-side velocity vectors and using the transformation matrix to convert

components to the C-frame gives

Ver ¢
Vot =[Rpac |[VA] 6’5 +
Ves ) e )
0 0 04 —zgS, —zg O|(y
[Rpsc ]| (x5S0 +25Co) 0 036, t+[Rysc]| (xsCp—255,)Cy 0 0 0 1+
0 0 0|9 —xsS, —xg 0 |0r
0z o] C, 0 0] To 0 o]|[4
2 0 xc||[Ruc] O 0[+/0 0 0[<6, 1+
|0 —x. O] S, 0| [0 0 1]||o
) Ze 0‘_ —CySe 0 Oy
~ze 0 xc|[Rpc]l S, 1 06
0 —x. O c,Co 0 0|0
0 0 0 —ZgS, -z 0 é
=[Rpac ]| [VA]+| %65 +25Cy 0 0 |+](xCy=248,)Cy 0 O|[J]|36, p+
0 00 ~xsS, —xg 0 g
0 z. O Cp 0.0 TOo 0 0 —CySy 00 ¢
2 0 xc|[[Ryc][ 0 0 0[+[0 0 O+[Rpc]| S, 1 0|[J]|6s
0 -x. O S, 00 0 0 1 C,Co 0 0 o
¢
2[VS]3 6, ¢+
5
0 z. O Cp 0.0/ TOo 0 0 —CySy 00 ¢
“ze 0 xc|[[Rypc][ 0 0 0[+[0 0 O+[Rpc]| S, 1 0|[J]|{6s
0 -x. 0 S, 0 0/ |0 0 1 c,Co 0 0 %)
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Or, more simply,

Vel ¢
vea( =[VC] 6p
VC3 C 5
Here,
[vC]=[rs] +
0z 0 Cy 00/ To 00 ~CySy 0 0
~ze 0 X |[[Rpac][ 0 0 0[+[0 0 Of+[Rpc] S, 1 0|[J]
0 -x. O S, 0 0] [0 0 1 C,Cp 00
0 0 0 —23S, —zg 0
[VS]:[R32C] [VA]"‘ XgSg+z5Cy 0 0+ (xSCH_ZSSH)C¢ 0 0 [J]
0 00 xS, X, 0

The C-frame components of the partial velocity vectors of G, are the columns of [VC]. Note that the columns

of [VS ] are the C-frame components of the partial velocity vectors of S.

Using a similar approach for the C-frame components of the velocity of G,, gives

Vb1 Va Vasi Vspi ¢
Voot =1Vt FT1Vasa ¢ T Vspa =[VS] 6’{e +
Vp3Je Was)e Wassle Vspsle g
0 z, O c, 00 0 0 0 —C¢S900 ¢
~zp 0 xp [[[Rysc ][ 0 0 0[+]0 0 O+[Rpc]l S, 1 0|[J] 9'{e
0 -x, O S, 00 0 0 1 c,C, 00 1)
é
£[VD]10;
)
with
[vD]=[VS]+
0 z, 0 Cy 00 [0 00O —CySy 00
~zp 0 xp|[[Rysc][ 0 0 0[+[0 0 O[+[Rpc] S, 1 0J[J]
0 -x, O S, 0 0 0 0 1 C¢C900

The D-frame components of the partial velocity vectors of G, are the columns of [VD] .
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Angular Accelerations:

The angular acceleration of B can be written as

fdfo, Pd'o,

fap = 7 @ =@y byt @y by +@p3 by E g byt gy byt by
Differentiating previous results, the B-frame angular acceleration components of B can be written as
A g @ p; ¢ ¢
Apyt =10y =[WB] Oy +WB ] 2
X 3 @ g3 3 o o
with
(-S,)6 0 0] | (S450)-(CsC0)0 0 0 ~C,S, 0 0
[WB]z%[WB]z 0 0 0]+ (c,)é 0 of/]+ s, 1 0[J]
(Co)0 0 0] |(=5,,)d-(C,S,)60 0 0 CyCp 00

