Multibody Dynamics

Equations of Motion for Unconstrained Systems Using Relative Coordinates with Euler Parameters

As mentioned in previous notes, the explicit form
of the equations of motion of a multibody system
depends on:

choice of generalized coordinates
choice of generalized speeds

o O O

method used to formulate equations
o constraints on system motion
In these notes, Kane’s equations are used to derive the

equations of motion of a multibody system using
relative coordinates to describe the relative
orientation and relative translation between

adjoining bodies.

Using relative coordinates, the kinematic analysis is generally more complicated, but the constraints between

adjoining bodies are usually more straight-forward to formulate. Recursive relationships can be developed for

kinematic variables to streamline the analysis.

In the analysis that follows, the relative orientations and angular velocities of bodies are described using

Euler parameters and angular velocity components. As discussed in previous notes, a body connection (or lower

numbered body) array (SS(K )) is used as an aid when developing the kinematic and dynamic equations of

motion. For convenience (and without loss of generality), it is assumed herein that the bodies are numbered

starting with “1” as the reference body and increasing the body numbers while moving outward along the

R, Mo N

Multibody System with Eight Bodies

branches, so a body’s lower-body is also a lower-numbered body.

Generalized Coordinates and Speeds

The generalized coordinates and generalized speeds for a system with “ N ” bodies are listed below.

o Euler parameters ¢, (K =1,...,N; i=1,2,3,4) are used to measure the orientations of the bodies

with respect to their adjacent, lower numbered bodies. So, the Euler parameters &, (i=1,2,3,4)

measure the orientation of body K relative to body £(K).

o Translation variables s, (K =1,...,N; i=1,2,3) are used to measure displacements of the bodies

with respect to their adjacent, lower numbered bodies. These variables represent the lower body frame

components of the translation vectors of the bodies (s, ). The translation vector s, is the position
vector of O, the origin of body K relative to O, the reference point of body K. The reference point

Oy i1s fixed in body £ (K ) , and the origin is fixed in body K. More details are provided later in these

notes.
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o Relative angular velocity components &, (K =1,...,N; i=1,2,3) are used to measure the angular
velocities of the bodies with respect to their adjacent, lower numbered bodies. These are the body
frame components of the relative angular velocity vectors of the bodies (@K =z Wg, ) .
As  described, there are “7N” generalized coordinates, ¢, (K=1,...,N;i=12,3,4) and
s (K=1,...,N; i=1,2,3). To avoid the use of Lagrange multipliers, the “6N ” generalized speeds are defined
tobe @, (K =1,...,N; i=1,2,3) and s}, (K =1,...,N; i=1,2,3).

System State Vectors

Using the generalized coordinates and speeds defined above, the following system state vectors can be
defined.
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Transformation Matrices

Consider two bodies of the multibody system. Body J is the adjacent,
lower numbered body of body K, that is, J = £(K) . The unit vectors of the %

two bodies can be written in terms of the inertial frame vectors using the

body transformation matrices. K

e =[R, )] |lnp=[R V) - J = 2(K)

Using these two results, the unit vectors in body K can be written in terms

=

of the unit vectors of body J as follows

(n}=[R ]V} =[R (R, ] {e) 2['Re el @)

Here, [JR K] is the relative transformation matrix used to write the unit vectors of body K in terms of the unit

vectors of body J.
[ReJ2[R (R T

Or, post multiplying both sides of the equation on the right by [R J] gives
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3)

[Re]=["R IR, |

The relative transformation matrix [JR K} can be written in terms of the Euler parameters as follows.

) A2 ) ) A A A A A A A A
Ex T Eky T Ek3 T ERy 2(‘9K1‘91<2 +51<35K4) 2(‘91051(3 _5K25K4)
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“4)

The result in Eq. (3) is easily extended to include as many bodies as necessary to move from a body frame to a

fixed frame through frames of a series of interconnected bodies.

Recall that £ (K) =1 refers to the reference body of the system.

)

Time-Derivatives of the Transformation Matrices
In previous notes, the time derivatives of the transformation matrices from the bodies to the inertial frame

were written in terms of skew symmetric matrices formed from the components of the angular velocities of the

bodies with respect to the fixed frame. Recall that the “prime” indicates the use of body frame components.

[Re]=[@ ] [R] (©)

The skew symmetric matrix [d)'K] is built using the components of “@, resolved in body K.

The time derivatives of the transformation matrices between bodies in the system were written in terms of
skew symmetric matrices formed from components of the angular velocities of the bodies relative to their

adjacent, lower numbered bodies. In the formula that follows, body J is the lower body of body K, and the “prime”

indicates components resolved in body K.

[Re]=["0 ] ["Re]

The skew symmetric matrix [Jc?);(] is built using the components of “@, resolved in body K.

