Elementary Engineering Mathematics

Equations Sheet #8 — Differential Equations for a
Spring-Mass-Damper System )
1. Differential Equation of Motion Equilibrium JL ke
Position i!,
mi + cx + k= £ (1)] ===
X
2. Free Response ( /(1) =0) R "
(a) Characteristic Equation: |ms2 +es+k= 0|
(b) Form of Solution depends on type of roots. Coefficients l
found by applying initial conditions. S@®
Type of Type of .
Case Roots Mofion Form of Solution
Real, Over- Y st
! unequal damped Hi)=Ae™ + Be
Real, Critically 4 st st
2 equal damped x(t)=Ae” +Bte
—_— 7(72”1)1 7
. Complex Under- x(t)=e [4sin(w, )+ Bcos(w, )]
conjugates damped _ |k _ (Y
WOf =\m— (W)

3. Forced Response (f(¢) #0)

(a) Solution is the sum of the homogeneous solution and a particular solution: |x(¢) = x,, () + x,(?)|.
(b) Homogeneous solution has the form of the free response.

(c) The forms of some particular solutions are shown in the table below.

(d) Coefficients are found by applying initial conditions.

f(t) Form”" of x,(¢)
constant a, B,t"
linear at+a, (Bt+B,)t"
quadratic at’ +at+a, (th2 +Bit+ B, )t”
exponential ae” (Bleﬂ ! ) t"
sine or cosine asin(wt) or acos(wt) [ B;sin(wt)+ B, cos(wt) "
expcfﬁgr?gZ?-gils;ii:;rt)rduct ae’ sin(wt) or ae’ cos(wt) | &' B sin(wt)+ B, cos(wt)]t"

" The exponent n is the smallest, non-negative integer so every term in x,(¢) is different from every term

in x,(¢). Thatis, n =0 unless the same type of term appears in x,, (¢).
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