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Introduction

This unit is a continuation of Unit 2 which covers matrix-based calculations of angular velocity vectors and
partial angular velocity matrices. As in Unit 2, calculations are completed using both absolute and relative
coordinates, vector components are resolved in both fixed and body (rotating) firames, and both angle derivatives

and angular velocity components are used as generalized speeds.

Angular Acceleration Using Absolute Coordinates
Angular Acceleration using Angle Derivatives as Generalized Speeds and a 1-2-3 Rotation Sequence

As calculated in Unit 2 using absolute coordinates, the fixed frame and body frame components of ch 5 the

angular velocity of body B in a multibody system can be written in matrix form as follows.

Wp) 10 Sp2 5

{wg} 2 wp, p=|0 Cy =S5 Chs, 0, 1 2 [Ra’g,ég } {éB} (fixed frame components) (1)
wgs) |0 Sp CyChy 933
| [ CpaCps Spy 0 931

{opt 2@, t=|—CpySps Cpy 010, = [RCO;, ‘, } {93} (body frame components) )
Wps) | Sp 0 1 933

Consequently, the fixed frame and body frame components of Rq 5 the angular acceleration of the body B can

be written in the following matrix forms. Recall that the angular velocity vector can be differentiated in either

the fixed frame or the body frame to find the angular acceleration.

Xp W
Oy, 1 =1Wpy ¢ = [RC"B,QB } {93 } + [Ra')B,éﬁ } {6’3 } (fixed frame components) 3)
Xp3 W3
ap Wpy
Opy p =@y ¢ = [Ra’;, 6, } { G, } + [Ra');, 5, } { 0, } (body frame components) 4)
Ap; @ps

The time derivatives of the partial angular velocity matrices are found by differentiating the elements of the

matrices to get the following.

0 0 Cy,0p,
|:Rd)B ) } =0 =Sg 931 (SBISB2932 - CB1C32931) (fixed frame components) (5)
0 Cy by _(Sglcszém +CpiSp20p )
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_(S32CB3932+CBZSB3933) CB3‘933 0

} = (SBZS339BZ - C32CB3933) _533933 0
C20p, 0 0

[Ra'); p (body frame components)

(6)

Angular Acceleration using Angular Velocity Components as Generalized Speeds

If the angular velocity components are used as generalized speeds, the angular accelerations are much
simpler. Recalling that the partial velocity matrices associated with the angular velocity components are 3x3
identity matrices, and that the angular velocity can be differentiated in either the fixed frame or the body frame,

gives the following.

Ap
gyt = [a)B,wB ]{a')B} + [@B,% ] {wy}) = [CUB,% ] {wg} ={@y}| (fixed frame components) (7)
%f—/
Op3 3x3 identity
matrix
ap
Apy ¢ = [a)é’wé ]{a)g} + [d’é,w; ]{a);} = [a);,wé ] {@p} ={a}}| (body frame components) (8)
! —
Op3 3x3 identity
matrix

Angular Acceleration Using Relative Coordinates

Time Derivative of Relative Transformation Matrices

Consider two bodies of a multibody system. The unit vector set A

=

K:( 131,132,133) is fixed in body K, and the set J:(g1,§2,§3) is fixed in

body J. Both bodies are moving in a fixed frame R:(N,,N,,N;).If r is

K
a vector fixed in the body K, then, using the summation rule for angular 1& [
velocities, the time derivative of r can be written as J >
=2
ﬁ:;}:Ra) xrz(Ra) +’w )xr:(Ra) xr)+(Ja) xr) ) )
-7 Yl DT Ok )X OO Rats D XL

When performing the cross products, the individual vectors and the resulting cross products can be expressed

in any reference frame. Two cases are considered below — 1) components of J(g ¢ 1n body J (Case 1), and
2) components of J(g x Inbody K (Case 2). Components of vectors in body K have been annotated with a prime

(i.e., “" ). The transformation matrices associated with the two bodies ([R J] , [Ry ], and [JRK ] ) are defined by

the following equations.
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9! N, n N, n ¢

ey =[R,]3 N, ny 0 =[Re ] Vs Uy =[JRK:| €2

;3 ~3 UE] ~3 UE! ¢
Case 1:

Let 7, "®,, and "o, be expressed in R:(N,,N,,N;), "y be expressed in J:(g1,§2,§3), and r be
expressed in K :( n, 132,133) . The fixed frame components of r and 7 can then be written as follows. Note that

because r is fixed in body K, its components {r’} in that frame are constant.