(7)

Relative Angular Velocity Components and Euler Parameters
The relative angular velocity components of body K can be written in terms of its Euler parameters as follows

W, Eks  Exy Tk —Ep ||%k
N A A A A A
(4 —& & g =& & ~ .

K2 k3 ks K1 k2 |J€k2 | a A

=2 220 By {4} (8)
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Note that the last equation in Eq. (8) is simply the derivative of the Euler parameter constraint equation,

&l +&; + & +&; =1. The matrix [EI’J is an orthogonal matrix, so the above equation can be easily inverted to

give

{éK} :%[EAVILT {é)ll(}m 9)

The subscript “4x1” has been added as a reminder that zero has been added as the fourth element of the angular

A T
velocity column vector. In practice, the fourth column of [E;(] and the fourth row of {&} |, = can be eliminated

(because the fourth element of {@y }, . is zero).

4x1

Angular Velocity and Partial Angular Velocity

The angular velocity of body K can be found using the summation rule for angular velocities and the body

connection array.

0 1

R A A A A A A ~ R A
Oy =0, +@, Tt Oy T O = @of(m:zq)y(m"'@K: @y + Wk (10)

=u =u,

Regarding the body connection array, recall that £*(K)=K , £(K)=£ (K ) , &(K)=E (S(K )) , etc. Using
Eq. (10), the angular velocities of the bodies in the system can be developed starting with the reference body and

then radiating outward through the branches of the system. Resolving the components of “@, and @, in body K

and the components of “@, in body J = £(K), Eq. (10) can be rewritten in component form as
Vo) =[ R {0} +{0%) an

Here, the relative transformation matrix [JR K] shifts the components of the angular velocity vector of body J

into the body K reference frame.

Eq. (10) can be differentiated to find a recursive equation for the partial angular velocities as well. These

partial derivatives are non-zero only for p =1,...,3N , and they are zero for p >3N .

= +—= (12)

Note that the partial derivatives of the relative angular velocity @, are non-zero only for

p=(3K-2),(3K -1),3K . So, the partial angular velocities of body K can be calculated as follows.

=3K-2)

PYSNY ot m (p 7

O T % (p=1....(3k-3)) Yx _ n,(p=3K-1) @Kzg (p>3K) (13)
ayp 6yp ayp n3(p=3K) ayp
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Note (as assumed above) if the bodies are numbered starting with “1” as the reference body and increasing
numbers while moving outward along the branches, the angular velocity of a body will not depend on the
variables associated with higher-numbered bodies.

Eq. (12) can be written in component form as follows.

K N (14)

Here, the relative transformation matrix [" R K} transforms the components of the partial angular velocity

vectors of body J (which are resolved in the body J frame) into the body K reference frame. The partial relative

angular velocity matrix [c?)’K)] of body K can be partitioned into “2N ” 3x3 matrices as follows.

[, ], = [_QJ,[O],...,[0],[3;,@,...,@,@,[01,...,@} ={@,[0},...,@,@,@,...,@,[0]3X3N (15)

All 3x3 partitions are zero except the one in the K™ partition which is the 3x3 identity matrix.

Note the partial angular velocity matrix [Ra)’J y] and the subsequent product [J R K][Ra)},y] can also be

partitioned into “2N ” 3x3 matrices which may be non-zero in partitions 1 — (K —1) , but are zero everywhere
else. Hence, the matrix summation indicated in Eq. (14) need not actually be done. The partial angular velocity

matrix [Ra)'K,yl o for body K can be formed by simply changing the K" partition of the product

[’RK}[Ra)’ } to a 3x3 identity matrix.

J.y
Note finally, that the body frame components of the angular velocities of the bodies can now be written in

terms of the partial angular velocity matrices as follows.

A R N W a

{yz }3N><1

The last part Eq. (16) is written in partitioned form, separating the parts associated with the elements of { )’1} from
those associated with {y,} . Noting that all the elements of [Ra)'K’yZJ are zero, this equation can be further

3x3

simplified to give
(=", Jot+[ "l o) =[ "ok, ]2 (17)

Even this final product can be further simplified by noting that many of the elements of [Ra)’K,yl } are also zero,

so they can be ignored in the product.
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Angular Acceleration

The angular accelerations of the bodies are found by differentiating the angular velocities either in the

inertial frame or in the body frame.

R K
‘o= (0 )=o)

The body frame components of “¢, the angular acceleration of body K are found by differentiating the body
frame components of the angular velocity of body K in Eq. (17).
Vi) ={"al]
=[ "o, [+ g, 1) (18)
' Ra)r

Ji&3
ZI:Ra)K’yl:'{j}l}_'_[ .K,yljl{yl}

Here,

TR - [ R - J 1 R _ A
L a)K’yl]3><3N_[ RK][ wf»y1]+|: RK][ wf’yl:|+[a)K’yl]
%f_/

zZero

= [Ra.)’K’yl :|3><3N - I:JRK][RCZ)}’YI :I * I:JCDK ]T I:jRK :H:Ra)"”yl ] (19)

Eq. (19) provides a recursive relationship for finding the time derivatives of the partial angular velocity matrices.

