Multibody Dynamics
Euler Parameters and Angular Velocity Components

In earlier notes relationships between angular velocity components and various sets of orientation angles and
their derivatives were derived. Here, a similar relationship between angular velocity components and the Euler

parameters and their derivatives is derived.

Angular Velocity Components in a Fixed Frame

Previously, it was found that the time derivative of a transformation matrix may be written in terms of angular

velocity components in a fixed frame as follows.

[R]" =[@][R] (1

Post-multiplying the above equation by [R] gives

[RI'[R]=[&][R]'[R]=[&] or [@]=[R]"[R] 2)

Recall that the elements of [@] are the components of ", in the fixed frame R:(N,,N,,N,).

Using Eq. (2), equations relating the individual angular velocity components and the Euler parameters, and

the time derivatives of the Euler parameters can be derived. This can be done by noting that

3 3 3
~ T - ST - T
D) =03 = ZR31'R,'2 W) =03 = ZRliRi3 D3 =Wy = ZRzz'Rn 3)
=

i=1 i=1

Substituting expressions into the above equations for Ri and R, in terms of the Euler parameters, it can be

shown that
0] _ _
0] & & —& & &
2 3 4 1 2 2
=2 4)
0 & & & & |4

Note that the last equation is simply the derivative of the Euler parameter constraint equation,
g +e;+eit+e; =1.
Eq. (4) may be written in the more compact form

[{w} = 2[E]{}] (5)

where the definition of the matrix [E] is obvious by comparing Eqgs. (4) and (5). It can be shown that [E] is an
orthogonal matrix. Hence, the above equation can be easily inverted.

(£} =3E] {o} (6)
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These equations are analogous to those that relate the angular velocity components to the derivatives of a set of
orientation angles. Recall, however, that in those equations, singularities always exist. The above equation
exhibits no singularities.

Angular Velocity Components in the Body-Fixed Frame

Previously, it was found that the time derivative of a transformation matrix may be written in terms of angular

velocity components in the body frame as follows.

[R]" =[R]'[&] (7

Pre-multiplying the above equation by [R] gives

[RI[R]" =[RI[RY [@']=[&'] or [&@']=[RI[R]" (8)

Recall that elements of [@'] are components of “w, in the body-fixed frame B:(§1,§2,§3). Using this

relationship, equations relating the angular velocity components in the body-fixed reference frame and the Euler

parameters and their time derivatives can be derived. This can be done by noting

3 3 3
r_ o~ _ T r o~ _ T "~ _ T
D) =03 = ZR31'R1'2 W) =03 = ZRliRi3 D3 =Wy = ZRzz'Rn )
i=l1 i=1

i=1

Substituting expressions into the above equations for RZ and R; in terms of the Euler parameters, it can be

shown that
a)l
!
(4 —& & & —& &
2 3 4 1 2 2
2=2 (10)
0 & & & & |4

Note that (as before) the last equation is simply the derivative of the Euler parameter constraint equation,
g +erverve =1.
Eq. (10) can be written in the more compact form

{0} =20E']{&}] (11)

where the definition of the matrix [E'] is obvious by comparing Egs. (10) and (11). It can be shown that [E'] is

an orthogonal matrix. Hence, Eq. (11) can be easily inverted to give

(&) =3E' (o) (12)

As noted above, this matrix equation exhibits no singularities.
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Calculation of First Angular Velocity Components of Equations (4) and (10)

To show how Egs. (4) and (10) can be derived, the first component of each is derived here. Using the first of
Egs. (3),
®, = Ry R, + R,R,, + R5;R5,
=L[2s8, - 6,6,)|[2(616, + 6:6,) |+ L[ 26,6, + 516,) ] [(—512 +el—&5 + gf)]
+%[(—512 —& +e+e; )} [2(6,65—€164)]
= [2(.&" E4+EE3—E08, — 525'4)}[2(3152 +&¢,)]
+[2 E,E3+EEL+HEELTE 84)][(—6‘12 ter—& +6§)J

+[2( £\&,—E)E,+E 83+8484):|[2(8283—816‘4)]

= 4| (5,855 + 850,06, ~ (Bt +8:8060 + (606, + £,V —(6,81 + 83898, )4

+| 2(,65+E,65 6184+ € 54)1(—8l +& —& +g4)]

2 . 2 . 2 . PN
| (6ley - £,580)é) + (Bioaty —e363)6, +(e16, — 6,550 )i +(Tingy — 180

Cancelling the terms noted in the previous equation gives the following.

