Multibody Dynamics
Examples using Kane’s Equations

Examples

1.

Unconstrained Motion of a Rigid Body: Find the
equations of motion of a rigid body using Kane’s
equations. Use Cartesian coordinates to define the position
of the mass center G and Euler parameters to define the

orientation of the body. So, the vector of seven generalized

coordinates is defined as follows. R

A

[6]1,6]2,(]3,(]4,6]5,(]6,6]7] [XG,yG,ZG,81,82,83,84]

Use the following independent set of generalized speeds.
[ulau29u39u4au59u6]é[V{avéavéaa)llawlzaa);] (1)
Here, v/ (i =1,2,3) represent the body-fixed, mass-center velocity components, and @' (i =1,2,3) represent

the body-fixed angular velocity components.
Solution:

Letting the e, (i=1,2,3) represent the principal directions for the mass-center G, and using body-fixed

components of ‘v, and *w,, write

3
R _ ' R _ '
YG_Zvigi @B_Za)igi
i=1 j

Using these equations, the partial velocity and partial angular velocity vectors can be written as follows for

i=12,3.

aRYG/aVi’:?i aRYG/aa)i’:O aRQ)B/&wi’:gi 6R@B/6vi':O
The acceleration of G can be found by differentiating RYG using the derivative rule.

3 B
d
4 ézai’?i = r (YG)"‘(R@BXYG)
im1

_ ./ ! ! r_ ! ./ r_ 1! [N ./ [ ! !
= (Vl T 0V, _a)3v2)€1 +(V2 T oV — oy )‘32 +(V3 + oy, _a)zvl)%

Terms in the Equations of Motion:

m"aq (0 v /0v) = ma; (gG ' RQ‘B)'aR@B/aa’i' = (ilj“"} ‘31}'%’ =10;
=1
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(R@B ch)'aR@B/aa’; :((13 L)oo e, + (1, — L)o@ e, + (1, — I, ) wjw, ?3)'?;’

(- L)@y (i=1)
=, —L)ojw; (i=2)
(L~ 1)olo, (i=3)
Equations of Motion:

./ r.r! 1./ ./ ! ’
m(V; + vy —vy) = F, Loy +(I; - 1)) o0 = F,

-1 ror [AAN LN ror
m(vy + oy —ayvy) = F, and Lo, + (I, - L))o =F,,

./ " (A
m(vy + o, —vy) = F,

Loy + (1, - 1) o\, = F,

Egs. (2) are now supplemented with the kinematic differential equations.

b /
& &y & & & || 5 o
. ’ G 1
& 1| & & —&§ &||o . T
(73 ) and vo (=[R] v
& —-& & & &||m . '
e, V3

&y —& —& —& & ||0

2)

3)

Together, Egs. (2)-(3) represent a set of thirteen first-order, ordinary differential equations for the four Euler

parameters, three mass-center position coordinates, and the six generalized speeds defined by Eq. (1). Note

the matrix [R]T converts vector components from the body frame into the base frame R.
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2. Example System II (from Intermediate Dynamics): Find the

12
equations of motion of the bar using Kane’s equations, given CE SLr/s)

that the frame F is light (massless), the bar B has mass m and 1

length 7, the motor torque M ,(¢) is applied between the
frame and the bar, and that the motor torque M,(¢) is 5
applied between the ground and the frame. Use
(u,,u,) = (v, @}) , where v, =—n,-v, and @} =0 = @, -n,
as the two independent generalized speeds. ‘}?rame, #  Reference Frames
Solution: Using Kane’s Equations I ‘ B ( 1, k)
_J w 1Y T2
ov 0 B:le,,n,,e
My dg, — +|:(ZG ‘Q‘B)+(@BX[ZIG )]&: L, (~1 ~ ~3)
" Ovg = #7dovg ¢
ov 0 @
=G . 9% _

(mB ac, o0, J+[(£Gﬁ Q‘B)+(@B xHg )} Py = F,
Here,

@ =(vg/d)k 0wy [Ovg =k/d 0w [0 =0

wp=w,n,+(vg/d)k 0wy [0vg =k/d 0wy [0, =n, =¢,

Y6 ="Ve Ovg [Ovg =—n, Ovg /0w, =0

g =Vl — (vé / d)n, (normal and tangential components)

ap =0 /d)k

ap = _%("’GSG +ve@,Cp)e, + @ e, +%(‘>GCH —Ve®S,)e;

mag - (0vg [0vg) =mg mgG'(aYG/aa)'Z)ZO

Hg =%m€2(a)£ e, +(v5Cy/d)e;)
I -ap =ml’ (a)é e, +5(06Cy _VGa)éSa)?z)

X Hg =ym ((VéSace/dz)gz ~ (@, Sﬂ/d)€3)

(Lo @5 ) (005 /3v5 ) = 125 (36 Cy — v 5 S,)C,
(Lo @5 )- (00, /00}) =y m 176D,

(5 < Ho ) (0 /0vg) = —12svg ;.5,C,

(05 x Hg ) (00, /0 ) = 242 5, C,
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F, :(Me’iz)'(a@B/a"G)"'(_Me ’32)'(5@F/5VG)+(M¢ ]f)'(é@F/avG) = M¢/d

£, =(M91~12)-(8q)3/8a)§)+(—M9 ’12)'(8@F/5w§)+(M¢ ]S)(é@F/awé) =M,

Substituting into Kane's equations gives the two differential equations of motion gives

(md +2.C3 )i, (m—ﬁsacg)vca); - M,

12d
’ ; )
m m
( 12 )“)2 (12d2 SoC, ) =M,
Egs. (5) are now supplemented with the kinematic differential equations.
0=, and $=v;/d (6)

Egs. (5) and (6) represent four, first-order ordinary differential equations in the variables 6, ¢, v, and @),.
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