R _1

Recall, from above that [ @y K

] 1S a zero matrix, so [ @'y ] is also a zero matrix.
3x3N Y2 133N

Mass Center Position Vectors

Consider a typical branch of a multibody system as
shown in the diagram. Each body K has a mass center

G, an origin O, , and a reference point Q, . The
points G, and O, are fixed in body K, and the point
Q, is fixed in the adjacent, lower body J (J = £(K)).
The point O is positioned relative to O, the origin of
body J by the position vectors 9k and s .

The position vector of O, relative to the inertial

system can be written as

Po, =Po, +qx+ 3k (K=1,...,N) (20)

Using the fact that p, =g, (‘]1 2 Q), Eq. (20) is a recursive relationship that can be used to build the position

vectors of the origins of all the bodies of the system. If the components of p,, are resolved in the body K system,
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and the components of p,, , ¢, ,and s, areall resolved in body J system, Eq. (20) can be written in the following

component form.

(o, }=L"Re ({70, | +Hai} +{51)) @1

Finally, resolving the components of r, in the body K system, the body frame components of the mass center

position vectors can be written as

(po, | ={po, J+{r} =R ({0, } g+ {5i)) + o) (22)

Consider now the eight-body example system. Using

Eq. (22), the position vectors of the mass centers of the

bodies can be written in component form as follows.
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Mass Center Velocities

The velocities of the mass centers of the bodies can be found by first finding the velocities of the origins of

the bodies. This can be done as follows.

" td
Vo, = iok —I;f(po Fqtsi)= ia’+;—f(gK+€K):RYo,+E({1K+§K)

The last term can be expanded using the derivative rule (that relates the derivatives of a vector in different

reference frames) as follows.

R J J
76;1(@1(+§K):765(QK+§K)+R@JX(QK+‘§K) dcj( )+R@Jx(g1<+§1<)
Combining these two results gives
"o, = "o, d‘f( ¢ )+ "o, x( g +3k) (23)

Eq. (23) can be written in component form as follows.
{ Vo =L R, ]V, o+ (i} +[ @) J{aie} + i) (24)

Here, {Rv'oj} are components of Ryol resolved in body £(J), and {RV'OK } are the components of RYoK resolved

in body J = £(K). This result allows the velocities of the origins of the bodies to be calculated recursively,
starting with the velocity of O,, the origin of body 1, the reference body. The fixed frame components of the
velocity of O, are {Rv'ol} ={s}.

Given the velocities of the origins of the bodies, the velocities of the mass centers of the bodies can be

calculated as follows.

R

Yo, = RYOK +(R@K X ’:K) (25)

Resolving the components of v, inthebody K, the above equation can be written in component form as follows.

UG =L R U0, [k i) (26)

Mass Center Partial Velocities

The partial velocities of the mass centers of the bodies can be written in terms of the partial velocities of the

origins of the bodies. To this end, rewrite Eq. (24) as follows.
{Vor =L OR I, f+ {30+ [0 Dt + i)
=[*w, ][ ", J ] m)[ %] [ Vo, )
([“”R e, (0 ( (s ) e, ]+ [ Vo, )]
[ *v, i)
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= (o J2CR o, (@ J+ L5 ) e T o @7

Here, [Rv’ok’y ]3 on is the partial velocity matrix of O, the origin of body K with components resolved in the

body J = £(K) frame, I:RV’OJ , y] s the partial velocity matrix of O, the origin of body J with components

3x6
resolved in the body £ (J ) frame, [Ra)j, J is the partial angular velocity matrix of body J with components

resolved in body J, and [" v'OK , y] is the partial velocity matrix of O relative to body J with components resolved

in the body J frame. The matrix [Jv'OK ’y] can be partitioned and defined as follows.

|:Jv’0,<,y :|3><6N - _|:JV’0K,)’1 ]3X3N |:Jv’01<,y2 :|3><3N:| - |:[O]3XSN [JV,OK’” :|3><3Ni| (28)

with )
o] | 002010 @)

In Eq. (29), [0] represents the 3x3 zero matrix, and [/] represents the 3x3 identity matrix.