The angular acceleration of 4 can be written as

R ;R B R B R B R
d o d"w d o d"w
R, _ D4 _ D4 (R R \_ D4 (R R B _ D4 (R
Y= T "‘( @p X Q’A)— r +( @BX( @p+ @A))— ar "'( @p X @A)
by by, by
:(@All}l +Opby+ o, 133)+ Wp WDpy Dp;
0 6, 0

Or,

o, :(d)Allzl +0 b, +d’A3[23)+[(_w339R)l31 +(a)BlgR)l~)3:|éaAlél +a by +a ;b

Differentiating previous results, the B-frame components of the angular acceleration of 4 can be written as

a @ 4 —Wps ¢ ¢ —Wp;
Ay =104 +9 0 (6 =[WAN Gy t+[WA] 6,1+ 0 6,
Aus), 0 43 3 Dy 6 5 @y
with
000
[WA]:%[WA]:% [wB]+|0 1 0f|=WB]
000

The angular acceleration of C can be written as

R 3R C 3R
R d @C d @C
acz =

- dt dt

. . . A
S0 Gt O Cr D3 C3 = €T A Cr+A3Cy

Again, differentiating previous results, the C-frame angular acceleration components of C can be written as
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o7 D¢y ¢ ¢
Ueyp =90cr ¢ =[WC] é,? +[WC] 6'?1?
Acs) e |y . o o
with
0 0O
[(WC] =2 C] =< [Rpnc J0VB1+ 0 0 0| <[ Ryac J0VBT+[ Ry ][ 18]

[Rgzc]:%[Rgzc]: (_CAC5)5 (_S5)5 (SACJ)5 - (_CACzS) (_55) (SAC(Y) o

Finally, the angular acceleration of D can be written as

R R C R
do, “d o, R

ap = = +( D¢ X @D):

dt dt dt

R

R R c _ R c
"‘( @cx( @c + @D))— +( @ * @D)

:(0)01€1+0)02€2+w0393)+ Dy Ocy Ocs
0 6 o0
Or,

R

. . ) : : "
Zp :(a)Dlgl T@py Cy+Wpys Q3)+[(_a’c3‘9F)§1 +(a’c1‘9F)§3]:a01Q1 Ty Cy T3 Cs

The C-frame components of the angular acceleration of D can then be written as

a1 @ p —Wc3 ¢ ¢ —Wc3
Apyt =1Gp,t +1 0 16, =[WD] éf,? +[WD] 9'{e +4 0 10,
Ap3 . @ ps c el o o Wy
with
d‘ 00 0] [0 0O0] | 000
[WD]zE [ Ry |[WB]+0 0 0|+[0 0 1|[J]|=[WC]+|0 0 1|J]
I 00 1] |00 0f 000

Mass-Center Accelerations:

The accelerations of the mass centers of the four bodies can be found by differentiating the velocities using
the derivative rule. As expected, the results for each body are linear in the second derivatives of the independent
generalized coordinates. The expressions include the partial velocity matrices and their time derivatives. As

before, skew symmetric matrices are used to perform the necessary vector cross products.
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The accelerations of the mass centers of the bodies can be written as follows.

R B
RQGA :76;1(RYGA):d_c:(RYGA)+(R@BxRYGA):(‘.}AIZJI+‘}A2122+‘>A3@3)+(R@BxRYGA)
gy =Py, ) =Ly, )+ (P0px Py, )= (o By + b s B+ (B x P
46, =\ Y6 )= Xa, Dp X VG, 8121 T Vg2 D2 T V303 Dp X Vg,
R _dp _“dn R R e - . R R
dG. = dt( ~GC) dt( ~GC)+( D¢ X YGC)—(Van+ch€2+"c3§3)+( D X ‘ZGC)
R
R~GD :ch(RYGD)—TC:(RYGD)"'( Wc>x Vg ):("’Dlgl+VD2§2+‘>03€3)+(R@CXRYGD)
The B-frame components of * a, can then be written as follows.
g R~GA.b1 Vi Va ¢ ¢ 0 “®p3 D ||V
ant 2% by =1Vt +[@s] vy =[V4] 9}? +[ V4] 9'{e + wg 0 —wy v,
Ay3)p R‘!GA b, Vaz) g Vas ) p o o —0y Op 0 Vs
Here,
0 (S,)6 0 CyS; —Cy O
[VA]=rpy|0 0 Of+rg| O 0 0|[J]
0 (—Cg)é’ 0 —SpSy =Sy 0
(S08,)0-(CoCy)d  (S5)0 0
+7pw 0 0 0 [J]
~((€o84)0+(5,C4)8) (-Cu)é 0
The B-frame components of * ag, canbe written as follows.
dp RgGB'lgl Vgi V1 ) ¢ 0 —og wp [y
g, = R‘}GB’QZ = Vgt @] ve =[VB] 9:1'3 "‘[VB] 9{2 T @ps 0 —p |V
Aps ) g RQGB'@3 V3], Va3 ) g 6 o -Wy, Op 0 Va3