=R Y | =[ R ] () (10)

Using the fixed frame components of "o, and @, and the body J (base frame) components of '@, , the fixed

frame components of the cross products in Equation (9) can be written as follows.

foexr - [QN)K][RK]T {’”I} RQ)JX’S - [CDJ][RK]T{”I} (11)

Togxr - [RJ]T[J@K}[JRK]T {’”1} (12)

Substituting from Equations (10) through (12) into Equation (9) gives
> T, ~ ' ~ ' ~ r '
(R ] {ry=[ac]lRe] {ry =[][R] () + R [ | Re ] 1)
The coefficient matrices of {r’} on each side of the equation must be the same, so
~ ~ . T
[ ][ Re ]T =[@, ][R« ]T +[R, ]T [J“’K][JRK]
= ([@K]_[&’J])[RK ]T = [RJ]T [J‘?)K][JRK]
Taking the transpose of both sides of this result gives
N N T
[RK]([wK]T_[wJ]T)z[JRK][JwK] [R,] (13)

Case 2:

T

Let 7, R@J, and @, be expressed in R:(N,,N,,N5), and let ‘@, and r be expressed in K:(@l,igz,1~13).

As in Case 1, the fixed frame components of » and 7 can be written as follows.

=R =[ R ] ()

Using the fixed frame components of ", and “w, and the body K components of ', , the fixed frame

components of the cross products in Equation (9) can be written as follows.
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‘ocxr o [adR] () "exr o [@]R )] Tecxe >[R[ Yag i)

Substituting these results into Equation (9) and comparing the coefficient matrices of {r’} on each side of the

equation gives the following.
[@K][RK ]T - [@J][RK ]T + [RK ]T [J‘bk] = ([@K ] _[@J ])[RK ]T - [RK ]T [J“}}J
Taking the transpose of both sides of this result gives
~ ~ ~ T
[Rel(lac] ~[@])=[ak | [R] (14)

The results in Equations (13) and (14) can be used to determine two different forms of the time derivative of

the relative transformation matrix [JRK] depending on which reference frame is used to express the relative
angular velocity vector ch x - First, recall from Unit 1 of this volume that [" RK} can be written as follows.
J T
[ RK} = [RK][RJ]

So, the time derivative of [JRK] can be calculated in terms of the derivatives of [Ry | and [R, ]T which were

calculated in Unit 1.

Using this approach, [JR K] can be calculated as follows.

d d . ar
R ] =g L R = (RIRT ) =R R T + TR R, ]
=[Re )@ ] [RJ]T +[RK][5’J][RJ]
The skew-symmetric matrix, [&,]=~[@, ], so the above equation can be rewritten as follows.
- [JRK]:[RK]([CZ)K]T—[@J]T)[RJ]T (15)
Now, substituting from Equation (13) into Equation (15) gives

R ]=[R([a] 1o ] )IRT =["Re ["ac ] [RIRT

identity matrix

= [J R } [ R ][ K}T (components of J@K are resolved in body J) (16)

And, substituting from Equation (14) into Equation (15) gives
k=[] ([ox] (o, T (&, T =["a: ] [re (2]

= [JRK] = [Jcb}( ]T [JRK] (components of @, are resolved in body K) (17)
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In Equation (16), the matrix [Jcb K} is constructed using the body J components of the relative angular velocity
vector @ (Written here as d, (i = 1,2,3)) , and in Equation (17) the matrix [Jc?)’K] is constructed using the

body K components of @ (Wn’tten here as @, (i = 1,2,3)) . That is,

A~ ay ~t ~r
0 ~Wg3  Wg; 0 —Wg3 Wk
Vac]=| o 0 - | and |[ap|=| &y 0 - (18)
~ ~ At Ar
—Wgy Wy 0 —Wg, Oy 0
Body J Components Body K Components

Note:
The results presented in Equations (16) and (17) for the time derivatives of relative transformation matrices

are identical to those found for transformation matrices between moving bodies and a fixed frame as

presented in Unit 1 of this volume.

Angular Acceleration using Angle Derivatives as Generalized Speeds and a 1-2-3 Rotation Sequence

Consider again the two-body system. As before, the orientation of N, \
body J is measured relative to the fixed frame R and the orientation of
body K is measured relative to body J. The orientations are described by %
1-2-3 orientation angle sequences. The next two sections cover &
calculation of the angular accelerations of the bodies using fixed frame 1&. X,
and body frame components. Nz\
Fixed Frame Components: I

As noted in Unit 2, the fixed frame components of the angular velocity of the body J can be written in terms

of a set of orientation angles as follows.

