An Introduction to

Three-Dimensional, Rigid Body Dynamics
James W. Kamman, PhD
Volume III: Introduction to Multibody Kinematics
Unit 2
Angular Velocity and Partial Angular Velocity

Summary

This unit focuses on the matrix-based calculation of vector components of angular velocity and partial
angular velocity matrices. The calculations are performed using fixed frame and body frame components and
are based on absolute and relative coordinates. Both orientation angle derivatives and angular velocity
components are used as generalized speeds. Algorithms are developed for the efficient calculation of these

quantities for multibody systems.
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Introduction

As presented in Unit 1 of this volume, the degrees of fireedom of a multibody system can be represented by
absolute coordinates, relative coordinates, or both. As defined herein, absolute coordinates are measured relative
to a fixed frame, and relative coordinates are measured relative to other bodies in the system. This unit focuses
on matrix-based calculations of angular velocities and partial angular velocities in terms of both absolute and
relative coordinates. The vector components are resolved in both fixed frames and body (rotating) frames. Both

angle derivatives and angular velocity components are considered as generalized speeds.
Angular Velocity & Partial Angular Velocity Using Absolute Coordinates
Angular Velocity Using a 1-2-3 Body Fixed Rotation Sequence (9 31-05,,0 33)

To describe the orientation of rigid body B': ( e,,e,,e 3) of a multibody system relative to a fixed reference

frame R: (]yl,]yz,])@) using a body fixed orientation angle sequence, a set of intermediate reference frames

R':(N,N;,N;) and R":(N/,N5,N;) can be defined as shown in Unit 5 of Volume I. These intermediate

reference frames can be used to calculate the angular velocities of bodies. For example, using a

1-2-3 body fixed rotation sequence, the angular velocity of body B can be written as follows.

R

R R R" A 0 ' o "
Op="Op+" " Op+" Og =05 N +05,N,+05N; (D)

If [RR R,J is the transformation matrix that describes the orientation of frame R’ relative to frame R and [R'R RHJ

is the transformation matrix that describes the orientation of frame R" relative to frame R’, then the following

equations can be written relating the unit vectors in each of the frames.

N N, Ny N N,
N :[RRR':| Nyl and [N :[R'RR”:' N :[R,RR”:||:RRR’:| N,
NG Ny N3 NG Ny
Here, for a 1-2-3 body fixed rotation sequence
1 0 0 Cp 0 =Sy
0 -S, Cyu Sg 0 Cpy
Cp 0 =Spff1 0 0 Cpo SpSs  —CplSp
| “Re |[*Rp]=| 0 1 0 0o Cy Sy |=| 0 Cp Sy
Spp 0 Cpy |0 =S Cp Spr SpCp CpChp

Here, S, and C,, (i=1,2,3) represent the sines and cosines of the angles 6, (i=1,2,3).
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The fixed frame components of N, are given by the second row of [RR R,] , and the fixed frame components

N7 are given by the third row of [R'R Rn}[RR RJ . Hence, the fixed frame components of the angular velocity

vector of body B can be written in matrix form as follows.

W p 1 0 Spa
@y 0= 05100405, 9C g 1 +0559=5 5, C
@ p3 0 Sa CpCp
Or,
W I 0 A 931
gy =10 Cp =855Cp 932 (fixed frame components) (2)
@ p;3 0 Sz Cplp 933

Note that the first column of the coefficient matrix holds the fixed frame components of N, , the second column
holds the fixed frame components of N, and the third column holds the fixed frame components of ;] .

The same approach can be used to determine an equation for body frame components. In that case, write

R __ R R R" y, ' q " o
Op="Qp+" " Op+ " Og=05N +05,N5+04 ¢,

If [R'R Rﬂ} is the transformation matrix that describes the orientation of frame R" relative to frame R', and

[R"R B} is the transformation matrix that describes the orientation of body frame relative to frame R", then

]y'f € N ]y;’ €
" T ' ' r " ! r " r
N, :[RRB:| e, | and [N :|:RRR":| N, :|:RRR":| [RRB:| €
NY €; N Nj €;
Here,
Cpy —Sp 0
" T
[RRB:| =|Sp Cp O
0 0 1
CBz 0 SBz CB3 _SB3 0 CBZCB3 _C32533 SBZ
I T e T
"R [ ["Ry] =] 0 1 0 |8y Cp 0|=| Sy C s 0
_SBz 0 CBZ 0 0 1 _SBZCB3 SB2SBS CB2
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' T " T
The body frame components of N, are given by the first row of [RR Rn] [R R B} , and the body frame

" T
components of A, are given by the second row of [R R B} . Hence, the body frame components of the angular

velocity vector in matrix form can be written as follows.

W' CprCps S 53 0
@y 1 =053 =CyS g3 [ +05,9C s p+0,,40
Wy S5 0 1
Or,
W CpCp3 Spz 0 931
@yt =| =CpSp Cpy 01465, (body frame components) 3)
@'g3 S 0 1|0

Note that the first column of the coefficient matrix holds the body frame components of N, the second column
holds the body frame components of N7 , and the third column holds the body frame components of .

The results of Equation (3) can also be found in Appendix II of Kane, Likins, and Levinson, Spacecraft
Dynamics, McGraw-Hill, 1983. The text has results for many other body fixed, orientation-angle sequences as

well.

Partial Angular Velocities Using Orientation Angle Derivatives as Generalized Speeds

Using the time derivatives of the orientation angles as generalized speeds, the partial angular velocities of

body B of the multibody system are the partial derivatives of ®@, with respect to @5, (i =1,2,3). Specifically,

R 0Rw R
=Ny | =N =
005 005, 00 5,

These results can be conveniently expressed in fixed frame or body frame components. The fixed frame

components of the partial angular velocity vectors can be written as follows.

1 0 S
0%, R B o*e B R _ 0 RCL’B R _ >
. = g, (=40 20 =1 054 (=1Cm 0 = @ (=1 55Cs
8931 0 B2 B3
SBI CBICB2
These results can be expressed in a single matrix equation as follows.
[Ra) 5.0, L@ =10 Cgz -S55Cp (fixed frame components) 4)
0 SB] CBICBZ
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Here, [Ra) 5.0, J is the partial angular velocity matrix of body B with respect to the angle derivatives expressed

using fixed frame components. This is the same as the coefficient matrix in Equation (2). Regarding notation,
note that the notation “,6,” in the subscript indicates partial differentiation with respect to the time derivatives
of the orientation angles of body B .

Using the same process, the body frame components of the partial angular velocity vectors can be written as

a single matrix as follows.

CBZCB3 SB3 O

[Ra)’ . } =|—Cp,Spz Cp O (body frame components) ©)
3x3

S, 0 1

Here, [Ra)'B 0, J is the partial angular velocity matrix of body B with respect to the angle derivatives expressed

using body frame components. This matrix is the same as the coefficient matrix in Equation (3). A prime
(i.e., “@'”) has been used to indicate body frame components.
Finally, using Equations (2) and (4), the fixed frame angular velocity components can be written in terms of

the partial angular velocity matrix as follows.

@ g 1 O S5, Oy,
{a)B} 230 =0 Cp —S5Ch 6._’32 e |:Ra)B,93 J{QB} (fixed frame components) (6)
W g3 0 Sz CpCp B3

Similarly, using Equations (3) and (5), the body frame angular velocity components can be written in terms of

the partial angular velocity matrix as follows.

W'y CpCpy Spy 0 931
{C"'B} 200, = -CpSyp Czy O égz 2 [Ra)’B’g-B J {93} (body frame components) (7)
@'g3 S 0 1](0ss

!

1. Because each column of the partial angular velocity matrices [Ra) B, 95} and [Ra) 5. H'J represent the

components of partial angular velocity vectors, the entries of the matrices depend on the choice of

reference axes. Fixed frame and body frame components are presented here.

!

2. The entries of the partial angular velocity matrices [Ra)Bﬂ-J and [Ra)& H'J also depend on the

orientation angle sequence. Results for a 1-2-3 body fixed orientation angle sequence are presented here.

Results for other body fixed orientation-angle sequences can be derived using the same process.
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Partial Angular Velocities Using Angular Velocity Components as Generalized Speeds

Consider now using angular velocity components as the generalized speeds for abody B . Using fixed frame

components of Rcy 5 as the generalized speeds, the partial angular velocity vectors are as follows.

0Rw 0%w 0fw
~B=]y1 ~B=]y2 ~B=]y3
0wy, 0wy, 0w,
and

A
3x3

S O

S = O

—_ O O

(fixed frame components)

the partial angular velocity matrix is the 3x3 identity matrix.

(8)

Using body frame components of Rcy 5 as the generalized speeds, the partial angular velocity vectors are

R
0" Wy

/
o'y,

R
0 wp

’
0w'y,

€

=€

R
0" wy

!/
00y,

=€;

and the partial angular velocity matrix is again the 3x3 identity matrix.