Here,
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0 0 0 —(25C,) ¢ 0 0
I:VB}[VA]+|:(XBCQZBSH)9 0 o} ~Cy (x5S +25Cy )08, (x5Cp—2,5,)¢ 0 O|[J]+
0 00 ~(x5C, )4 00
—zpS, -z 0
(x4Co—255,)Cy 0 0|[J]
—XpS, -xz 0
The C-frame components of * a g, canbe written as

dci RQGC <1 Vel Vel ¢ ¢ 0 @cz Deay || Vg
acyp 2 RQGC’Qz =Verp H@c]yverp =[VC] é}f "‘[VC] 95 T Ocs 0 -~ YV
aes ) ¢ RQG cs Ves ) ¢ Ves) e o o —Wqy O 0 Ves
[vc]=[vs] +

0z o [C, 00 (-54,)6 0 0

~zc 0 X ||[Rpac][ 0 0 O|+[Rpc] 0 0 Of |+

L0 —xc 0] 1Sy 00 (Cp)0 0 0

"0 oz o] [-C,S, 0 0 ~C,S, 0 0

~ze 0 xc|[[Rupc]| S, 1 O|[J]#[Ruac]| S, 1 O|[J]

[0 xe 0} 1 C,Cp 00 c,C, 0 0

[0z 07l (8480)d-(C,C0)0 0 0

~zc 0 xc||[Rpc ] (c,)é 0 0|[/]

L0 % 0__ ~(84C4)d—(C,S,)0 0 0
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0 00 —25S8, —zg 0
(VS ]=[ Ryac || [PA]+| x5Sy +25Cy 0 0 |+|(x5Cyp—258,)C, 0 O|[J][+
0 00 —X5S, —xg 0]
0 0 0 ~zS, —z, 0]
[Rpsc ]| [ VA ]+ (x5Co=2585)6 0 0|+|(xsCp—2sS,)C, 0 O|[J]|+
i 0 0 0 XS, —xg 0]
(-25C, )4 0 0
[Rpsc]| | =Cy (x5S +25C4) 0=, (xsCp —25S5)¢ 0 0|[J]
(—x5C, )¢ 0 0
Finally, the C-frame components of * ag, can be written as
api RgGD'Ql Vpi Vb1 ¢ ¢ 0 “@cz Bcy ||V
ap, ¢ = RQGD‘Qz =1Vpy (+[@c ]y V2 ¢ =[VD] 9:1‘1 +[VD] 9{& T @cs 0 —o¢ |V
Ap; RQGD‘€3 VD3 Vp3 o o —Wcp, @c 0 VD3
with
[vD]=[Vs] +
0z, o] [, 00 (-S4)6 0 0
25 0 xp|[[Rpsc ][ 0 0 O|+[Rpc]| 0 0 Of [+
| 0 —xp O 1Sy 00 (Cp)é 0 0
0z, o] [—C,S, 0 0 ~CySy 0 0
~zp 0 xp |[[Rpsc ]| S, 1 O|[J]+[Rpsc || S, 1 O|[J]
[0 —x 0] 1 C,Cp 00 C,Cy 0 0
0z, o1l (S480)d=(cycp)0 0 0
~zp 0 Xy ||[Rsc ] (c,)é 0 0|[J]
L0 e O —(5,Co)8-(CyS5)0 0 0
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Kane’s Equations of Motion:

Left Side of Equations

Given that the columns of the partial velocity matrices are the components of the partial velocity vectors, the

contributions of the mass center accelerations to the left side of Kane’s equations can be written as

