Elementary Statics
Shear Force and Bending Moment Diagrams

o Previously, we found the shear force and bending moment at any location along a structural
member. The next step in the design of the member is to determine the locations of maximum
shear force and maximum bending moment.

o The largest stresses within the structural member are at these locations.

o To this end, we plot the shear force and bending moment over the entire length of the
structural member. These plots are called shear force and bending moment diagrams.

o Consider a simply supported beam with a distributed load w(x) (positive upward). As before,

we find the internal shear force and bending moment by cutting the beam at some point. But

now, we find the shear force and bending moment as a function of the cutting distance x.
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o By analyzing a differential segment of the beam, it can be W) \
shown that the load intensity, shear force, and bending
M +AM
moment along the beam are related as follows. M C LD
V V +4v
Change in shear force =
ar = w(x) AV = j w(x) dx 8 .
dx Area under the load diagram
Change in bending moment =
M_vw|  |am=[re)a s s o
dx Area under the shear diagram

o The above equations are valid over segments of the beam where there are no concentrated
forces or concentrated moments (couples). If there are concentrated forces or moments

consider the following.
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o When crossing the location of a concentrated upward load, the shear force increases by that

amount. When crossing the location of a concentrated downward load, the shear force

decreases by that amount. F

V+AV
Y F=V+AV-V-F=0 =[AV=F| MC]V

e

o When crossing the location of a concentrated clockwise moment, the bending moment

increases by that amount. When crossing the location of a concentrated counterclockwise

moment, the bending moment decreases by that amount. y VAV

DIM=M+AM-M-M.=0 =|AM =M, MC]\[)MJAM

Sign Conventions

o These notes assume the load intensity w(x) is positive upward, and the internal shear force

and bending moment are positive as shown below.

A
Positive shear force: 4 IlV v ]I 4

74
=
M M

Example #1: VT

Given: Beam loaded as shown

e _ 0 . jw j‘
Positive bending moment: q D

100 (Ib/ft)

L

(b) bending moment diagram A4 B —

Find: (a) shear force diagram l l

(c) maximum bending moment
fe———+— 10 (f) —————>

Solution:
By symmetry, the vertical loads at both ends 4 and B are
1 100 x
A,=B,=%(10)(100) =500 (Ib) x| x
2 | 2 N
a) Using a firee body diagram of the left end of the beam: d ’]IJ'> 7
]

+lZF:V+100x—SOO:O = [V(x)=500-100x (Ib)| |1 x 4

b) Again, using the free body diagram, 500 (1b)

DY M =M+(100x)-(4)-500x=0 = |M(x)=500x—50x" (fi-Ib)
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¢) Because, dM /dx =V (x), a local maximum bending moment will occur where ¥ =0. In this

case, this occurs at x =5 (ft) where the bending moment is

M (5)=1250 (ft-Ib)

. In this case,

this is also the global maximum moment, that is the maximum moment along the beam.

Notes:

1. The shear diagram varies linearly in the range (O <x< 10). The slope is —100 (Ib/ft) as

indicated by the loading function.

2. The moment diagram varies quadratically in the range (O <x< 10) starting with a positive

slope and transitioning to a negative slope as indicated by the shear diagram.

3. The change in the shear force over the range (0 < x <10) is equal to the area under the

load diagram over this range. |AV = (—100)(10)

~1000 (Ib)

4. The change in bending moment over the range (0<x<5) is the area under the shear

diagram over this range.

M, =+(5)(500)=1250 (ft-Ib)

10

Shear Force Diagram for Example #1
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Bending Moment Diagram for Exgmple #1
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Example #2: 2 (kN) 0.75 (KN/m)
Given: Beam loaded as shown L L L 1 L l l j
Find: Shear and bending moment diagrams A 7A B
Solution: '_,“; 4(m) ———
1
Free Body Diagram of Entire Beam: )
2 (kN) 3 (kN)
DM, =-4C, +2(3)+5(2)=0 2 (m)
=|C, =4 (kN) T A B —>
o
DD M. =4B +1(2)-2(3)=0 ? i A
1 (m)
=|B,=1(kN)T

Check: |» F, =B, +C,-2-3=0//

Free Body Diagram: (0<x<1)

+lZFy:V+2:O = |V =-2 (kN)

EZMW =M +x(2)=0 = M(x)=—2x (kN-m)

Notes:

1(5- X)—%( x)3(5—x) =M =0

M=(5-x)-3(5-x)" (kN-m)

0.75 (5 — x)

5—x 5—x
2

ﬁr_
[S)

1 (kN)

1. The shear force is constant from A to C and jumps (increases) by C, =4 (kN) at that point.

2. The shear force varies linearly in the range (1 <x< 5). The slope is negative because w(x)

1s a constant distributed load directed downward.

3. The maximum shear force and bending moment both occur at the support at C.

The bending moment exhibits a local maximum at x ~3.67 (m) where the shear force is

zero. A zero shear force indicates a local maximum of the bending moment, but this may or

may not be a global maximum. In this case the global maximum is at the support at C.
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5. The bending moment varies linearly in the range (0 <x< 1) with a slope of V' =-2 (kN).
6. The bending moment varies quadratically in the range (1 <x< 5) starting with a positive

slope and transitioning to a negative slope as indicated by the shear diagram.

Shear Force Diagram for Example #2
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Bending Moment Diagram for Exqmple #2
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