R 1
|: a)B,w'B

A

o=l

3x3

S O =

S~ O

- O O

(body frame components)

9

As above, the fixed frame and body frame components can be written in terms of these partial angular velocity

matrices as follows.

@ i 0 i @ py

{a)B} 2wy, = 1 @y = [RO)B,%}{WB} (fixed frame components) (10)
@D 3 0 0 1] (25
oy | [1 0 0]|@y

{a)’B} 2w, =10 1 0[Jay, = [Ra)’B’w,B } {a)’B} (body frame components) (11)
@'y, 0 0 1] 'y,

1. Comparing Equations (6) and (7) with Equations (10) and (11), it is obvious that using angular velocity

components as generalized speeds simplifies the partial angular velocity matrices.

The partial angular velocity matrices of Equations (10) and (11) are not dependent on which method is

used to describe the orientation of the body. Any set of orientation angles or Euler parameters can be

used.
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Angular Velocity and Partial Angular Velocity Using Relative Coordinates
Angular Velocity Using a 1-2-3 Body fixed Rotation Sequence

Consider now the two-body system shown in the diagram. It may be

N.

convenient at times to express the angular motion of body K relative to ~3

another body in the system such as body J. To this end, let the angles

0, (i =1, 2,3) be the orientation angles of body J measured relative to E
R

the fixed frame R, and let the angles éK,- (i =1, 2,3) be the orientation = ~J o

l
(8]

angles of body K measured relative to body J. Here, the “hat” on the angle
A

~1

@ indicates the angles are measured relative to another body.

The reference frame in which the motion of a body is measured is referred to herein as the base frame of
that body. So, the fixed frame is the base frame for body J, and the body J frame is the base frame for body K.
The terms fixed frame, base frame, and body frame are used in the sequel.

Given that the body J frame is the base frame for body K, it is convenient to use the summation rule for

angular velocities to find the angular velocity of body K relative to the fixed frame.

R

wx="0,+ 0y (12)

If the vectors ch x and ch , are written using fixed frame components and the vector ch x 1S written using body

J frame (or base frame) components, then Equation (12) can be written in the following matrix form for the

focf=lo,}+[r,] {Pocf2lo,}+[R,] {0] (13)

Here, {a) J} and {a) K} represent the fixed frame components of the angular velocities of bodies J and K relative

to the fixed frame R, and {(?) K} represents the body J components of the angular velocity of body K relative to

. . T .
body J. The transformation matrix [R J] converts body J components into fixed frame components.

As noted in Equation (2), when using a 1-2-3 body fixed, orientation-angle sequence, the base frame (fixed

frame) components of the angular velocity of body J relative to the fixed frame can be written as follows.

1 0 S, 6,
{a) J} =0 C,, -§,C, 0 > (| (base frame (fixed frame) components) (14)
0 S )

Similarly, the base frame (body J frame) components of the angular velocity of body K relative to body J can be

written as follows.
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0
Cer —SiiCxs |10, ¢| (base frame (body J frame) components) (15)

The transformation matrix [R J] that converts fixed frame components into body J frame components can be

calculated as follows. Its transpose converts body J frame components into fixed frame components.
(R, ]=[ R, "R || "Re |=|=S,5s Cpy 0 0 1 0 J[0 C, &,
0 0 1 SJ2 0 CJ2 0 _S_]l CJ]
0 CJz SJISJZ _CJISJZ
=S, Cy3 0] 0 Ch S
1 SJ2 _SJICJZ CJICJZ

CnCrp CuSpi+8uSnC SiS;—CusSnCi,
= [RJ] =1 =CnSss CnCp=8,8,83 SpCr+CpS S, (16)
SJZ _SJICJZ CJICJZ

The results in Equations (14) through (16) can now be substituted into the right side of Equation (13) to

calculate the fixed frame components of R@K the angular velocity of body K relative to the fixed frame.
Using this approach, the angular velocity components {a) J} of body J relative to the fixed frame R are

expressed in the fixed frame, and the angular velocity components {(?) K} of body K relative to body J are

expressed in the body J frame. In each case, the angular velocity components are expressed in the same frame in
which the body orientation angles are measured, that is, they are expressed in the base frames of the respective

bodies.

Alternatively, the angular velocity components could be expressed in the same body frames. For example,

{a)’K} the body K components of ch x can be written as follows.

(@} =] "Ry J{o) )+ (17)

Here, {a)'J} represents the body J components of the angular velocity of body J relative to the fixed frame R,
and {aA)'K} represents the body K components of the angular velocity of body K relative to body J. The

transformation matrix [J R K} converts body J components into body K components.
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As noted in Equation (3), when using a 1-2-3 body fixed, orientation-angle sequence, the body J components

of the angular velocity of body J relative to the fixed frame can be written as follows.

CpCpy Sy 0O 911
{a)t,}: -C,,8,; C,;5 0 9J2 (body J frame components) (18)

S 0 1|6,

Similarly, the body K frame components of the angular velocity of body K relative to body J can be written as

follows.
CkrCrs Sk O] 7K1
{c?)'K} =| —Cy,Sxs Crxs 0]40c, | (body K frame components) (19)
Se, 0 1l4

The transformation matrix that converts body J frame components into body K frame components can be

calculated as follows.

Cxs Sgs 0)|Cky 0 =Sufl1 0 0
/R [=] "R || "R [ "Ry |=| =Sz Cis O 0 1 0 [[0 Cp Sg
0 0 1][Sk2 0 Cxa [0 =84, Cy
_CK3 Sgs 0| Cxy SkiSko CxiSka
=|=Sk;3 k3 0f 0 Cxi Sk
L 0 0 1| Sky =SxiChy CxiCi
CaCis CriSkstSxiSkCrs SkiSks—CriSkaCrs
= [JRK]: “CxaSks CxiCrs=SuSiSks SxiCritCraiSkaSks (20)
Ska —551Cxa CxiCka

Using this approach, the components of “@ , the angular velocity of body J relative to the fixed frame R are
resolved in the body J frame, and the components of RQ)K the angular velocity of body K relative to the fixed

frame are resolved in the body K frame. The components of '@, the angular velocity of body K relative to J are

also resolved in the body K frame. In each case, the angular velocity components of body J and body K are
resolved in their respective body frames.
Notes:
1. Relative coordinates are often used because the motions between adjoining bodies of a system are more
naturally described in terms of relative coordinates.

2. Unfortunately, the equations associated with the kinematics of the system are usually more complex when
written in terms of relative coordinates.
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Partial Angular Velocities Using Orientation Angle Derivatives as Generalized Speeds
Using Equations (13), (14), and (15), the fixed frame components of the partial angular velocity matrices for

each of the two bodies can be written as

1 0 S,
[R"’J,e', J =10 Cy =5,Cpy [RCO L }=[ 0]y, (fixed frame components) (21)
0 S, CCj,
1 0 S,
R _| R R _ T
[ Dk o, } —[ wj,gj [ @, }— [RJ] 0 Cy; —S¢Cx,| (fixed frame components) (22)

0 SKI CKICKZ
Using Equations (21) and (22), the fixed frame components of the angular velocities of the two bodies can be

written as follows.

on] 10 s, 1[6a] [0 o o]|%
{a)J}é 05=|0 Cpy =83Ch |§0,2p+|0 0 046k,
o, L0 Sn CiChnl|o, 0 00 ém (fixed frame components) (23)
Al R ] R 2
[ %0, 91_{9,}{ a)}{é’}
9l
{C"K}é D>
W3
i 6 O,
1 0 S, Ji 1 0 Skr
: T X
=10 C; =5,C)p 10, +|:RJ] 0 Cxi —SxiCxy [19%2 (| (fixed frame components) (24)
0 Sy CuChnllo, 0 Sg CxiCk, ém

(1>
=
S
=
\Qb
| —
—_——
N
<
——
+
1
=
e
W
=
| I
——
D>
=
———

Using Equations (17), (18), and (19), the body frame components of the partial angular velocity matrices for
each of the two bodies can be written as follows.
CpCy S;3 0
[Ra)'J’éj J =|-C,,S,;; C;5 0 [Ra)'J 5 } =[0],, (body J components) (25)
S, 0 1 o
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R
[ wK,H'.,

CJ2CJ3

SJZ

S
} = [JRKJ ~CpSy; Cp3 O [

0

1

K.0,

CKZCKS

SK2

Sk3
-}= —CxySk; Cxs 0] (body K components) (26)
0

1

Using Equations (25) and (26), the same-body components of the angular velocities of the two bodies can be
written as follows.

