Introductory Control Systems
Exercises #16 — State-Space Equations and Transfer Functions

1. Speed control of a car in the presence of a disturbance force is described by the |4V 3v=1 (1)
boxed equations. The desired speed is r(¢), the actual speed isv(¢), the speed dt
VM OEIAORING)
error is e(t), the driving force on the caris f,(¢), the disturbance force on the £.(t) = Ke(?)
caris f,(t), and the net force on the caris f, (7). e(t) =r@t)—v()
a) Express the equations in state-space form with output variables v(¢) and e(¢). b) Using the state-space
equations, find the transfer functions %(s) , %(s) , FL(S) ,and Fﬁ(s) . ¢) Using direct decomposition, find
d d
. 14
a set of state-space equations to represent E(S) :
Answers:
. 2INIEANE 0 0]fu,
a =|—-(K+3 +K -1 = +
) |X [ ( )]xl [ ]{fd} {22} {_1}61 L 0}{%}
14 K Vv -1 E s+3 E 1
O e een B G rrrr e M O e et B o O v ones
R s+(K+3)| |F, s+(K+3)| |R s+(K+3)| |F, s+(K+3)
c) |X, = [—(K +3)]x1 +[1]r(t) v(t) = [K]xl(t)
2. The boxed equations describe position control of a spring-mass system using e(t) = (1) — ()
proportional (P) control. The desired position of the mass is r(¢), the actual position | f(t) = K e(t)
is y(t), the position error is e(t), and the actuator force applied to the mass is f(¢). y+4y=/()

a) Express the equations in state-space form with output variables y, y, and e. b) Using the state-space

. : Y E : . .
equations, find the transfer functions E(S) and E(S) c¢) Using direct decomposition, find a set of state-

. E
space equations to represent E(s) .

Answers:

; z, X, 1 0 0
X 0 Lx 0 Xy

a) L= + u Z,r=9%,r=| 0 1 +40ru
) —(K+4) 0](x, K Xs

z, e -1 0 1

Y K E S +4

b —_ e —_ e

) R(S) s>+ K+4 R(S) s+K+4
X 0 1]{x 0 X

) [1.'t= Ve ul le=[-K O3 " b+[1]u
X, —(K+4) 0f|x, 1 X,
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3. The boxed equations describe position control of a spring-mass-damper system using

e(t)=r(t)—x(t)
J(@)=eé()+5e(r)
X+6x+20x=f(¢)

proportional-derivative control. The desired position of the mass is 7(¢), the actual

position is x(¢), the position error is e(¢), and the actuating force is f(¢).

a) Express the equations in state-space form with output variables x and e . b) Using the state-space equations,

. X E Sy iy .
find the transfer functions E(S) and E(s) . ¢) Using direct decomposition, find a set of state-space equations

X
to represent E(S)

Answers:
o et SRR el [0 ek ol
e R
0 s Alafio] poote o)

described by the boxed equations. The desired position is 7(¢), the actual position

is x(¢), the position error is e(¢), and the actuating forces is f(¢).

Position control of a hydraulic actuator using proportional-integral control is

e(t)=r(t)—x(t)
f@t)=e(t)+ 3je(t)dt

+55=21(t)

a) Express the equations in state-space form with output variables x and e . b) Using the state-space equations,

) X E ) . .. )
find the transfer functions E(S) and E(S) . ¢) Using direct decomposition, find a set of state-space equations

X
to represent E(S) .

Answers:
X, 0 1 0 ||x 0 0 |
. u, X z, 1 0 0 0 0 u,
a) |§%,r=[0 0 I |<x,,+/0 O - - 2(*
. u, e Z, 1 00 1 0 u,
X, -6 -2 5]|x, 6 2 %3
X 2(s+3) E s*(s+5)
b P — _— =
) R(S) S +55 +25+6 R(S) s*+55° +25+6
X, 0 1 0 ||x 0
. XI
¢) Hiyp=[ 0 0 1 |[4x,¢+4037(2) x(t):6x1+2x2=[6 2]{x}
X, -6 -2 =5||x, 1 :
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5. The boxed equations describe speed control of a rotating mass system using proportional |¢(7) = r(r) — e(¢)
control. The desired rotational speed is r(¢), the actual rotational speed isw(z), the |v(¢)=Ke(t)
rotational speed error is e(¢), the input voltage to the motor drive actuator is v(¢), and the M +8M = (1)

0+ 7w =3M/(t)

actuator torque applied to the mass is M (¢).
a) Express the equations in state-space form with output variables @ and M . b) Using the state-space

equations, find the transfer functions %(s) and X(s) ¢) Using direct decomposition, find a set of state-

. M
space equations to represent E(S) .

Answers:
e Sl s ekl
a) . = + u = + u
X, -K =8||x, K z, 0 1][x, 0
I O it ve [l P e Ty
s +15s+(56+3K)| | R s~ +15s+(56+3K)
X | 0 I ||x 0 B X,
D N5, [ 7] =(56+3K) 15|, +{1}r M=[7K K] X,

e(t) =r(t)—y()
v(t) =10 e(t)
F+3f=v(0)
V+9y=/()

6. The boxed equations describe position control of a spring-mass system using

proportional control with a linear actuator. The desired position of the mass is r(¢), the

actual position is y(t), the position error is e(t), and the actuator force applied to the

mass is f(z).
a) Express the equations in state-space form with output variables y and v. b) Using the state-space

. . Y V . . .
equations, find the transfer functions E(S) and E(S) ¢) Using direct decomposition, find a set of state-

. Y
space equations to represent E(s) .

Answers:
X, 0 0 1Iffx 0 X,
- z, 1 00 0
a) 3x,r=[-10 =3 O|qx,;+<10pu = X, ¢+ u
- z, -10 0 0 10
X, -9 1 0]]x, 0 X,
b) Y( ) 10 V( ) 10(s3+3sz+9s+27)
—(s)= —(s)=
R s> +3s* +95+37 R s’ +3s° +95 +37
X, 0 1 0]|x 0
. Xy
¢) [{X,p=| 0 0 1 [{x,p+50pr| [y=[10 0]{x}
o |37 9 3||x| |1 ’
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