Egs. (27)-(29) provide a means to recursively calculate the partial velocity matrices of the origins of the

bodies. Using this result, the partial velocity matrices of the mass centers of the bodies can be calculated as

follows. Returning to Eq. (26), write
(Vo =[ R (o )2 )
(R J{ Mo, ) -[7 ")
o (N R A P |
2", o)

=1 v =R ][, |17 @k, ] 31)

Here, |:RV’GK, y] is the partial velocity matrix of G, the mass center of body K with components resolved in the

(30)

body K frame. The matrix [JR K] converts the matrix |:RV'0K) y} into the body K frame.

Mass Center Accelerations

The accelerations of the mass centers of the bodies can be found by differentiating the velocities using the

derivative rule. That is,

R K
(v )= (e, )+ (P x e,

This result can be expressed in component form as follows.
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(all components in body K) (32)

= o Jh 6, [ L ] (e, )
Using Eq. (31), the time derivatives of the partial velocities of the mass centers can be written as follows.
(e J=L7Re ] Mo, [+ [ R o |-[7i][ "ok, ]

=R (o, o] LR o, - [ fo, ]

This result allows the time derivatives of the partial velocities of the mass centers of the bodies to be calculated

(33)

in terms of the time derivatives of the partial velocities of the origins of the bodies. Eq. (33) expresses the matrix
[Rv'GK , y] in body K components.

Using Eq. (27), the time derivatives of the partial velocities of the origins of the bodies can be calculated as

follows.

Voe |=[OR Vo, LR ] o [0, 1= (@ J+ S D) M ]+ 1 |
L o

or

O i I o R 0 I o 0 0 [

This result allows the time derivatives of the partial velocities of the origins of the bodies to be calculated in

terms of the #time derivatives of the partial velocities of the origins of the lower bodies. Eq. (34) expresses the

matrix [R\)'OK, y] in body J components.

Generalized Forces

Let the forces and torques acting on each body K of the system be replaced by an equivalent force system

consisting of a single force [, acting at the mass center G, and a single moment M . Then the generalized

forces for the system can be calculated as follows.

Y v D)
F = Fo._—7K M. - ~K 35
ZH oy H 5 JJ (35)
or, in component form, the column vector of generalized forces is
N T
LA [ KA RN A) 6o
K=1

Here, {F ’

K

} represents the body K components of the force-vector £, and {M,;} represents the body K

components of the moment-vector M, .
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Equations of Motion of the Unconstrained System

Assuming all “6N ” of the generalized speeds are independent, Kane’s equations of motion for the multibody

system can be written as

i[m,( a; - ]+ﬁ:[( ) (R@KngK)]%= F, (i=1,..,6N) 37)

K=1 K=1 ayi

Here, the generalized forces on the right side of the equation are the entries of the generalized force column vector

of Eq. (36). The terms on the left side of the equation can be written in component form as follows.

Lag, =t =, J03 Ve, Jod (@ ]
2. %, (fal ) ={ta ) =] R, )+ e, 1)

g(mK[RV’GKJ] { aGK}j:g(mK Rv’GKy [vaf?x,y]{y}
. g[ngGK a;;f] ” +g(MK:RV'GK’}':T[RVG"’}J{J;}) (38)
+g(m,< _RV'GK y:T [Rcb'K]{Rv’Gk }j
N PL
4 ;(gGK R~K) aiK -

S ([, T (1, e )= 30 e, T (20, ([ J 00} [k, J00) (39)

6.3 ("oxxty, )2 o [k, T [*a ][ 1, | L) (40)

- (41)

(mK[Rv;,{,ﬂm{ﬂvu)—i[ e 00)

K=1

The above result can be written in the final matrix form as follows.
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(4] =1/} (42)

Here, the coefficient matrix [A] is called the “generalized mass matrix”. Comparing Eqgs. (41) and (42) gives the

following.

)= me [ T [ T o T [, T, ) “)

(mK[ v'GK,y}T[%;J{Rvek})—i([%;,yf [, ][ ok, 100} *4)
‘ol )

Eq. (42) represents “6N ” first-order, ordinary differential equations for the “13N ” variables defined by the

system state vectors {x} and {y} of Eq. (1). To form a complete set of differential equations, Eq. (42) must be

supplemented with Eqs. (45) and (46) which are a set of “7N ” first-order, kinematical differential equations

which relate the generalized coordinates to the generalized speeds.

OB o o o o

Gl [B] o o (a0}
(iava =12],0, = Ed =2 o0 o [2] (o 1) =4[ET (@) @)
| 0] . . 0] {a;],v}
% B (O () B (N (0 R O e
and
Dby =10} (46)

The matrices [ H,’< ]T that appear on the diagonal of Eq. (45) can be found from Eq. (8).

Exs —Ex3 €k
&

[, ] =| & o0 T (k=1,..,N) (47)
€k K1 Ex4
_éKl & é‘m

~ A T
Note that [El; ]T is formed from [E,'{] (as defined by Eq. (8)) by removing its fourth column. This allows

the angular velocity vectors { } to be taken as 3x1 vectors and the system angular velocity vector { '} as a

3N x1 vector. Recall that, for convenience, the angular velocity vector of Eq. (8) was treated as a 4x1 vector
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whose last element was zero which made it easy to invert the equation and solve for the derivatives of the Euler
parameters.