4 oy ay ap ae ap)
R Ye, T T T T
Z m, ag =mA[VA] a,, +mB[VB] ag, +mC[VC] acy +mD[VD] ap,
i=1 ©oOuy
a3 aps dcs ap3
4}5 ¢ Va
=m, [VA]' [VA) G t+m, [VA]' | [VAS O+ @5 |{van | +
5 5 v
4}5 ¢ Vi
my [VB]' [VB] 6 t+my[VB] | [VB 46, +[ @5 |{viat |+
o S Vs
& ¢ Vel
me[VC] [VC by p+mc [VC] | [VC |3 6y t+[ ¢ |y vea |+
) ) Ves
& ¢ Vp1
r . e : B
mp (VD] [VD]1 6y { +my [VD]' | [VD {6, ¢ +] ¢ |{vpa
) S Vo

Given that the columns of the partial angular velocity matrices are the components of the partial angular velocity
vectors, the contributions of the angular accelerations to the left side of Kane’s equations can be written as
follows. Note that advantage is taken of the fact that, due to the symmetries of the front and rear wheels, the
inertias of the rear wheel are constant in the B-frame and the inertias of the front wheel are constant in the C-

frame.
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4 R 0%,
;[(gc “s )} ou,
. a4 . Up . Uey . Up)
=[] [ 1, |y au +[7B] [ 1, |y +[7CT | 16, |3 s ¢ +[PD] | 16, |1 @t
O 43 Up; Ucs Ups3
¢ $| [~®s ¢ ¢
=[] [ g, ]| AN O (+[ WA ]50, p+1 0 1, [+[WB] |1, || [WB] 6 (+[WB ]S 6y |+
) ) o 5 5
¢ ¢ ¢ ¢ ~@c3
[wCT [ 16, | [WC1S G +[C )4 64 { |+[WD] | 15, || WD]S 6t +[ D] 6 t+5 O 16,
) ) ) ) o

Finally, the angular momentum terms on the left side of the equations can be written as follows.

4 aRQ)Bi
Z[(R”BXHG)J ou,
o, g el
:[WA]T[@A][IGJ @ 43 +[WB]T[&)B:|[[GB] @p2 +[WC]T[0~)C][IGJ e
@ 45 @ p3 @c3
@ py
+[wp] (65 [ 16, |{@p
@ p3

Generalized Forces

Weight Forces: The contributions of the weight forces of the bodies can be written as

0"y 0"y 0"y, 2"ve, || .
(Fu,.)g{%- o HW 5[ e [ g | =123)

The components of the weight forces in the body frames can be written in matrix form as

W,-b 0 Wy b, 0
W,-b, :[RRZB] 0 Wb, :[RRZB] 0
W, -bs a8 Wy -bs Mp&
We-c 0 Wp-c 0
We-c, :[Rch} 0 Wp-cy :[Rch} 0
Yc <3 Mc& I\ Wb -¢3 Mp&
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The total contributions of the weight forces can then be written as

0 0 0 0
(£}, = [VA] [Rpop ] O (+[VB] [Rpns |4 O p+[VC] [Rpnc |3 O t+[VD] [Rpoc |1 0
m,g mpg mcg mpg

Driving Torque: Using the pedals, the rider can exert a torque 7, =7, b, on the rear wheel. A reaction torque

Ty=-T,=-T,b, is applied to the rear frame B. The contribution of these torques to the generalized forces can

be written as

R N e RCTA P CORS TR TN

Or,

Final Equations

Combining the results for the left and right sides of Kane’s equations gives

:
(M4} =[M116 =)
1)

where [M ] , the generalized mass matrix, is

[M]=m,[v4] [v4] + m, [VB] [VB]+ m.[vC] [VC]+ m,[vD] [VD]

+[wal [ 1g, |[wa)+[wB] [ 15, |[wB]+[wC] | g, |[wC]+[wD] | 15, |[WD]

and the vector on the right-side of the equation is
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(=AY, +F),, = ma Al [PA]+m, [VBY [VB]+me [vC] [VC]+my [vD]) [VD] |{u,}
- [[WA]T [ 1, |[Wa]+[wB] 15, |[WB]+[WC] | 15, [[WC]+[WD] [ g, ][WDH {u;)