' - . é
“n C;Cps Sy 0|00 00 0f ~
(o)} 240, 1= ~CpS,s Cps 0[40,,1+/0 0 0360y,
'3 Sy 0 1 0, 0 0 O ém
A| R T¢ R 1 A
:|: a)J,gj {QJ}"'[ a)J,éK:|{HK
' . é
@xi J1 CxrCxs Sk; O 'Kl
{a)'K}é @', _[JRK][a)J’éJ} 0 ,,t+| —Ci,Sis Crs 01]460,,
W'ys 0, Ska 0 1 ém
é[Ra”“@J{éJ}+[R”%ﬁK}{9K}

Extension to Multiple Body Systems

(body J components) (27)

(body K components) (28)

The process described above can be extended to systems with many bodies. To do this, consider bodies J and

K to be two bodies within a larger system with J = £(K), that is, with body J as the lower-numbered body of

body K. Next, for a system of N bodies, define the system column vector of relative angles as follows.

{9}3le -

A

[611

A~ A

612 913

6J2 9]3

A

HKI QKZ 6[(3

9N1

0N2

A~

9N3

7

(29)

Each set of three angles describes the orientation of a body relative to its lower numbered body. The first set of

angles describes the orientation of body / (system reference body) relative to the fixed frame.

Then, using Equation (13) with base frame components of the relative angular velocity vectors, write the

fixed frame components of "o, the angular velocity of body X as follows.

Jop[r] g

0

CKI _SKICKZ ‘9K2

SKI

SKZ

CKICKZ

>

K

O

1

3

(30)

Note that *@ , the angular velocity of body J does not depend on éKl. (i = 1,2,3), because body J is the lower-

numbered body of body K. So, [Ra)K 6 ]3 w the partial angular velocity matrix of body K can be built as follows.

Copyright © James W. Kamman, 2025
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1. First, set

R R
[ wKﬁ’Lxm =[ a)Jﬁ’Lxm GD
2. Then, set the three columns associated with éKl. (i= 1,2,3) as follows.
1 0 S,
R T . . ;
o, =|[R,]]0 Ca —SxCe || | (i=123 =123 k=3K -3+ ) (32)
0 S CxiCkr i

For body 7, only Equation (32) applies giving the following result.

1 0 Skr
|:Ra)K,9:|ij =10 Cx =S8Cxr (i =1,2,3; j=1,2,3; K =1)
0S¢ CxiCx, ij

All other entries are zero.
Using Equation (17) with body frame components of the relative angular velocity vectors, write the body

frame components of “o x the angular velocity of body K as follows.

CiaCxs Sk 0 .Kl
(o)} = [Rw;(ﬂ.]{e} =[ "R {0} +{d) :["RK][%;,&]{QM —CirSis Cxs 010, (33)
Sis 0 1 ém
Noting again that “e , the angular velocity of body J does not depend on éKl. (i =1,2, 3), [Ra)}(’ 9-_3 - the partial
angular velocity matrix of body K can be built as follows.
1. First, set
R 1 _ J R
[ wK’é]sxw _[[ RK][ a)"sé’ﬂyw (34)
2. Then, set the three columns associated with 0, (i=1,2,3) as follows.
CK2CK3 SK3 0
[Ra’%ﬂ'lk = —CxSks Crs 0| | (i=1,2,3; j=1,2,3; k=3K-3+) 35)
Ses 0 1]
tj

Again, for body /, only Equation (35) applies giving the following result.

[

R 1
a)K,é

CK2CK3

SK3

0

l.j: _CKZSK3 CK3 0

SK2

0

1

ij

All other entries are zero.
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Partial Angular Velocities Using Angular Velocity Components as Generalized Speeds

Using Equation (13), the fixed frame components of the partial angular velocity matrices for each of the two
bodies can be written as

I 00

[F,0,]=[0 1 0| [Fo,, |=[0],, (fixed frame components) (36)
0 0 1
1 00

[RC"K,w, } =0 1.0 [RCU Ko, J = [R JT (fixed frame components) (37)
0 0 1

Using Equations (36) and (37), the fixed frame angular velocity components of the two bodies can be written as
follows.

A

@ 1 0 0]|®n 0 0 0||@xy
{C’)J}_ @;r=|0 1 0@, +[0 0 0|{0,
o, 00 1|, [0 0 0]ld,, (fixed frame components) (38)
_[Ra)Jw]_{a)J}jL[Ra)ka]{é)K}
Ogi | [1 0 0]|@n o
T
{a)K}é g, =10 1 0Jw,, +[RJ] @
a)K3 _O 0 1 a)JS C?)KS
= [Rw’(’w./ : {a)J } +|:Ra)K,a3K }{C?)K} (fixed frame components) (39)
=[ 0,0, [l }+] *ox .o, {0}

Using Equation (17), the same-body components of the partial angular velocity matrices for each of the
bodies can be written as

100
ko', o [=[0 1 0 fo', o |=[0 (body J components) (40)
"] [*a,4,]=[ 01,
00 1
1 00
[Ra)'[{’wfj}z[‘]RKJ [Ra)'K,é,K}: 0 10 (body K components) 41
00 1

Using Equations (40) and (41), the same body components of the angular velocities of the two bodies can be
written as follows.
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, 00 0|, (body J components) (42)

@y [1 0 o]|@n| [0 0 0] @k
{0} 20, 0=|0 1 0[50, t+0 0 0],
00 1

n (body K components) (43)

A| R v ' R Ay
2| "l {0} +] "ons, J10%]

Extension to Multiple Body Systems

The process described above can be extended to systems with many bodies. To do this, consider bodies J and
K to be two bodies within a larger system with J = £(K), that is, with body J as the lower numbered body of

body K. When using base frame relative angular velocity components for a system of N bodies, define the system

column vector of relative angular velocity components as follows.

R R R R . . . . . . R ~ 1T
{a)}j,lez[a)ll Wy, @F = WOy WO Oy v WO WOy, Wgz 0 Oy Oy a)N3] (44)

When using body frame relative angular velocity components for a system of N bodies, define the system column

vector of relative angular velocity components as follows.

. . - . . . - - . . - ~ AT
_ ! [ ’ ! ’ ’ ’ ! ! / ’ ’
{a)}mxl = [0)11 Wy, @z - Oy Oy Wy ot O Wgy WOz 0 WOy Oy wzv3] (45)

Each set of three components in the two column vectors describes the angular velocity of a body relative to its
lower numbered body. The first set of components describes the angular velocity of body / (system reference
body) relative to the fixed frame.

Using Equation (13) with base frame components of the relative angular velocity vectors, write the fixed

frame components of “o x the angular velocity of body K as follows.

(e} =Coceto}= o)+ (7] o) Lo Jio} (7, ] fo) o

Note that *@, the angular velocity of body J does not depend on &y (i =1,2,3), because body J is the lower

numbered body of body K. So, [Ra)K,a, L - the partial angular velocity matrix of body K can be built as follows.

1. First, set

[Ra)K"”]mzv - [wa’w}sxw (47)

2. Then, set the three columns associated with @y (i =1,2,3) as follows.
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Foc ], =[R] | (=123 /=123 k=3K-3+ ) (48)

For body /, only Equation (48) applies giving the following result.

[RwK’wl‘_‘ - [I]ij

J

(i=1,2,3; j=1,2,3; K=1)

All other entries are zero.

Using Equation (17) with body frame components of the relative angular velocity vectors, write the body

frame components of “@ , the angular velocity of body K as follows.

{0k} =[ "ok J{o} =[ "Ry Jlos} +{ @) =[ "R ]| "o o} + {0 )

Noting again that “@, the angular velocity of body J does not depend on &y; (i=1,2,3), [Ra)}(’a, L ,y the partial

angular velocity matrix of body K can be built as follows.

1. First, set

[Ra);("“nyv :[[JRK][RQ)L’“]LX“, (50)

2. Then, set the three columns associated with @}; (i =1,2,3) as follows.

"ok, =111,

(i=1,23; j=1,2,3; k=3K-3+) (51)

Here, [/] is the 3x3 identity matrix.

Again, for body /, only Equation (51) applies giving the following result.

[Ra);““’ l‘j - [I]ij

(i=1,2,3; j=1,2,3; K=1)

All other entries are zero.
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Examples

Example 1
The system shown consists of two connected bodies — the “@T
vertical frame F' and the disk D. Frame F rotates at a rate of CP S
$=Q (rad/s) about the fixed vertical direction (annotated by the |
unit vector k). Disk D is affixed to and rotates relative to ' at a rate 2
of @ = (rad/s) about the horizontal arm of F (direction annotated of
by the rotating unit vector e, ).
Reference frames: (all frames align when ¢ =6 =0) e
R:(i, j, k) (fixed frame) Frame, I

F:(e e, k) (rotating with frame F)
D:(n,,e,,ny) (rotating with disk D)

Complete the following. Use { ,3} as the column matrix of angles ¢ and 6. Expressing all results in matrix form.

a) Find {a) D} the fixed frame components and of the angular velocity of disk D in R and [ ) } the matrix

D.j
of fixed frame components of the partial angular velocity vectors associated with the angle derivatives.