Example Eight-Body System

As an example of how to create the kinematical
quantities required to generate the equations of motion
(42)-(44) of a multibody system, consider the eight-body
system shown in the diagram. The equations provided
above are used below to generate the angular velocities
and partial angular velocities of the bodies and their time
derivatives and the velocities and partial velocities of the
mass centers of the bodies and their time derivatives.

Eq. (11) states that the angular velocity of a body K

can be written in terms of the angular velocity of its

adjacent, lower body J.

{

R 1
a)K

J=["R {0 f +{d

'
K

|

Multibody System with Eight Bodies

(prime indicates body frame components)

This result allows the angular velocities to be calculated recursively, starting with the reference body of the

system.
{*o1}={a)} (components in body /)
{"o)} =['R, |{*@}}+{@,}|  (components in body 2)
{*o}} =R, |{"@,}+{@}}| (components in body 3)
("o} =["R,]{"@,}+{®,}| (components in body 4)
{*ot} =] 'R, ][{*@|}+{d}}|  (components in body 5)
{*o } =] 'R, ]{ "o} +{@;}|  (components in body 6)
{*o} =[ 'R, ]{"@}}+{@}}|  (components in body 7)
"oy} =] 'R, |{"@,}+{&}}| (components in body 8)

Eq. (14) states that the partial angular velocity of a body K can be written in terms of the partial angular

velocity of its adjacent, lower body J as follows.

K

R _1
K.,y

:|3><6N - I:JRK ] I: Rw’f,y :| + [aﬂ)’Ky

|

(prime indicates body frame components)

Applying this equation to the example eight-body system gives
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Although these results were generated using Eq. (14), they are the same as those found by simply differentiating
the expressions for the angular velocities.
Eq. (19) states that the time-derivative of the partial angular velocity of body K can be written in terms the

time-derivative of the partial angular velocity of its adjacent, lower body J as follows.

[0l Loy (R0, J+ [0 ][R]0 ]| [0 s =19]

Applying this equation to the example eight-body system gives the following.

I:Rd);’yl :|3><24 - [0]3><24
[Rd);y ]3 24 = R

&M, Je (o ][R )"l J=['o: ] 'R )", ]
101

=['&:][
[[I@SJT[IRS [0], [0],[0],[0],[0], 0], [0]}
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[ 'Rl ]
[3,]' [ 'R, ]- [0} 101,101, [0]. [0}, [01, 0]
+[7@,] [ "R ][[ 'R, ], 101, 0,101, [0}, [0}, [71,[0]

These results are the same as those found by simply differentiating the expressions for the partial angular

velocities.

Eq. (24) states that the velocity of the origin of body K can be written in terms of the velocity of the origin of

its adjacent, lower body J as follows.

(o, ) =[ R {0, } + {85} [, J{{aic) + s )]

Eq. (26) states that the velocity of the mass center of body K can be written in terms of the velocity of the origin

of the body as follows.

(9 =R o b+ o )
Applying these equations to the example eight-body system gives the following.

{vo ) =151}
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['R:]{"v0.}
R ([ s+
e =CRJe Lol
R ([R s+ [t {fanf+ (sl s+ o) + s <[Pt ]
(o} = (R0} (s} + [0 ]l {a )+ {se)) = [R.{1) + s} [ "l {{s) + (st}
(Vo) =[ R vo )+ [ "o ] =[R([R ]{s0) i) +[ " J{lae) + fs)}) o[ " )4
(Vo) =[RI{o )+ {36+t Y{{a) + o) = (R st} + (o) + [t ] + {543
(o) =[R{vo @ 00 =[ R ([ J{0) +{se) +[ 1 J{{ae) + i)+ 0 (i)
(o) =[R o |+ () + [t Y{{ar) + o) = (& (31 + (32) + [t e} + s )
(Vo = Ro |+ ) =['R J([R () +{s ) + [t J{lan) + s} + [ " ] )
(Vo =[ 'R J{ o s} +[ "o J{{an) + {si))
=['&J([&Jfsi}+ {31 s ) s+ J{{aa) +{s))
AR IR
]

Eqgs. (27)-(29) state that the partial velocity of the origin of body K can be written in terms of the partial

velocity of the origin of its adjacent, lower body J as
R e (A e 0 T e

The last term in this result, [JV'OK, y} , can be partitioned and defined as follows.