—ny [VA]T [CZ)B:I{VA} Mg [VB]T [@B]{VB} —Mc [VC]T [‘?’c]{vc} —Mp [VD]T [Cbc]{vp}

—[wA] [ 15,3 0 (O -[wD] [1g, |3 0 (6, —[WA] [6,][ 15, ] @
=[] [@4 [ 16, |J@s t-1FC] [@c || 16, [S@cr (=[WD] [ @5 || 16, | @ns

Final Equations of Motion:

Three Kane’s Equations:

i} =[M]{/f}

Three Kinematical Constraint Equations:

{i o) =L/t [ o)

Six Kinematical Definitions:

lu}=[¢ 6, ]| and [{u,l=[v 6 6,]

These represent twelve, first-order, ordinary differential equations. Given initial values for the six generalized

coordinates (¢, 0r,0,y.,0, 49F) and their time derivatives (¢, GR,é W, 0, éF ), these equations can be numerically

integrated to find their future values.
Initial Conditions of the Generalized Coordinates:

It is assumed that the roll angle ¢, the rear wheel angle 6, and the steering angle 6 form a set of three

independent generalized coordinates. As independent coordinates, their initial values can be specified
independently. The values of the rest of the coordinates must be chosen to be consistent with the rolling
constraints.

The distance of the front wheel contact point Q from the surface is independent of the values of the x and y

coordinates of the rear contact point P, the yaw angle of the bicycle (v ), and the angle of the front wheel relative
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to the front frame ( 6. ). Hence, their initial values can be arbitrarily specified. For simplicity, their initial values

are all taken to be zero. That leaves the initial value of the rear frame pitch angle 6 to be determined.

To find the pitch angle, the z coordinate of r,,, the position vector of O relative to P is set to zero. This

provides a single equation to solve for the initial value of . To this end, r,,, can be written as follows.

Yorr =LG,pTLsiG, TLe,s TLoig,

Here,

LG, p=Trw (Selh_calb) Isic, =xgb)—z5by LGys =Xp€1t2Zp€s

_ Tew
Loy =55 a1t ¢
V131 153

The components of each of these vectors can be resolved in the inertial frame R using transformation matrices. In

matrix form,

Forr FriS g + X Xy n3

- r
Forp N> :[RB2R] 0 +[RC2R] 0+ = 0

~ [ 2 2
N5, +n
- - 317133
Forp N3 "rwCo = Zs “p 33

Given the initial values for the specified variables, the transformation matrices can be written as

Cy 8,8, -GS, [ ¢, 0o s,

T
[Rpoe|=|Rpas| =| 0 €, S, | =| 8,8, C, =S,C,
So —5,Co CyCy -GSy S, CyCy

I:RCZR] = |:RR2B :'T [Rgzc]T = [RBZR:II:RCZBJ
Cc, 0 Sy c,C; -C,Ss; S, My Ny Ny
=1 485 Cy =S,Co|l S5 Cs O |E|ny ny oy
-C,Sy S; C,C, =8,Cs S5 G N3 N3z Nig

Using these results, the ; component of r,,, can be written as

FripS g+ Xg Xp n3
’SQ/P'N3:[_C¢S0 Sy C¢C0] 0 "‘[”31 N3 ”33] 0 ¢+

2 2
NI
_ _ 31 T 733
rawCo—Zs Zp R33

r
Fw
+—(n§l +n§3)

2 2
\ T3 153
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To simplify this expression, consider the following

~CyS o (ranwSo+%5 )= CoCo(rawCo+2s ) = =ranCy (S5 + C5 ) =(x5C4 ) S5 =(25C4 ) Co

=—(rRW +x48, +ZSC9)C¢

Xphay +Zphy = Xp (=CyS 4C,Cs + 8,85 = CyCyS,Cs )+ 25 (—C,S S, + C,CoC )

-
Fw 2,2\ _ 2, 2
— (”31+”33)—”FW\/”31+”33
+n
\ 31T 133

1

2 2\2
=y ((—C¢S9CAC5 +8,85 = CyCyS,Cs ) +(=CyS 48, +C,CoC, ) )

(STl

=V ((+S¢S5 —C,Cs(84C; +CyS, ))2 +C3(C,C; -5, Sz)zj

1
Few

2 2
ﬁ(”%l + ”33) =T ((+S¢S5 - C¢C551+9) + C;Ciﬂg)
\ 31 T3

So, given arbitrary values of roll angle ¢ and steering angle ¢ , the following non-linear, algebraic equation

can be solved to find the pitch angle 4.

