Multibody Dynamics
Velocities and Partial Velocities Using Relative Coordinates

Velocities

The motions of the mass centers of the bodies can also be
determined by working through the other bodies of the
system. For example, the fixed-frame components of the

position vector of the mass center G, can be written as
(o) ={sif +laaf+foa) + )
= (s} +[ Ry, ] {a2}+[ R, | {52} +[ R, ] (%)

Here it has been assumed that {s;} is given in the fixed frame, {¢5} and {s}} are given in the B, frame, and {r, }

is given in the B, frame.

The velocity of G, can be found by differentiating the above equation.

{vo.) = {51} +[ 2, | {an+[ s, | {2} +[ R, | {50} [ 8] {13}

To expand this equation further, first decide whether to use fixed-frame or body-frame components for the

angular velocity vectors. The two results are as follows.

o b =48} +[ @, [[Rs, | ({as) + 5o} +[ R, | (35} +[ @, |[Re.] {r5) (1)
(v | =43+ R ] [an J({a )+ [ R ] 432+ R ] [0, 0] ©

The velocities of other points of B, are found by simply replacing the coordinates {ré} with the coordinates of

that point.

To find the partial velocities of G,, first rearrange Eqs. (1) and (2). As a first step in this process, note that

R, xr =—rx*@, . This vector identity can be written in matrix form as [CZ) 5 } {r}=—[F] {a) B} . Using this result

in Egs. (1) and (2), write the following.
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Using fixed-frame components for the angular velocity vectors:
o=+ [0, [ R ] (fa)+ (5s)+ [ ] )+, ][ T )
oo Moo
—@2: [5:)on}+ s m [ )fo.) g
Jol5: D+ s ] 217 ]({eo )+ ] {0,
<[ ][ ] }[ T~ J{ y

Recall here that the entries of {a)Bl} are expressed in the fixed frame, and the entries of {C?)B2 } are expressed in

85

the B, frame. In both cases, these are the frames in which the angular velocities are measured.

Using body-frame components for the angular velocity vectors:

{VGZ}={s1}+;RBl:T[a3;l}({q'z}+ ol )[Ry, | {5+ [ R, ] [, {4}

4)

Partial Velocities

Egs. (3) and (4) can be used to find the partial velocities of the mass centers of the bodies.
Case 1:

If the generalized speeds are defined to be the components of {5}, {53}, {a)Bl } , and {d)Bz } , then

{VGZ } = [VGZJI ] {51 } + [VGZ,%I J{a)gl } + [VGZJ'Z ] {s'z} + [VGZ,KUBZ J{C?)BZ }

Here,

:VGM-]} is the 3x3 identity matrix
o, |2~ ([2]+[5:]+(])
:VGz,s'z} :[RBI ]T
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o.s, |- (2 ][R ]

Case 2:

If the generalized speeds are defined to be the components of {5}, {53}, {a),'31 } , and {d)gz } , then

{"G2 } = [VGZ,Ael }{51} + [VGz,wgl }{a’él } + [VGZ,&’Z } {S’Z} * [VGz,f%z }{@;2 }

Here,

:VGMJ is the 3x3 identity matrix

vo.u, =[] ()= [2) [ ] (7] 5 ]
r T

_VGZ,s'Z} :[RBI]

o, =[] [#]

Case 3:

If, instead, the generalized speeds are defined to be the components of {s,}, {5,}, and a set of orientation
angle derivatives, then we can write {a)Bl} and {c?)BZ} (or {a)gl} and {c?)j’g2 }) in terms of the orientation angles

and then identify the partial velocities. Returning to Eq. (3), for example, write

T

{vo = {5} (@10 [+ [7 ] }+ [ R, ] (i3} -[51[ s, ] ()
S (CAREAR S PR A TS

)

Here,

6.5, | is the 3x3 identity matrix
:ch,e'gl } = ‘([‘72]+[§z}+[fz])[a’al,egl}
o.s] =[]

:ch,eﬁz J ~—[&][ Ry, ]T [@Bz,gh }

The partial angular velocity matrices are defined in previous notes for a 1-2-3 rotation sequence.
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