Here, [J Vo } the latter half of the partitioned form is defined as follows.
K072 _13x3N

|:JVIOK’y2 :|3><3N :{@""’@’Hj’@""’@}

K-1 K K+
Eq. (31) states that the partial velocity of the mass center of body K can be written in terms of the partial velocity
of the origin of body K.

(Voo J=[Re ) Vor, I-[F ) "k, ]
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Applying these equations to the example eight-body system gives the following results.
(o ], =] o J= |00 Vo, ], | = L1000 1100101 0L 0L 01, 0107
[RV’GW i|3><48 - [Rl J[RV,OW} B [F;][ Rw;’y]
= [[0],5,- R, ]-[01, 101, [01, [03, [0], [01, [0] | | [ 7 ], [01, [0], [01, [0, [0], [0], [OL,[0],.., |
[ Vous ] [RI Vo, =@ ][5 ) et ]+ o]
=[[0],.,,-[R].[01.[0]. [0]. [0]. [01. 0], [0] ]
-|([@]+[ 5 1)- 0. 101, [0}, [01, [01, [0], [0}, [0}, |
[[0]3 o [01.L71,01, [01, [0], [0], [0], [0] ]

R
=[1RJ[[0]3 o -[ R 1,101, [01, 01, [0], [01, [0], [0] ]

1 ([a.]+[5:]). 101, [01. [0, [0], [0], [01, [OL,[0],...

][[01,.,, -[01.L71.[01. [01.[0]. [0].[0]. [0] ]
~[#][['R. ] 111,101, [01, [0], [0], [0, [01,[0};.., |

7]+ (s ) ot [ Vo]

.[01. 01, [0]. [01. [0], [01.[0] ]
|([a:]+[5.])- 101, [0, [01, 03, 0], [0, [O,[0],.,, |
[ [0],..,,-[01,[71.[01, [01,[0], [0], [01,[0] |
g, J+[ 3 ])[[ 'R, ] 112,101,101, [0, [0, [0], [01, [0, |
+[[0],.,. -[01.[01,[71, [0], [0], 0], [0], [0] ]

[0
[] ZRa Rv'o ]—[%'][Rw;y]

'R, |[[0],.. -[R.]. [01. [01,[0], [0], [0], 0], [0]
-[*& 'R, ([@:]+[5:]). 101, 01, [0, [0], [0}, [0, [OL,[0],.., |
+[°R 'R, ([ 0]3 o [OL[I1,0 [0],[01,[0],[0],[0]}
([a ] )[ , ] 173,101, [0, [0], [01, [0], [01,[0]s.., |
[

1] [01, 0], [0}, 01, [0]
[*R. ], L71,101,10], [0}, [01, [OL,[0],.., |
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[%] [S

«24-[01,[01,[0],

01, [0], [0], [01,[01,[0]]

]) [0}, [01,[01, 0], [0}, [01,[01,.., |
1,171, [01,[0], [01, 0], [0 1,[01]

'R, ], 111,101, [01, [0}, [01,[0], [0L,[0],.,, |
[11,01,[01,[01, 0]

e ]m Moo |17
][0
[ (2]
[IR ][[0]3

3x24

el ]

J[R,].101,[0
5

[ ])-100

21 [0LL

], 101, [0], [01, [0], [0]]
(01, [0], 01, (01, [0}[0],.»,
01, [01, [01, 01, 0}, [0]]

1,
[

[[]1

1,101, [0, [01, [0, .,

0], [0]. [01.0],,,, ]

R_ v
va

]3 " =[R] Rv'oly} ([% )[ a)ly] ["0 )]
=[&][[0],.,, -L71.[01.[01.[0].[01.[0].[01.[0] |
~([@]+[5 ])[[ 101, [01, [01, [01, [0], [0], [01,[0],.,,]

+[[0],,,,-[01:[01.00L[0.71, [0 [01.[0]

R_v

[v

Gs,y

b =[RVa ]- [r][ o, |

=[ 'R JR][[0L..
~[R]([@:]+ [ ]

11,[01,[01,[01,[01,[01,[01,[0] ]
1,01, 01,01, [01,[01,[0],..,]

+['R][[0], ., [01 0L (0L [0} 71, [0 0}, [0]
~[#][[ "R, 01,01, 01, L1, [01, (0], [OL,[01,.., |

[vaos,yl 48 Z[RIJ[RV,O J [% [S6 )[Ra)l ] [ V'O y]

=R ]L[0],...-L11
~([a )+l ])[[11

+[[0];.54,[01,[0],[0]

][][0][0][0][][]]