~(raw + x5S 5 +25Cy ) Cy + XSS5 = XpCyCiS 1.9 +2pCyC g

1

2 2 0 2

Note: It can be shown that the pitch angle is zero if the roll and steering angles are zero.
Numerical Results:

Numerical results for free motion of the bicycle are given in Unit 7 of this volume.

Exercises:
5.1 Find the differential equation of motion of the single degree-of-freedom lF( t)
system shown. The system consists of slender bar AB of mass m and length

¢ and a piston P of mass m,. The system is driven by the force 5

F(t)=F,+ F;sin(wt) and gravity. A spring and damper are attached to the
light slider at B. The spring is unstretched when x =0. Use d’Alembert’s

principle to find the equation of motion. Use the angle 0 as the generalized

coordinate. Neglect friction.
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Answer:

Emﬁ +m, zzsﬂ O+(m,0°S ,C )0 +(cl’CH)0+kI*S ,C o[ m, g +Emg+ F(1) |1S ;=0

5.2 Find the differential equations of motion of the two degree-of-

freedom system shown. The system consists of a mass m;, that

translates along a fixed horizontal bar and a uniform slender bar

AB that is pinned to m, at A. Bar AB has mass m, and length /.

Mass m, is attached to the fixed support by a spring of stiffness

k and a linear viscous damper with coefficient c¢. The spring is

unstretched when x = 0. The system is driven by gravity and the

force F(t)=F,sin(wt) applied to m,. Use d’Alembert’s

principle for find the equations of motion for this system. Use the

variables x and 0 as the generalized coordinates. Neglect friction.

A : ) )
NSWers (my+my )5+ (EmylC )0~ (A m,ylS )0 +cs+kx = F (1)

(4m,0Cy )5 +(4my07)G+Lm,gls, =0

5.3 The two degree of freedom system consists of a uniform slender bar B of length ¢ and mass m that is pinned
through the center of a shaft of mass m and radius . The rotation of the shaft about the Z-axis is described
by the angle ¢ (6=C), and the rotation of the bar B about the Y’ axis is described by the angle
0 (6 = w) . A motor torque M , 18 applied to the shaft about the Z-axis, and a motor torque M, is applied

to B by the shaft about the Y’ axis. Using d’ Alembert’s principle, find the equations of motion of the system.

Use the angles @ and ¢ as the generalized coordinates.

Answers: X’ /Q;
[1m o+ 5m 283 |g+(bm25,C, )09 =M, %
. : g 6,4
(5m?)0—(5me2s,Co) ¢ =M,| | =" = O-F
_ o G a S— n
ﬂ €= €3%E,
Bar, B

5.4 Find the equations of motion for the system of Exercise 5.3 using Kane’s equations assuming the shaft is

light. Use (u,,u,)= (a)l,a)z) 2 (R@B e, m,- gz) as the two independent generalized speeds.

ANSWEIS: [ 2 12) 8,0, + (m 2 12) Cypmy, =M, §=-o/S,

(mt*/12) @0, —(m °C, 128, ) 0] =M, 6=w,
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5.5 The two degree of freedom system consists of a disk D of mass m,; and = T

radius R, and a uniform slender bar B of mass m and length /. The rotation — R —m

of the disk about the Z axis is described by the angle ¢ (=), and the | | | |
rotation of the bar B about the X' axisis described by the angle

0 (0 = ) . A linear rotational spring-damper is located between B and D

at the pin P. The spring has stiffness &k and is unstretched when € =0.
The damper has coefficient c. A motor torque M , is applied to the disk

about the Z axis, and a motor torque M , is applied to B by D about the

X' axis . Use d’Alembert’s principle to find the equations of motion of

the system. Use the angles € and ¢ as the generalized coordinates.