0, =4[ (66,06, ~ (63802, +(6]2,)8, ~(6,:83)é4 |
H[2er65+ 6265+ 88, +6,8) ][ (-6 +&3 - &l +]) |
4| (816 4)é) +(=£363)6, +(8]6,)E3 +(=£,8])é, |
Rearranging like terms associated with the derivative of each of the Euler parameters, simplifying, and using the

Euler parameter constraint equation (512 te e tE = 1) gives

0, = 4] (576 )8, ~(8:8))6, +(816,)é, —(£,63)2, |
H28r65 16285+ 88, 46,8 ][ (-6 +8] &l +]) |
+4[(512‘94)‘5"1 +(=6363)8, +(856,)é, +(_5155)é4]
=2¢e, :2532 +(~&l +&; —&; +8§)+2812}9'1 +2¢,4 [—25} +(~& +& —&; +€f)—2822]éz
+2¢, :2512 +(—&l +& & +8Z)+26‘32}é‘3 +2¢, [—2822 +(—&l+&i & +gf)—2€f]é4

=2¢,|&l +&5 +&; +£ﬂ€'1 —283[6‘12 +& +532+8ﬂ5'2

[2, 20 2., 27, 2, .2 .20 2,
+2¢, | & T & e +€4]€3—281[€1 +&5+& +¢94}94
=2[5451—5352+5253—5154J

This result matches the equation in the first row of Eq. (4).
To check the first row of Eq. (10), use the first of Egs. (9) gives
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@) =Ry R, + Ry, R, + Ry3RY,
=L[2a8, - 56 |[2a8 + e8|+ L] (&l + &3 — &) + &) |[2e,6, - £16)]
+2[2eye+58))| (-5 — & +5] + )]
= [2(&"152 + &6y —E3E, — 535'4)][2(8153 +6,8,)]
+[2(—51é1 +EyE, — €364+ 54&"4)] [2(6,6, - 16,)]

H28265 16285+ 88, 46,8 ]| (-6~ + &l +]) |

2 . 2 . 2\ - 2 .
:4[(%+5254)31+(51 53+‘9\157Q)52_(%+5254)33_(5153 +5\28&)54]

2 . 2 . 24 - 24 -
4] (518, - £ )6, + (38, — Bioa8 )én +(8858, — 828160 + (Bi0e8y — 218005, |

25+ 88, + 88,4618 || (-5 —6] +55 +5)) ]
Cancelling the terms noted in the previous equation gives
r_ 2 . 2 . 2N - 2\ -
| = 4[(8284)81 +(&7€5)E, —(£,6,)E5— (6,85 )54]
2 - 2 - 2N - 25 -
"'4[(51 £4)61+(6763)E, +(—€6,67)e5+(—€,&) )54}
+[2(5’253 +E,6,+E,6,4+ glé4)][(—512 —& +el + gf)}
Rearranging like terms associated with the derivative of each of the Euler parameters, simplifying, and using the

Euler parameter constraint equation ({;‘12 tel e e = 1) gives

0, =4[ (£12,)é, + (81636, —(£,8))65 — (8,82, |
+4[(512‘94)‘9.1 +(8765)6, +(-6,89)é, +(_51‘9§)¢é4]
+[2(.é253 +E,65+E,8, +515’4)][(—512 —& + &5 +gf)]
=2¢&, _2522 +26] +(~¢l —&; + &3 +5§)]é1 +2¢, [2512 +26; +(~¢l — & + &3 +5§)]é2
-2¢, _255 +26;+ (el +&5 — &3 —55)]6"3 -2¢, [2532 +2e; +(el +&5 — &3 —gf)}é4

=2¢&, 512+522+532+5ﬂél+2£3[512+522+532+5ﬂ3'2

2¢,| el +e+e; +5ﬂé3 —-2¢, [512 +&;+e; +gf]é4
=2[ 6,8, + 638, — 826,512, |
This result matches the equation in the first row of Eq. (10).

Note: Clearly proving these equations is somewhat tedious. Use of a numerical symbolic mathematics package

can be useful in expediting the work.
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