Intermediate Dynamics
Rolling Constraints — Line Contact

Cone Rolling on a Flat Plane

In earlier notes, rolling (without L

slipping) with a single contact point S/~ _ P
e
was discussed. Consider now rolling ay sf=>.
: M R b \
when there is a line of contact between o n,
line of contact

the bodies.

For example, consider a right circular cone C rolling on a flat horizontal plane. If the plane
is fixed, then all the points on the line of contact of the cone must have zero velocity, and the cone
will roll in a circular path with the point O remaining fixed.

To analyze the kinematics of the cone as it rolls, the directions of a reference frame

S:(n,,n,,k) are defined as shown in the diagram. The direction n, points along the line of
contact, the direction k is normal to the plane, and the direction n, =k xn,. Because all the

points on the contact line have zero velocity, the angular velocity of the cone must be along the

n, direction. That is,

R _
O =wn,

~

The velocity of any point of the cone can be calculated using the relative velocity equation. For

example, suppose P. is a point on the contact line, and P is a point along the cone’s centerline,

a distance a above P.. Then, the velocity of P can be calculated as

R, _R R _R R R _
Yp= Yot VYpp = YPC+( We X ’:P/PC)_COGIX(’ZIS

Zero

R e
= | Yp=—awn,

Note that as points P are examined from the vertex of the cone to the center of its base the lengths
a (and, hence, the velocities of the points P) increase linearly. Consequently, the cone rolls in a

circular path with the point O remaining fixed.
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The angular acceleration of the cone is found by differentiating “w,..

R
d . : : : .
Racz—(a)nl):a)n1+a)nl=a)n1+a)(Ra)Sxnl):a)nl+a)(Qk><n1)=a)nl+a)Qn2
e =\ 0N L L 1 D5 X1 L B L L

Here, "o, = Q k represents the angular velocity of the frame S in a fixed frame R. The angular

rates w and Q are not independent, because the cone is rolling (without slipping).

To find a relationship between the two rates, consider again a point P on the centerline of the

cone. As noted above, the velocity of P may be written as “v, =—awn,. However, it could also

be written as “v, =bQn, where b represents the distance from P¢ to O. Comparing these two

expressions yields the result, |QQ = —(a/ b)a) =—wtan(f)|, where [ represents the half angle of

the cone. Using this result, “g,. may be written as

R

ac=adn -’ tan(ﬂ)’fz

The acceleration of P is found by differentiating the velocity *v,.

RQP :%(_aw’gz) = _a(d)’fz + 607}2) = _a(d)’fz + a)(Q ISX’Zz)) =—a(d)112 _COQGI)

=|"a, =—adn,—aw’ tan(B)n,

Beveled Gears

Beveled gears are a practical example of bodies

3

that roll with a line of contact. Each gear may be J)N@Z
thought of as part of a cone. Two contacting gears 9 -#\\ |
may be thought of as #wo cones rolling on each 7 1B \\@;\\ ~ \/ o
other. Consider, for example, the system of two L7 : L h < odPd S
beveled gears shown. Gear B is affixed to a shaft n

% g | w X ast A e %@A /e
that rotates with speed Q about the & direction. 5 AN

Gear A4 rolls on gear B and rotates freely on the axle

S. The axle rotates at a rate @_ about the £ direction R X
(pivoting about point O), and gear A rotates relative | (fixed frame)

to the axle at a rate @, . —J—
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To analyze the kinematics of this system, define a unit vector set fixed in the axle as

S:(n,,n,,n,). The direction n, is pointed along axle S towards O, the direction n, is

perpendicular to the axle as shown, and the direction n, =n, xn,. The angles & and f are the

~

half angles of the two cones (as shown), and the sum of these two angles is ¥ =a + . Point C
is on the contact line between the two gears, and point P is a point on the axle.

To find a relationship between the angular rates Q2, @_, and @, use the concept of relative

velocity. Assuming point C is the contact point on gear 4, and point P is the center of that gear,

write
R. _ R R
Ve = Yot Yo

Here,
vy = _(b + acy)a)z n,
Ve ="0, %10 = (RQ)S + S@A)X (_algz) = |:a)z k+ao,; ’33] x (—Cli}z)
= |:a)z(S;/ n,+C, @3)"‘ @ s 7~Z3:|><(—611}2)
= a(a)A/S + a)zcy)’,:ll
Also, considering C to be the contact point on gear B, the velocity of C may be written as
®y. =-bQn,. Setting the velocities of the two contact points equal to each other and simplifying
gives

Wy5 = (b/a)(a)z ~ Q)

The Relative Angular Velocities 0, and "o,

As noted above, when a cone rolls on a fixed plane, the angular velocity of the cone relative

to the plane is directed along the line of contact. Similarly, when beveled gears roll on each other,

the relative angular velocities “, and "o, must be directed along the line of contact. Hence,

B

— 4
Dy=0y pM=— Wp

This result can be verified by finding the angular velocities and using the results found above.

For example, using the angular velocity summation rule, write
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R —
W= @O~ Wp :(a)z k+o,y 713)_QIS =(@, - Q)k +o,5n

=(0,-Q)(Cym+S,m, )+L(w,-Q)(C,m-S,m,) (1)

= %0, =(0.-Q)((C,+2C)m+(S;-25,)m, )

Here,

b_ b [oq

oc| a §,

a _Sa+p

SC,  CyS,+5,C, S
Cot+bC,=Cy+—Lt =L 7

SO.’ SO( Sa
IB .o IB Sa SO!

Substituting these results into Eq. (1) gives

[

S
"0,= (0. - Q)[g—“jm

So, the relative angular velocity is directed along the line of contact as expected.
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