01.[0].[0]. [0]. [0]. [01.[0]..,]
[01.[01.[Z1.01. 0]
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[ Voo Ly =L 'R Vo ][R ", ]
=[ 'R, |[ R, ][[0],,,-[71.[01.[01.[0].[0],[01.[0].[0] ]
~[ 'R, J([ @ ]+[ 3, ])[tr1. 101, [01, [01, [0], [0], [0, [0],[0]..,]
+[ 'R, J[[01;.,,-[01.[01,[01.[01.[01,/1.[01.[0]]
[ ][[IR] 101, [0, 171, [0, [01,01.., |
[ Voo L =[RL vol,y]—([q7]+[s7])[ o, J+[ Vo, ]
=[ R, ][[0],,,,.L71.[01.[0],[01.[0],[01.[0].[0] |
~([, ]+[3: ])[t1. 01, {01, [0, [01, [0}, [0], [0, 01, ]
+[[0];.,-[01,[01.[01,[01.[0].[01, [ 1. [0]]
[ Voo L =R Vo0 ]- 7] @, ]
=['R, ][ &,][[0],,,, .L71.[01.[0].[01.[0].[0].[01.[0] |
~['R, |([&;]+[%])[11.[01, [0]. [01,[0], [0]. [0], [01,[0],.,, ]
It 1l

+[ 'R }0]324[][ 01,[01,[01,[01,L71,[0]]
~[#1[[*#,]. L0}, [0}. [0}, [0}, [01, 11, 01,0}, ]
[ Vou Lo =L'R ][0, )= [qg [5:] )[ o5, ]+ Vo, ]

=['R, ][R 1][ [01,[01,[01.[01,[0].[0]]
-['&, ([, ]+ ) ,[0]. [01, [01, [0], [0], [0], [01,[0],,.. ]
+[ 'R, ][[0];,04-[01,[01,[0].[01.[0.[0]. 1. [0]]
~([@]+[5 D[ 'R, ] 101,101, [01, [O1, [01, L71, [0, [0}, ]
+[[0],.,,-[01,[01,[01,[01,[0],[01,[01,[/]]

0L,
[
[ Voo L =URL Vo J- R ", ]
=["R][ 'R, |[R][[0],.,, [71.[0],[01,[01,[01,[0],[01,[0]]
~["R]['®, ]([2:]+[5])[(£1. [0]. [01,[0], [0]. [0], [0], [01.[0];.,, ]
+[ 7R, |[ 'R, ][[01,.,,.[01.[01,[01,[01,[01.[01.[Z1,[0]]
~[7&J([@]+[5])[[ '&, ][0}, [0, [01, 01, [0, [11, [0, 0], |
+[ "R, |[[0];..[01.[0].[01,[01.[01.[01,[0].[1]]
~[#[[ "R ][ 'R, ] [01, 01,101, [01, [0L, "R, ], [1,[0];.., |

Finally, Eqgs. (33) and (34) state the time derivative of the partial velocity of the mass center of body K can

be written in terms of the time derivative of the partial velocity of the origin of body K, and that the time derivative
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of the partial velocity of the origin of body K can be written in terms of the time derivative of the partial velocity

of the origin of its adjacent, lower body.
[R‘}'GK,Y] - [JRK][R%KJ]-'_[J@K} [JR ][ VOKJ] [FIQ][R(%J]

(oo, J=L R o, Je [ Ve ] LR [, ][5 ) e,
—([qK] [K])[Rd);,y]

Applying these equations to the example eight-body system gives the following results.

:R"}'Ol . :| = [[0]3><24 ,[0]3><24]

i | =[ @1 ] [R[[0],.00 L/ L01, 01101, (01,0 [0L,[0]

“@, | [ R, J[[0],.0,-L11L0.[0110], 0L, [01,[0},[0]
¥, ][111.[01, [01. [01, 0], [01,[0], [01,[0],,.,]

[ = IRJ[%;]T[RJ[[OL . [T1[OL[0L,[0L,[0L,[0L,[0L,[0]
2}[[1] [0].[0]. [0]. [0].[01. [0]. [0].[0],.,.]

'R, |[[0],, 24,[ .J. [01. [01.[01.[0]. [0]. [0]. [0]]
([ ]+[5.]). 101, [0 [01, [0}, [01, [01, [01, 0], |
[[0],.,. [01.L71. 0. [0]. [0]. [0]. [0]. [0]]
[‘Rz],[0],[01,[0],[0],[0],[0],[0],[0]3X24}

I

2 J[[0];.14 -[01.L71, [0], 0], [0], [0], [0], [0] ]
['R, ], 11,101, [0}, [0}, [0]. [0]. [01,[0},., ]
[0 ])[['@ ] ['R.]. 01, [0, (0], [01,10), 01, [0} {0}, |
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([2.]+[5.]). [01. 01, [0}, [01, [0], [0], [OL[0],.,, |
[0],.,.,.[01.[71. [01. [0]. [0}, [0], [O], [0]]
.[11.10]. [0]. [0 [0]. [0]. [OL,[0]s.,, |