Express the results in terms of the angles ¢, @, and their time derivatives.

b) Find {a)'D} the disk frame components of the angular velocity of disk D in R and [R o', ﬂ] the matrix of

disk frame components of the partial angular velocity vectors associated with the angle derivatives.

Express the results in terms of the angles ¢, €, and their time derivatives.

Solution:
a) The fixed frame components of the angular velocity of D in the fixed frame R can be written as follows.

o [C, =S, 0lro) [-S,6| [0 -S,]. .
enl AT 0o 50 € sl o ol
0o -s,7. .
= flesd=|0 G {Z}é:%o,ﬂ}{ﬁ} (52)
I 0

b) The body frame components of the angular velocity of D in the fixed frame R can be written as follows.
C, 0 =S, C, S, Off0 0
{ob=[Rp |{#}+{0}=] 0 1 0 ||-5, C, 0]{0(+{6
Sg 0 Cy 0 0 1|4 0
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~S 0 S, 0] .
=|lebj=1 0 =] 0 I{Z}é[%ﬁ}{ﬁ} (53
C,¢ c, 0

Note that the rotation of F' in the fixed frame R does not alter the results of Equation (53), because the unit

vector k is fixed in both the rotating frame F and the fixed frame R.

Example 2

The orientation of an aircraft 4 can be defined

using a 3-2-1 body fixed rotation sequence. As before,

the body axes A4: (91,132,93) are initially aligned with

the fixed frame axes R: (zyl,]yz,%) . It is common to

refer to these angles as  , €, and ¢. For small angles

9«6

they are equivalent to the “yaw”, “pitch”, and “roll”

angles of the aircraft. Complete the following

expressing all results in matrix form. Use { ,3} as the

column matrix of angles v, €, and ¢.

a) Find {a) A} the fixed frame components of the angular velocity of A relative to the fixed frame R and

[Ra) i ﬂ] the matrix of fixed frame components of the partial angular velocity vectors associated with the
angle derivatives. Express the results in terms of the angles v, €, ¢, and their time derivatives.

b) Find {a)'A} the body frame components of the angular velocity of A relative to the fixed frame R and

[Ra)'A’ ’J the matrix of body frame components of the partial angular velocity vectors associated with the

angle derivatives. Express the results in terms of the angles w , @, ¢, and their time derivatives.

Solution:

a) Given a 3-2-1 body fixed rotation sequence, the angular velocity of the aircraft can be written as follows.

R@A :WN3+9N£+¢N1”
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In matrix notation, the fixed frame components of ch , can be calculated as follows.

0 0 ) ¢l [0
T . '

{o,}=10+["Ry] {6 +([RRWJ[RRR]) 0+=10
v 0 0] v
o) [¢, -S, o) [¢, -5, 0] C,
=20+ S, C, oi+s, ¢, 0| 0
vi Lo o 1Jl0) Lo o0 1]

-5, 0 -S, 0] C,é

C,0 r+ S Cc, 03 0
0 1]|-S,9
—Swé+c¢cg¢
= {a) A} =4 C V,é +5,C 9(/5 (fixed frame components)
yv—Sy¢

0 ¢
[ "R | 101+ "Ry | [Ree |
0 0
Sy ¢
0 |{o
c, |0

Here, the reference frames R’ and R" represent the intermediate reference frames defined as part of the 3-

. . R . . . .
2-1 rotation sequence. Hence, matrix [ R R,} represents a transformation matrix associated with a “3”

rotation, and matrix [R'R R”J represents a transformation matrix associated with a “2” rotation. See the

development of Equations (2) and (3) above. Using this result, the fixed frame components of the partial

angular velocity matrix can then be identified as follows.

-S,0+C,C,¢
{w,=4C,0+5,Cp

v —S,¢

0 -S,
0 C,

I 0

che W
SV,C‘9

y 2o, , )14

——

(fixed frame components) (54)

b) Given a 3-2-1 body fixed rotation sequence, the angular velocity of the aircraft can also be written as

follows.

R

=y Ny +ON;+¢ b,

In matrix notation, the body frame components of ch , can be calculated as follows.

o'}

Copyright © James W. Kamman, 2025

R, Re |
10 0
0 C, S,

_Cg

0
So

0
0 +[”RA]
W
0 -8,
10
0 C,

0] [¢
0L 410
0| o
0] |1 o
0r+0 C,
v] [0 -s,

0

S
C

¢
¢

0] [¢
OL+10
0ol o
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0 0 ||-Sevw é

=0 C, S, 0 (+7C,0
0 =S, C,|Co¥ ] |-S,0
_Sal/]+¢
= {a)'A}z CpSuy+C ¢9 (body frame components)

Here, matrix [R'R Rn} represents a transformation matrix associated with a “2” rotation, and matrix [R”R A]

represents a transformation matrix associated with a “1” rotation. Using this result, the body frame

components of the partial angular velocity matrix can be identified as follows.

~Sy +¢ -Sy 0 1|(y
{a)’A}: C95¢t/'/+C¢6'? = CQS¢ C¢ 00 é[Ra)'A’B}{,B} (body frame components) (55)
CoCpp—S,0| |C,C, =S, 0|9

Example 3

The figure shows an eight-body system numbered
using the numbering scheme presented in Unit 1. Body
1 is the system reference body, and the rest of the bodies
are numbered in ascending progression outward along
the branches. As structured, the lower-numbered body

array for the system is as follows.
£(1,...,8)=(0,1,2,2,1,1,1,7)
The orientation of body 1 is defined relative to the fixed

frame R:(]y N, N 3) , and the orientations of all the

R:(Np N, N3)

other bodies are defined relative to their adjacent, lower-

numbered bodies. Using base frame components of the relative angular velocities of the bodies as generalized
speeds, complete the following.

a) Define the fixed frame components of the angular velocities for all bodies in the system.

b) Combine the relative angular velocity components into a single 24 x1 system matrix {a)} o

c) Define the fixed frame components of the partial angular velocities for all the bodies in the system.
d) Define a 3x24 partial angular velocity matrix for each body in the system.
e) Write the fixed frame components of the angular velocity of each body in terms of the system angular

velocity matrix defined in part (b) and the partial angular velocity matrices defined in part (d).
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Solution:

R.. _R A
W, = 0+,

R

_ R A
W3 =" 0, +0;

R.. _R A
W= 0, +0,

R

R. _R A
Weg= 0+

{

{

{
o,="o,+0, |{o;

{

{

R.. _R A
W, = 0+,

o= "0rva, (o=l (%] 10

b) Define the 24 x1 system relative angular velocity component matrix as follows.

(e =[(@), (@), (&), (8), (@), (@), - (&) (a), (a),]

is the 3x3 identity matrix, and [0], , is the 3x3 zero matrix.

c) In the results given below, /], .

Body I: || *@,, |=[0] = (K#1) o, |=[1],,

Body 2: :Ra)z,m = [Ra)m] (K #2) szw = [RJZ ;
Body 3: || *wy,, |=|"@s, | (K#3) o, | -[®.].,,
Body 4 ["0, |-["02s, ] (K24 [fous ][R,
Body 5: me = me (K #5) me = :Rl];
Body 6: Ra)éw = :Rcol,d,,( (K %6) me = :RJ;
Body 7: :wak = Rwlw (K#7) me -[®.],,
Body 8: [ "y, |=| "1, | (K28) K -[#,]..,
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d) Define eight 3x24 partial angular velocity matrices [Ra) K,w] (K =1,..., 8) for the system as follows.

3x24
For each body K there is a 3x 24 matrix whose columns are the components of the partial angular velocity

vectors associated with the elements of the angular velocity component matrix {a)} Using the results

24x1 °

of part (c), the partial angular velocity matrices for the system can be written as follows. The matrices [/]
and [0] are the 3x3 identity and zero matrices, respectively.

o, ], (K=1,..8)
N

k=1 »[l1 [0] [0] [0] [0] [0] [0] [0]
k=2 »[[I1 [R]" [0] [0] [0] [0] [0] @ [O]
k=3 > [RT [R])" [0] [0] [0] [0] [O]
k=4 »|[I1 [R]" [0] [RI [0] [0] [O] [O]
k=5 »[[Z1 [0] [0] [0] [RT [0] [0] [O]
k=6 »|[[1 [0] [0] [0] [0] [R]" [0] [O]
k=7 >[I [0] [0] [0] [0] [0] [R] [O]
k=8 »/[I] [0] [0] [0] [0] [0] [R]" [R]]

Note that the coordinate transformation matrices are constructed using the individual relative transformation
matrices. For example,

[R.]=['R]IR,]
9 [(9k] 1, =L @r0 )i (0} (K=1008)

Example 4

Consider again the eight-body system of Example 3. Using body frame components of the relative angular
velocities of the bodies as generalized speeds, complete the following.

a) Define the body frame components of the angular velocities for all bodies in the system.

b) Combine the angular velocity components into a single 24 x1 angular velocity system matrix {a)'}2 l

c) Define the body frame components of the partial angular velocities for all the bodies in the system.

d) Define a 3x24 partial angular velocity matrix for each body in the system.

e) Write the body frame components of the angular velocity of each body in terms of the system angular
velocity matrix defined in part (b) and the partial angular velocity matrices defined in part (d).