Answers:

[%dez +m(b+%£Se)2 +%m£2526}¢5+(mbfce +3m028,C.)09=M,

(3me*) [ LmbeCy+im 7S ,C, |§ +cO+kO+LmgtS, =M,

5.6 Spinning Top

Using Kane’s equations, find the equations of motion of the three
degree-of freedom spinning top shown in the diagram. Assume the

moments of inertia of the top about the e, and e, directions are

I, =1, =1, and the moment of inertia about the e, direction is /5.

Also, assume point O is fixed and acts like a ball in socket joint. Use
Euler parameters to define the orientation of the top and define the

generalized speeds to be (u,,u,,u;)=(o,,0,,0,) the body-fixed

. R . —_—
angular velocity components, where @, = "@z-e; (i=1,2,3). The N,
unit vector set 7': (e, e,, e5) 1s fixed in and rotates with the top.
Answers:
. &
(1+mL2)a)1 +(]3 —I—mLz)a)za)3 =2mgL (&6, +£,€,) ! & —& & & ||
& & & & & ||?)
(IerLz)cE)z+(I+mL2—I3)601603 =2mgL (&6, —&&;) . :%
@, = constant é, —& —& —& &llo
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5.7 The system shown consists of three bodies: the column C, the

cross-shaped frame A4 and the disk D. C is connected to the E’QT) 7

ground by a revolute joint allowing motion about a fixed |~'=|
vertical axis. 4 is connected to C and D is connected to 4 by & D H
revolute joints each allowing rotation about the rotating n, < 5 Tga, f - -
A
direction. The three relative rotations are described by the | ,——[\ : N
. . . — 7 n
angles ¢, € and w, respectively. The system is driven by 4 Gy et /‘7”
three known torques 7,, T, and 7, located at each of the 2b g
revolute joints. The unit vector set A4:(n,,n,,n;) is fixed in (8] W N T n;\%ﬁ
. 4
frame 4. The points G, and G/, represent the mass centers of ; = 21
: , 12 |6 L
A and D. The mass center of the system G is located a distance A l 2 2
n I
vl __ ot

d , to the right of G, and a distance d, to the left of G, . i
Using Kane’s equations, find the equations of motion for the system. Use
U,y us) = (0, 0,,0,)= (chA n, e, n,, o, ~r~zz) as the three independent generalized speeds.
Answers: (7 Unknowns: o,, ®,, w5, ®,, ¢, 0,y )

3 Kane’s equations of motion (after some manipulation of the first equation)

[ Lm0 I +Am b7 | S oy + | I +m b7+ P +4m b | C pig

[ 1§ m B 1P 4 dm b7 | C oy, =[5+ m B+ 15+ 4m , b |S 0,0, =T,

Gy 1Gp\ o o 7Gp G, _ 4G _
(IzzA +]22D>0)2 +hyop +(111A e )‘010)3 =Ty

159 (@, + o, ) =T,

4 kinematic equations

o, =—9S, ®,=0| |0;=¢C, 0p =Y

5.8 The bracket OABC shown in the diagram (shaped like a “+” sign) is NQT ¥
attached to the ground with a ball-and-socket joint at O. The bars LN/FA
OA and BC are identical slender bars with mass m and length L. ! ’\;{“
The orientation of the bracket is to be described using a 1-2-3 Te
~2
orientation angle sequence. In the configuration shown, all angles are C
. . . ) G
zero so the inertial unit vectors (,, i =1,2,3) are aligned with the L .
. e
body-fixed unit vectors (e;, i =1,2,3). The bracket moves under the Ss ~! o
F
action of its own weight at G and external forces at 4 and B . The ~5
forces at 4 and B can be written as F, = F,, e, + F;e; and ]
Ca a €1 43 €3 N, “ ~.N, R
F, = Fj e;. The weight forceis W =-2mgN,. 7 ==
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The configuration of the bracket is described by the three orientation angles {qk} = {01 ,0,, 93} and the body-

fixed angular velocity components {uk} = {a)l , @5, a)3} . Find the three equations of motion of the bracket

using Kane’s equations using the body-fixed angular velocity components as the three independent

generalized speeds.

Answers: (
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