[, ] ['R. ][00, 101, [0, [01, [0, [0}, [OL,[0T,.., |
[0],. 24[ ], 01, {01, {01, [01, [01, [01, [07
([@ 2]) (0], [01, [0}, [0], 01, [0}, [01,[0}.,

[
)
[[0]....[J. 01, 01 [01 [01 [0, 01, 07
[

KA [[0]3 ,+-[OL[71,[01. [0}, 01, [0]. [0}, 0]]
Lo ] =7 [ ])[[‘Rz] (71,101, [0}, [0}, [01[],[01,[013x24]
+{ 3]

[, 1= [ 'R [ @] [R][[0],.,, .[71.001.[01,[01.[0].[0].[01,[0]]
(3 ][71. 101, [01, [01. [01. [0].[0], [01.[0],..,]

: [0]3 " [R ].[01, [0], [01, 01, [0], [0], [0] ]
(5, ])- 101, 01, [01, [01, [0], [0], [0L,[0]...
[0]3 ,.-[01.[71,[0], [0, [0], [0], [0],[0]]
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Voo | =R 'R @1 ] [R ][[0]3 o L11,[01,[01,[01,[01,[01,[01, 0]
'R, |[ 5, [L71. 101, [01, [01, [0], [0], [0]. [0].[0]s.», ]

][R ][[0]“4 [R].101.[01.[01. [0].[0], [0]. [0]]
%] ('] ([@]+[5.]). (01,101, [01, [0}, [01. [0, [0, 0], |
['&,][[0],.,,-[01.L71, [0}, [0 ],[01,[0],[0],[0]]
[‘RJ (71,101, [01, [0], [0], [0, [01,[0};.., |

)[ [][][0][01[][][]324}
&, [ 2][[0]3 s R] 1, [01, 101, [0], [0], 0], [0]

R['R]|([2:]+ [ , ) 103, 01, [01, 0], [01,[01, [0}, [0}, |

R, [ 'R. ][[0],..,[01.L71. [01, [0], [0][][],[0]]
([q4 [5:]) [[ ] 0],[01,[01,[013@4]

RV”GS,J= R 5][ ] [, ][[ ], L71.101.[0.[01,[01.[0]. 0L, [0]]
R, [ % ][121.101.[01.[01.[0]. [0], [0], [01.[0],,,]
5% ['R ] 1[[0],.,. -L1.[01,[01,[0].[01,[01.[01.[0] |
5 | [ 'R ]([a:]+[5:])[L71.[01. [0, [01. 01, [0], [0]. [0].[0],,,]
5 | [ 'R, [[0],.,,.[01,[01.[0.[0}.[1,[01,[0].[0]]
() (@] ['R:]- 101,100, [03, 01, [03, 01, 0L 0. |
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[ R, ][[0],.,, -[71.[01.[0],[0].[0,[0].[01.[0] |
[ 5% ][[£1. [01. 0101, [0]. [0]. [0], [0].[0],,,, ]
'R [R ][[0]324 [01,[01,[01. [01,[0},[0].[0]]

[ [[0],.., L7LIOL[0}[0,{01, 0L [0}, [0]]
~[3][171, 101, (01, [0], [0}, [0}, [0, [01{0] ]

—
>
<
S
~
L
Il
e
oK
S
—
—
=~
L

[, ]=['R, ][ "] [ R, ([0, ., [LIOLI0110110%{01, [0 [0]]
~['®, ][ %, ][t71.101.[01.[01. [0]. [0], [0, [01,[0]..,]
:|T

['R, )[R J[[0],.., L71.[01.[01. 01.[0}.[0L,[0]. 0]]
['&,]([ ]+ [s7])[[,] [0], [0], [01, [0], [01, [0}, [0,[0];.5, ]
[ 'R, ][[03;.5,-[01,[01,[01,[01,[0,[01,[/1,[0]]

"['R; J-101,101, 01, [03.[01, 01, [01[0},., |

=
| —
—
—
(=]
—
w

S

-JB

—
(=
—
—
S
—
(=
—
—
(=]
—
r—|
l_l
—
(=]
—
r—|
I_l
r—|
l_l
[S—
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[[0]3 o -[T1[01,[01,[01,[0], 0], 01, 0] ]

01,01, [0], [0], [0], [0], [01,[0];..,]

R, [0, ., L1 0L 0L[0], [0],[0],[0],[0]]

(2 ]+[5: ])[ 1. [0], [0][][],[01,[013@4]

I_Il_ll_l

]+ [ , ])[171,101, 01, [0], [01, [03, [0], [01,[0].,,]
[[07;,5,.-[01.[01.[0.[01.[01.[0]. [ /1. [0]]
'®([4 +[§;])[[ R, 101,01, [01. [01.[0]. [7]. [01,[0].,, |
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