Solution:

a) {a)'K} (K =1.. .,8) are 3x1 vectors of the body frame components of the angular velocities of the bodies.
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{&)'K} (K =1,.. .,8) are 3x1 vectors of the body frame components of the angular velocities of the bodies

relative to their base frames (fixed in their lower-numbered body).

"o =, (o} ={ar)=[a), ap @]
fw, =0, +d, {wlz}z:leJ{a’i}Jr{é)lZ}
Ry =Rw, +d), {wg}=:2R3]{w’2}+{é)g}
R, =Ro, +d, {w;}=:2R4]{w;}+{cag}
fos="o+ds ot} =]'R [{oi} +{a}]
fog="0,+d, {0y} =|'R¢]{0}}+{0})
R, =Ro,+d, {a);}:_lR7:{a){}+{c?)'7}
Rpg = Ra, + iy {a)g}=:7R8]{w;}+{d)g}

b) Define the 24 x1 system relative angular velocity component matrix as follows.

(@] =[(01), (@), (o), (@), (@), (@), - (at) (af), (at),]

c) In the results given below, [/],,, is the 3x3 identity matrix, and [0],,, is the 3x3 zero matrix.

Body I: || @i 4 |=[0],, (K#1) "ol | =11,

Body 2: Ra)'z,w,l(_: 'R,

Body 4: Ra);,@k_: ’R,

I |
Body 3: _ng,@;{:z_zRg][Rw'z - (K #3) _Ra)g,dlg:|:[1]3><3
I |

Body 5: || *a , |=['Rs | "@, | (K#5

)
Body 6: || "o, |=|'R, || "o}, | (K#6) oy o =[]
)

Body 7: || *@’ , |=| 'R, || *a@), | (K=#7

Body 8: || *o g |=[ "R, || "0t | (K#8)] | F@ts |=[2

d) Define eight 3x24 partial angular velocity matrices [Ra)'K’w,} (K =1,.. .,8) for the system as follows.

324
For each body K there is a 3x 24 matrix whose columns are the components of the partial angular velocity

vectors associated with the elements of the angular velocity component matrix {a)'} 54 - UsINg the results
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of part (c), the partial angular velocity matrices for the system can be written as follows. The matrices [/]

and [0] are the 3x3 identity and zero matrices, respectively.

[Ra)'K’w’Lxm( =L....8)
N
K=1 »[ [I] [0] [0] [0] [0] [0] [0] [O]]
k=2 - ['R]  [1]1 [0] [0] [0] [0] [0] [O]
K=3 >|[’R['R,] [*R;] [1] [0] [0] [0] [0] (O]
K=4 >[[*R['R,] [*R,] [0] [/] [0] [0] [0] [O]
k=5 »| ['R] ~ [0] [0] [0] [7] [0] [0] [O]
K=6 - ['R]  [0] [0] [0] [0] [/] [0] [O]
k=7 - ['R]  [0] [0] [0] [0] [0] [/] [O]
K=8 >[['RI['R,] [0] [0] [0] [0] [O] ['R,] [[]]

Or,
K=1 [ [1]1 [0] [0] [0] [0] [0] ([0] [O]]
k=2 >|['R,] [1] [0] [0] [0] [0] ([0] [0]
K=3 ->|['R] [’R] [1] [0] [0] [0] ([0] [0]
K=4 >[['R,] [*R] [0] [/] [0] [0] [0] [O]
K=5 »|['R;] [0] [0] [0] [/] [0] [0] [0]
K=6 —|['R;] [0] [0] [0] [0] [Z] ([0] [0]
k=7 >|['R,] [0] [0] [0] [0] [0] [Z] [0]
K=8 —|['R] [0] [0] [0] [0] [0] ['Ry] [[]]

Note again that the coordinate transformation matrices are constructed using the individual relative

transformation matrices. For example,

[1R3]2[2R3][1R2]

©) {a)’K}3><l - [Ra)'K»”'szzt {w'} 24x1 (K =L 8)
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Exercises

2.1 The antenna system shown has two components, the base
B and the antenna dish D. Base B rotates relative to the
ground about the fixed z (or Z) axis, and dish D rotates
relative to B about the rotating x-axis annotated by the

unit vector e,. At any instant, the angle between the y-
axis annotated by the unit vector e, and the fixed Y-axis

is @, and the angle between line segment OA4 and the

rotating y-axis is ¢. The fixed reference frame R : XYZ

has its origin at O. Given the diagram, the dish is oriented

relative to the fixed frame R : XYZ using a 3-1 body-fixed rotation sequence with the “3” rotation about the

—Z axis, and the “1” rotation is about the x axis. When & =¢ =0 all reference frames align. Complete the

following expressing the results in terms of the angles @, ¢, and their time derivatives. Use { ﬂ} as the

column matrix of angles & and ¢.

a) Find {a) D} the fixed frame components and of the angular velocity of dish D in the fixed frame R and

[Ra) b, ﬂ} the matrix of fixed frame components of the partial angular velocity vectors associated with the

angle derivatives. Build the angular velocity vector as described in Examples 1 and 2.

b) Find {a)'D} the dish-frame components of the angular velocity of dish D in the fixed frame R and [ Re' ]

D,p

the matrix of dish-frame components of the partial angular velocity vectors associated with the angle

derivatives. Build the angular velocity vector as described in Examples 1 and 2.

Answers:
0 ¢ 0 Cy Sy ¢
a) {op}=10 t+[R,] {0t=10'+-S, C, 0
-6 0 -0 0 0
C,¢ 0 C, | 5
fop} =1-8,81=| 0 -5, {é}épww]{ﬂ}
-6 | [-1 0
0) (4] [1 o olfo) (¢
b) {w'}:[BRD] 0 +4+10¢=|0 C, 8,30 t+50
-6 0 _() -S, C, -6 0
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f=su0(| . 0|70,

-C,0| |-c, 0

2.2 Write a MATLAB script to numerically evaluate the matrix equations you derived in Exercise 2.1 using
the data below. Build the angular velocity vectors first using the process used in Exercise 2.1 and then using
the partial angular velocity matrices.

0 =-30 (deg) ¢ =060 (deg)
0=3(rad/s) §=7(radss)

Recall that, as shown in the diagram, the angle € is negative.

Answers:
6.0622 [0 0.86603 ]
a) |{@,}=13.5000 | (rad/s) [R%, ﬂ}: 0 0.50000
~3.0000 -1 0 |
7.0000 0 1]
b) [{@)}=1-2.5981} (radss) [R%,ﬂ}: ~0.86603 0
~1.5000 |—0.50000 0|

2.3 The system shown has three bodies, the vertical column C,
the horizontal arm A , and the disk D. Disk D has radius r

and is oriented relative to M using angle 6,. Arm M has

length L and is oriented relative to C using angle 6, .
Column C is oriented relative to the fixed frame (X Y, Z )

using angle &, . The unit vectors X, (i =1, 2,3) are along the

(X,Y,Z) directions. Given the diagram, disk D is

positioned relative to (X Y. Z ) using a 2-1-3 body fixed

rotation sequence. Using matrix notation, complete the <~ Col c
olumn, C

T
following. Define {Q}é[ﬁl 0, 03} as the column |

vector of the three angles. In each case, find expressions for

any general position where 8, # 0, # 6, # 0. Note that in the
position shown in the diagram, 6, and @, are both zero. When 6, =6, =6, =0 all reference frames are
aligned.

a) Find {a) D} the fixed frame components of the angular velocity of disk D in R and [R o, a} the matrix of

fixed frame components of the partial angular velocity vectors associated with the angle derivatives. Build

the angular velocity vector as described in Examples 1 and 2.
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b) Find {a)’D} the disk-frame components of the angular velocity of disk D in R and [ ] the matrix of

D9

disk-frame components of the partial angular velocity vectors associated with the angle derivatives. Build

the angular velocity vector as described in Examples 1 and 2.

