Intermediate Dynamics
Kinetic Energy of a Rigid Body

The figure depicts a rigid body B moving relative to a fixed

frame R. The kinetic energy of B is defined as follows:

K= J‘%(RYP : Ryp)dm
B

A more useful definition can be derived by relating the

velocity of P to the velocity of the mass center G. Using the | ¢

relative velocity equation, the integrand can be rewritten as
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Substituting this result into the integral gives the following three integrals:

L. J.%(RYG)Z dm :%(RYG)ZIdm :%m(RYG)Z
B

B

2. J2RyG -(chB X EP/G)dm =2"y. -(RQ)B X UI:P/G de =0| (definition of mass center)
B B

3. Setting r,,, =xe, +ye,+ze, and *w,=w, e, + ®,e, + w,e,, the integrand of the third

integral can be expanded as follows:
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(RCL)B X’:P/G) =(a)22—a)3y)2 +(a)3x— a)lz)z +(a)1y—a)2x)
:a)f(y2 Jrzz)+a)§(x2 +zz)+a)§(x2 +y2)
—20,0,xy —20,0,xz - 20,0,z
Substituting into the integral gives
J‘%(RCL)B X ;:P/G)2 dm :%a)fj’(y2 + Zz)dm +%a)22J‘(x2 + Zz)dm +%a)32J‘(x2 +y2)dm
B B B B

- wlwzjxy dm — a)la)3sz dm — w2w3jyz dm
B B B
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Adding the three results gives
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o ‘o, (general motion)
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Special Case: Motion about a Fixed Point in the Body

If there is a point O within the body that is fixed so that the body pivots about O, then the

above result can be simplified as follows.
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( YG) :( @BX’:G/O) :(yG+ZG)a)1 +('xG+ZG)a)2+(xG+yG)w3

—20,0,X;Y; —20,0:X;2; = 20,0,V ;2

Substituting this result into the boxed equation above and combining terms, it can be shown that

the kinetic energy can be reduced to the form

K

_ R
wp-Hy= @B'go' @p

(motion about a fixed point in the body)

Here, [, 1s the inertia dyadic (or matrix) for a set of axes through the fixed-point O.
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