Answers:
0 2 . 0
. - T -
{op)=10,1+[Rc] {0 +(_CRM}[RC]) 0
93
a) _ s _
0 ¢, 0 S 1|6, ¢, 0 Sj1 o0 0 0
=6,¢+ 0 1 0|30¢+ 0O 1 010 C, =S,[<0
0 __S1 0 Cl_ 0 -5, 0 Cl_ 0 s, C, 0,
C0,+5,C.0,] [o ¢, s.C,][6
{opf={ 6-5.0, =|1 0 -, [{6,(%|"0,,]|{d)
-5,0,+C,C,0,| |0 =S, C,C,||6;
0 0, (o
{@p) = "Ry |[ Ry |36, t+] "Ry |1 0 4+ 0
0 0 0,
b) _
C, S; Ofl1 o0 0 1[0 c, §; 0/|6, 0
=—S3C3OOC2 S, 1360, t+|=S; C; 040440
I 0 1/0 =s, c,|lo] | 0o o 1]/0] |6
C,S8,0,+C,0, c, 0|[6,
(W)} =1C,C30, - 550, -S; 046,12 ), , {6}
-S,6, +0, 0 1|6,

2.4 Write a MATLAB script to numerically evaluate the equations you derived in Exercise 2.3 using the data
below. Build the angular velocity vectors first using the process used in Exercise 2.1 and then using the
partial angular velocity matrices.

0, =20 (deg) 0, =40 (deg) 0, =60 (deg)

91 =2 (rad/s) 92 =-3 (rad/s) 93 =5 (rad/s)

Answers:
~1.5091 0 093969 0.26200
a) @y} =1-12139 (radss) [%D,é]: 1 0 0.64279
4.6253 0 —0.34202 0.71985
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2.5

b)

d)

~0.17317 0.66341  0.50000 0
b) [{w,}=1 3.3641 | (radss) [Ra)' 4]: 038302 -0.86603 0

D,o

3.7144 —-0.64279 0 1

The two bodies shown are part of a multibody system. Body J is

=

oriented with respect to the fixed frame R and body K is

oriented with respect to body J both using 2-3-1 body fixed %

rotation sequences. The angles & Ji(i=1,2,3) give the K

orientation of body J relative to the fixed frame R, and the angles

(w
7

0, (i=1,2,3) give the orientation of body K relative to body J.

Use the matrices {0 J }3 1 and {0 K} | as the column matrices N

3x

of angles @, (l' =1, 2,3) and 0 Ki (i = 1,2,3), respectively. Complete the following in terms of the angles
0, (i =1, 2,3) » (i=1,2,3), and their time derivatives.
Find {a) J} the base frame components of the angular velocity of body J relative to its base frame R, and

find [Ra) 76 } and [Ra) 76 J the matrices of base frame components of the partial angular velocity
sV YK

vectors of body J associated with the angle derivatives. Note that the base frame of body J is the fixed
frame. Build the angular velocity vector as described in Examples 1 and 2. Express the results in matrix
form.

Find {Ja) K} the base frame components of the angular velocity of body K relative to its base frame body

J, and find [Ja) .0, } and [‘]a) K0, } the matrices of base frame components of the partial angular velocity
vectors of body K with respect to its base frame associated with the angle derivatives. Build the angular
velocity vector as described in Examples 1 and 2. Express the results in matrix form.

Find {a) K} the fixed frame components of the angular velocity of body K relative to the fixed frame R,

and find [Ra) X0, J and [Ra) .0, } the matrices of fixed frame components of the partial angular velocity
vectors of body K associated with the angle derivatives. Build the angular velocity vector using the
summation rule for angular velocities and the results from parts (a) and (b).

Find {a)i,} the body frame components of the angular velocity of body J relative to its base frame R, and

find [Ra)i,’ é,} and [Ra)t,’ 5&1 the matrices of body-frame components of the partial angular velocity

vectors of body J associated with the angle derivatives. Build the angular velocity vector as described in
Examples 1 and 2. Express the results in matrix form.
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e) Find { Ja)'K} the body frame components of the angular velocity of body K relative to its base frame (body

J), and find [Ja)'K 6,]} and [‘]w’K (;,J the matrices of body-frame components of the partial angular
velocity vectors of body K associated with the angle derivatives. Build the angular velocity vector as
described in Examples 1 and 2. Express the results in matrix form.

f) Find {a)}(} the body frame components of the angular velocity of body K relative to the fixed frame R, and

find [Ra)'K é,} and [Ra)'K Q-J the matrices of body frame components of the partial angular velocity

vectors of body K associated with the angle derivatives. Build the angular velocity vector using the
summation rule for angular velocities and the results from parts (d) and (e).
Answers:

Note that reference frames JR' and JR" are the intermediate reference frames used to orient body Jrelative

to the ground, and reference frames KR' and KR" are the intermediate reference frames used to orient

body K relative to body J.
0 0 , 9]3
. r T '
{0, =10, 1+ "R e ] 0 [ R [ "R ]) {0
0 0,, 0
a) _ .
0 Chn 0 S,uqlo Cpnn 0 S, (|Chpy =S, 0110,
=0, ++ 0 1 0 SO0+ O 1 0SS, C,, 010
0 Sn 0 Cullb Spn 0 Cuil o o 1]/0
0 S,y CuCu |0,
(,)=[1 0 5, {6, é[ijéjJ{9J}+[RwJ0K]{0K}
0 C, =S;Cp |0 zero
0 0 . éKE
n T
{ocf 2ot =10a [ R ] 0 ([ Ree ][R ]) 0
A 0
0 Ok>
b) 0 r T T T 1| A
_ Cxi 0 =Sk 0 Cxi 0 =Sk Ckr Sk 0] |Og;
=100+ 0 1 0 0+ 0 1 0 Se, Cpy 0[ 10
0 _SKI 0 Ck ém Sk 0 Cgy 0 0 1 0
0
0 SKI CKICKZ Kl
{oe=|1 0 S |64 é["a)Kﬂ.J}{QJ}+[JwK’9K}{9K}
0 Cxy —SxCx, ém 7ero
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R R
[ wKél,:|:|: a)J,e',J: 0 S
CJI _SJICJZ
0 K1 CKICKZ
T T
o [F[RT o [F[R T 0 sk
CKI _SKICKZ
0 0 9J3
{a)J}z JRRJ][JRRJR] 6, +[JR"RJ] 0 '+ 0
0 0,, 0
d) )
1 0o o0 ||Cy, S, OffOo|l (1 0 o [0 [0
=10 C,; S,5|l-S,, C,, 0860,,t+]0 C,5 S,;[1 0 410
0 -S,, Cull 0 o0 1]l0) |0 -5, C,l|l0n] |0
S, 0o 11([6, ]
(o} =] C,iCpy S5 0[16 é[Ra)’ l{e}+ Ry }{9}
J J2>~J3 J3 J2 J,0 J L J@K K
CJZSJ3 CJ3 O 9]3 Z€ro
0 0 ém
{JwK}é{wK}z[KRRK][KRRKR}a,ﬂ +[KRRK] 0 l+d 0
O éKZ 0
e) _
10 0 |[Cxa Seo O1L9 1 /1 0o o ||lo]| [0k
=10 Cry Sis|l=Sky Cxy O[Ok t+]0 Cry Sis|d 0 b+4 0
A 0
0 —Su; Crsll 0 0 1| 0] [0 =S Cyslld,,
S, 0 1]|%
(@) =| CaxCrs Sea 0]164, =[Ja);<,éj}{ej}+[%,<HJ{@,(}
_CK2SK3 CK3 0 91(3 Zero
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1
[Ra)'K,e',J:[JRK][R ’ |:CJ2CJ3 3 0

CJ2SJ3 3 0

g x

K2 0
R J
[ wK,G"K:|:|: a)K,éK:|: CxoCxs Sks O
_CKZSK3 CK3 0

2.6 Write a MATLAB script to numerically evaluate the equations you derived in Exercise 2.5 using the data
below. Build the angular velocity vectors first using the process used in Examples 1 and 2 and then using

the partial angular velocity matrices.
0,,=20(deg)  0,,=40(deg)  0,;=60 (deg)
6,, =2 (rad/s) 0,,=-3 (radls) @,,=>5 (rad’s)
01 =-30 (deg) Oy, =20 (deg) By, =40 (deg)

ém = -5 (rad/s) éKZ =4 (rad/s) ém =3 (rad/s)

Answers:
25732 0 034202 0.71985 000
a) [{o,}=152139 | (radss) [ij’éjz 10 064279 [%MK}: 00 0
41291 0 093969 —0.26200 000
0.44139 000 ~ 70 —0.50000 0.81380
b) [{ox}2{ 0x) =1-6.0261} (radss) [Ja;Kd: 00 0 [Ja)K’éK 11 0 —034202
4.8736 000 0 0.86603 0.46985
6.3088 0 034202 0.71985 |
o) [{wg)=1-0.043696 (radls) [Ra)mj}: 10 0.64279
_8.4492 0 093969 —-0.26200

~0.0058133 024119 0.91392
o, |=| 038302 089593 0080395
092372 037302 —039785

6.2856 064279 0 1 00 0
Q) |fo)}=1-18320f radis)| || %@, ; || 038302 0.86603 0|l [[%ai,, ][0 0 0
~2.8268 ~0.66341 0.50000 0 0.0 0

Copyright © James W. Kamman, 2025 Volume 111, Unit 2 — Angular Velocity and Partial Angular Velocity — page: 29/38



47101 00 0 2034202 0 1
&) [{a}2{ 0} ={-1.0281} (radis)| |[ @), |=[0 0 0 ["a)'m Jz 0.71985 0.64279 0
6.0843 00 0 _0.60402 0.76604 0
9.1237 0.080395 —-0.061275  0.81380
o V=1-48847\ (radss)| [ %o, . |=| 024123 096724 —-0.094493
K K.,0
2.0220 _0.96713 —0.24635 —0.57341

2034202 0 1
"0, |=| 071985 064279 0
060402 0.76604 0

2.7 Consider again the two body system of Exercise 2.5. As before, body

Jis oriented with respect to the fixed frame R and body K is oriented IE F

with respect to body J both using body fixed orientation angle %
sequences. The fixed frame and body frame components of “@ , the K
angular velocity of body J relative to the fixed frame are 16_, L
w,;(i=1,2,3) and ’;(i=1,2,3), respectively. The fixed frame £ -~
and body frame components of “@ x the angular velocity of body K N, -

relative to the fixed frame are y; (i =1,2,3) and @), (i=1,2,3), respectively. The base frame (body J
frame) and body frame components of @, the angular velocity of body K relative to body J are
@y (i=1,2,3) and &Y, (i =1,2,3), respectively. Complete the following.

a) Find [Ra) 7l wJ, [Ra) 7. @K}, [‘]a)K’ wj} and [Ja) K. @K} the matrices of base frame components of the

partial angular velocity vectors of the bodies associated with the angular velocity components

oy ( i=1,2, 3) and @, (z' =12, 3) . As before, the base frame of body J is the fixed frame, and the base frame
of body K is the body J frame.

b) Find {a) K} the fixed frame components of the angular velocity of body K relative to the fixed frame R,
and find [Ra) Ko, } and [Ra) Ko, ] the matrices of fixed frame components of the partial angular velocity
vectors of body K associated with the angular velocity components @, (i=1,2,3) and @, (i =1,2,3).

c¢) Find [Ra)i,’ w;}, [Ra)i,’ayk }, [‘]a)'[{’w’/] and [Ja)'Kﬁk } the matrices of body frame components of the

partial angular velocity vectors of the bodies associated with the angular velocity components

w}i(i:1,2,3) and @, (i=1,2,3).
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d) Find {a)'K } the body frame components of the angular velocity of body K relative to the fixed frame R, and

find [Ra)'K’ o, } and [Ra)'K’ &, ]the matrices of body frame components of the partial angular velocity

vectors of body K associated with the angular velocity components o', (i =1,2,3) and &}, (i =1,2,3).

Answers:
1 0 0]|®@n 2% ore
a) {a)J}: 0 1 O} @) é[Rwa} @, "{ @Dy } D,
0 0 1 (OF8 (OFR ZEro 031(3
I 0 0||@k Op| e
{JWK}é{@K}{O 10 @k, é[ wKa).,j| @) "'_JC"K,@K} ks
00 1]y, @ @3 D3
1 0 0
T
b) {a)K}—{O 1 O{wj}+[RJ] {c?)K}é[Ra)K,wj}{a)J}+[Ra)K,d,J{aA)K}
0 0 1
1 0 0]|@), o Wi
c) {w&}:{() 1 O} @) é|:wala):| @) +[R0):/,@J @
0 0 1 a)f,3 (OFD ZEro 03'1(3
1 0 0]]@ o Dy
{Jw'K}é{as'K}{o U0 [ p 2] Y@, @b | ohs, |{ Dla
0 0 1]|a, o | @) s
1 00
O foif=["ReJfor}+0 1 0l{ar} 2] e, [{onh+] "o, [{01]
0 0 1

2.8 Consider now a system with three bodies. As before, body J is
oriented with respect to the fixed frame R. Body K is oriented with
respect to body J, and body L is oriented with respect to body K.
Body fixed orientation angle sequences are used to describe the

orientation of all three bodies relative to their base frames. The

fixed frame and body frame components of Rag B (B =J,K ,L) the

angular velocities of bodies relative to the fixed frame are

wg(B=J,K,L; i=1,2,3) and 0y, (B=J,K,L; i=1,2,3),
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respectively. The base frame and body frame components of '@ x and o , the angular velocity of bodies
K and L relative to their adjacent bodies are @g (B=K,L; i=1,2,3) and &% (B=K,L; i=1,2,3),

respectively. Complete the following.

. R R R J J J K K
a) Find |: a)J,aJ.,:|’ |: a)J,a")K:|’ |: a)J,(ZJL:|’ |: a)K,a).,]’ |: a)K,CZJKj|9 |: a)K,a")L:|’ |: a)L,a)J:|a |: a)L,a")K:|a and

[K @ @LJ the matrices of base frame components of the partial angular velocity vectors of the bodies

associated with the angular velocity components ®,;(i=1,2,3), @& (i=1,2,3), and &,,(i=1,2,3). The

base frame of body J is the fixed frame, the base frame of body K is the body J frame, and the base frame
of body L is the body K frame.

b) Find {a) K} and {a) L} the fixed frame components of the angular velocities of bodies K and L relative to

the fixed frame R, and find [Ra)K’wj], [RCUK,@K} [Ra)K’@L}, [Ra)L’wj] [Ra)L’@K], and [RCUL,@L} the
matrices of fixed frame components of the partial angular velocity vectors of bodies K and L associated

with the angular velocity components o (i =1,2,3), @ (i=1,2,3),and @, (i=1,2,3).

P e o o N R R P R N R
[Ka)'L’ &, } the matrices of body frame components of the partial angular velocity vectors of the bodies
associated with the angular velocity components o', (i=1,2,3), &};(i=1,2,3), and &, (i=1,2,3).

d) Find {a)'K} and {a)'L} the body frame components of the angular velocities of bodies K and L relative to
the fixed frame R, and find [Ra)',{’wf/], [Ra)'K’@,K], [Ra)'K’@J, [Ra)'L’wJ, [RW'L,&)’K} [Ra)',"@}the
matrices of body frame components of the partial angular velocity vectors of bodies K and L associated

with the angular velocity components o' (i =1,2,3), @};(i=1,2,3), and @, (i=1,2,3).

Answers:
1 0 0||op @y WDk @Dy
_ alr ; -
a) {C"J} =10 1 0jqa,, —[ a)J,a)J} @y "‘[ @i ] o) '{ Dy } @y
O 0 1 COJ3 a)J3 ZEero é)K3 Zero aA)L:‘)
1 0 O0f||®x; @ D O
J A A _ ~ Al g J ~
{ a)K}_{a)K}_ 0 1 0oy, —[ wK,wJ} @3 +[ Dk o } e J{ a)K,a")L:| %
0 0 1 031(3 ZEero 0)J3 a3K3 ZEro C?)B
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g {wK}{g ! o]{mwr 2 ons, Jlou} [P, Jiou) o (0

1 0
{o.f=|0 0}{%}+[RJ]T{@K}{RKT{%}
0 1
é:Ra)K’wJ]{a)J}+[Ra)K@J{a)K}+[Ra)Kw ]{a)L}
10 0]« o'y, Dl o
c) {C"J}— 0 1 0] @) é[Rw.’l,a)} @y +|:Ra).,1a”)’,<] Wis +[Ra’rj,a3;} @,
00 1]|e), w,|  zro | @, Zo | @),

{’wK}é{éfK}{g ;
{KwL}é{@z}k 1

9 {w'K}—PRK]{w&}{g ! ﬂ{@}é[%;,w;}{ws}+[Rw;<,@}{a>;<}+[%;<,@}{ca;}
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2.9 The figure shows a thirteen-body model of the human body numbered
using the numbering scheme presented in Unit 1. Body 1 is the lower
torso, and it is the system reference body. The rest of the bodies are

numbered in ascending progression outward along the branches. As

structured, the lower-numbered body array for the system is as follows.
£(1,...,13)=(0,1,2,3,4,3,6,3,8,1,10,1,12)

The orientation of body 1 is defined relative to the fixed frame

R: (zy N, N 3) , and the orientations of all the other bodies are defined

relative to their adjacent, lower-numbered bodies. Using base frame

components of the relative angular velocities of the bodies as

generalized speeds, complete the following. The 3x1 vectors {a)K}

(K =1,...,13) contain the fixed frame components of the angular B B
13 11

velocities of the bodies. The 3x1 vectors {(?)K} (K =1,...,13) are of

the base frame components of the angular velocities of the bodies

relative to their base frames (lower-numbered bodies).

a) Define the fixed frame components of the angular velocities for all bodies in the system.

b) Combine the angular velocity components into a single 39x1 system matrix {a)} 2001

¢) Define the fixed frame components of the partial angular velocities for all the bodies in the system.

d) Define a 3x39 partial angular velocity matrix for each body in the system.

e) Write the fixed frame components of the angular velocity of each body in terms of the system angular
velocity matrix defined in part (b) and the partial angular velocity matrices defined in part (d).

Answers:

a)

o} ={o)=[on_dn au]| |{oaf={oi}+[ |
{w4}={wz}+[Rs]T{@4} fosf ={ouf+[Ri] {as] [[onf=fou}+[R] o)
o) o+ R ] {or}] [l =le}+[R] {a] | |
{ j {
{
{

b) [{@}, = [( ), (@), (a), (@), (a), (@), - (@) (a0), (a0),]
¢) Body I: [Ra)l,a}K:|:|:0:'3x3 (Kil) |:Ra)l"bl:|:[1:|3><3
Body 2: [Ra’z,d;K}:[Ra’l,d)K} (KiZ) [sz»d’zJ:[Rlﬁﬁ
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Body 3: :Ra’3,@K:::Ra’2,@K: (K #3) :Ra)3,@3:::R2:ZX3
sty s [Fons ]-[ors] (ko8] [ons ][]
Body 5: me = me (K #5) 054, |= :R{;
BOdy 6: :Ra)é,(f)K : = :Ra)l(b;( : (K # 6) :Ra)éa‘;’é: - [RS:'ZG
Body 7: :Ra)7’é,K: =:R0)6,@K: (K#7) :Ra)7,c?)7: =[R6:|7;X3
_R = _R _R T
Body 8: | Psap |T| P30 } (K;tS) L w&é)s]:[Rsz
Body 9: :Ra)g,d,K : = :Ra)8 5 } (K#9) :ng,é,g } = [R8]ZX3
Body 10: :Ra)lo,d)K : = :Ra’l,a”zK } (K * 10) :RCOIO,@IJ - [Rl]zxs
Body 11: ([ *wy, 5 |=[*o10,, | (K211) o, |=[Ro],,
Body 12: [ Ry, |=[for,, | (K#12)|  [fon,, |=[R ],
BOdy 13 :Ra)13,(bK : = :Ra)lZ,(zJK :| (K i 13) :Ra)l3>5?)13:| - [Rlz:'id
d) [for,],, (K=1...13)
N
k=1 »[M] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [O] ]
k=2 |11 [RT [0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [O]
k=3 |1 [R]" [R])" [0] [0] [0] [0] [0] [0] [0] [O] [0]  [0]
k=4 »|U] [RT" [R]" [R]" [0] [0] [0] [0] [0] ([0] [0] [0] [O]
k=5 »|U] [R]" [R] [R]" [RJ [0] [0] [0] [0] [0] [O] [0]  [O]
k=6 »|U1 [RT" [R,]" [0] [0] [R" [0] [0] [0] [0] (O] [0]  [O]
k=1 5|1 [RT [R] [0] [0] [R]" [RJ] [0] [0] [O] [0] [0]  [O]
k=3 »|[I] [RT" [R]" [0] [0] [0] [0] [R]" [0] [0] [0] [0] [O]
k=9 |1 [RT [R]" [0] [0] [0] [0] [R]" [RJ" [0] [0] [0] [0]
k=10 »{[I1 [0] [0] [0] [0] [o] [0] [0] [0] [RI" [0] [0] [0]
k=11 »[[I]1 [0] [0] [0] [0] [0] [0] [0] [0] [RI" [Rel" [0] [0]
k=12 »{[I1 [0] [0] [0] [0] [o] [0] [0] [0] [0] [0] [RI [0]
k=13 »|[{1 [0] [0] [0] [0] [0] [0] [0] [0] [0] [0] I[R] I[R,]"]

As noted in Example 3, the coordinate transformation matrices are constructed using the relative

transformation matrices.
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2.10

0 [forf, [on]y 0] (K=1)

Consider again the thirteen-body model of the human body of Exercise 2.9. Using body frame components

of the relative angular velocities of the bodies as generalized speeds, complete the following. The 3x1

vectors {a)'K} (K = 1,...,13) contain the body frame components of the angular velocities of the bodies.

The 3x1 vectors {aA)}(} (K =1,.. .,13) contain the body frame components of the angular velocities of the

bodies relative to their base frames (lower-numbered bodies).
Define the body frame components of the angular velocities for all bodies in the system.

Combine the angular velocity components into a single 39x1 system matrix {w’}wxl )

Define the body frame components of the partial angular velocities for all the bodies in the system.
Define a 3x39 partial angular velocity matrix for each body in the system.
Write the body frame components of the angular velocity of each body in terms of the system angular

velocity matrix defined in part (b) and the partial angular velocity matrices defined in part (d).

Answers:

a)

b (@, =[(01), (a1), (@), (a8) (a), (a8), — (o), (@), (a),]

is the 3x3 identity matrix, and [0], . is the 3x3 zero matrix.

_Rw'l,w'l ] - [1]3><3

¢) In the results given below, [], ,

Body I: || el |=[0],, (K=1)

Body 2: || “@) 5 |=| 'R, || “@ 4 | (K#2) Ry o 1=[1]5,

>

Body 3: Ra’g,aa',( =| ’R, @) i, (K#3 Ra"s,a&g [l]m

)
4) fly g, | =[],
)
)

>
*

. R 13 R
Body 4: Oy i |=| Ry || 05

N

7&5 Ra)gsd’,s_ [[]3><3
L i L i _Ra)'6>‘b,6 i [1] 3x3

Body 7: || et 5 |=[ R, || "ol | (K27) "ol o | =],

(
Body 5: || " 5 |=| ‘R || ")y | (
(

N

. R ) R
Body 6: Qs |=| Re || @54, #6
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Body 8: :Rw;wk}z[%g][%gw} (K #8) :Ra)'ga},g}:[l]3X3

Body 9: :Ra);wk}:[gRJ[Rw’SwJ (K #9) :Ra)g,é);}:[ L

Body 10: _Ra)IIOa)K_::lRlo] Ra)'l,a”)',(:| (K #10) k 10,@;0}:[1]%3

Body 11: :Ra)lll,a")',(:_ "Ry, |:Ra)’10,a")’,(] (K #11) :R Illa)”:|:[ ]3><3

Body 12: | %o, wK_: lRlz]_Ra)'w,K] (K #12) K '12’03,12}:[1]3X3

Body 13: :Ra)IIB,a”)'K::_12R13:||:Ra)'12,a3’,<:| (K =13) :R 13,&);3}:[1]3@

R _
d)[ K’w'wa( =1 ’13)

N

K=1 >[ [[l [0] [0] [0] [0] [0] [0] [0] [0] ([0] ([0] ([0] [O]
k=2 >|['R] [1] [0] [0] [0] [0] [0] [0] [0] ([0] ([0] [0] [O]
k=3 >|['R] [*R] [1] [0] [0] [0] ([0] [0] [0] [0] [0] [0] [0]
K=4 —|['R] [’R, [’R, [1]1 [0] [0] [0] [0] [0] [0] [0] [0] [O]
K=5 —|['R] [*R] [’R] [*R1 [Z1 [0] [0] [0] [0] [0] [0] [0] [0]
K=6 —|['RJ [’Rg] 'R [01 [0]1 [71 [0] [0] [0] ([0] [0] [0] [0]
k=7 —|['R,] [’R,] [’R,] [0] [0] [°R,] [Z] [0] ([0] [0] [0] [0] [O]
k=8 —|['R] [’RJ [’RJ [0]1 [0] [0] [0] [Z]1 [0] [0] [0] ([0] [0]
k=9 - |['R] [*R3] [*Ry] [0] [0] [0] [0] [*R,] [Z]1 [0] [0] [0] [O]
k=10 —>|['Ro] [0] [0] [0] [0] [0] [0] [0] [0] [Z]1 [0] [0] [O]
k=11 —[['"R;] [0] [0] [0] [0] [0] [0] [0] [0] ['R,] [/1 [0] [O]
K=12 —|['R,] [0] [0] [0] [0] [0] [0] [0] [0] ([0] [0] [/] [O]
K=13 >[['Rs] [0] [0] [0] [0] [0] ([0] [0] [0] [0] [0] [“R;] [I1]

As noted in Example 4, the transformation matrices are constructed from the individual relative

transformation matrices.

’ _| R ’
{a)K}m _[ a)K’w'wa {w}”xl

e)
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