>

10 S, 1|0n] JO 0 0]]%%
{a)J}z 0 C; =5,Cp QJZ +0 0 06k,
0 S) CuChnllbys) [0 0 0f|4

1>

:ij,@]{ej}{%]’ék}{éK}

Using these results, the fixed frame components of the angular accelerations of the body J can be written as

follows.

{aJ}z{a')J}z[Ra) -]{éJ}+[Rcb -]{6"]} (fixed frame components) (19)

J.0,

Here,
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1 0 S/, 0 0 C26)

) d . . )
|:Ra)J,é,:|:E 0 Cy =5,Cp|(=|0 =S5,0, (SJISJ26J2_CJ1CJ26J1) (20)

0 s, C,C ; j j
J1 J1~J2 O CJ19J1 _(SJ1CJ29J1+CJ1SJ20J2)

Using the summation rule for angular velocities, ch x the angular velocity of body K in R can be written

in terms of ch , the angular velocity of body J in R as follows.

R

Dy = RCL’J + J@K 2 RQ’J +@g (21)

Using fixed frame components for R(g x » the fixed frame components for ch ;> and the body J (base frame)

components for ch x » Equation (21) can be written in the following component form.

{og } =‘{“’J}+[RJ]T{&’K} (22)

The fixed frame components of "« x the angular acceleration of body K can be found by differentiating

Equation (22) as follows.
lag)={ax}= {@J}+[RJ]T {é)K}+[RJ] {O }

= {O‘K}:{O‘J}JF[RJ]T {Cé’K}+[(Z’J][RJ]T {0 (23)

T

This equation can be used to calculate {a K} the fixed frame components of the angular acceleration of body
K using the results for {a J} the fixed frame components of the angular acceleration of body J .

The time derivatives of the body J frame components of “@, = @, can be calculated as follows.

I 0 So |
{d)K}: 0 Cxi —SxiCxr {QK} (24)
0 Sy CixiCia
1 0 S,
{d }:i 0 C., —S.C., |16
K= K1 x1bx2 |1k
0 Sy CxCry
1 0 Sko ) 0 0‘ ?KZQKZ . '
= {C‘A’K}: 0 Cxi —S¢Cx, {eK}Jr 0 =80k —CxiCxr0x1 +Sx1Sk20k {K} (25)
0 SK] CK]CKZ 0 CKléKl _SKICKZéKl_CKlSKZéKZ
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Substituting from Equations (24) and (25) into Equation (23) gives an expression for the fixed frame components

of “a ¢ the angular acceleration of body K in terms of Ra ; the angular acceleration of body J .

Contrast this approach to differentiating the expression for “@ ¢ 1n terms of the partial angular velocity

matrices. In that case, write

() =farch={[*o0 )10} +] "o, 4 [[6c))
= {ag )= [Ra)K,gj}{6’:,}+[R@K,é/}{éj}+[Ra)K,éK }{6},{} +[R@K,ék }{é,{} (26)

Here, using the results from Unit 2, the partial angular velocity matrices are as follows.

1 0 S, 1 0 Ska
T
[Ra’g,gj } =10 Cpn =5,Cp [RC"K’H*K } = [RJ] 0 Cxi —SkiCks (27)
0 Sy CnCr 0 Sk Cxi1Cxa

Differentiating these expressions gives the following.

1 0 sz 0 0 C"J29J2 ‘

) d R
[RG)K,Q,J:E 0 Cp =8,Cp|=|0 =S5,0, —C;Cp0,+S5,5,,0, (28)
0 S8, C,C)h

0 CJ19J1 - SJ1CJ2‘9J1 - CJISJ29J2

o Sk2 7 I 0 Sk,
. . ar ;
[Ra)K,éJ:[RJ:I 0 Cyxi —SiCxa |[+[R/] o 0 Cx —SkCk,

0 SKI CKICKZ SKI CK1CK2
5 29
1 0 SK2 0 0 . .CKZHKZ . ( )
~ T T A A A
= [a)J][RJ] 0 CKI _SKICK2 +[RJ] 0 _SK19K1 (SKISK29K2 - CK1CK20K1)
0 SKI CKICKZ A A A
0 CK19K1 _(SKICKZ 9K1 + CKISKZ 01(2)

Substituting details into Equations (23) and (26), gives the same results for {a K} as shown below in Equation

(30).
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1 0 S, 0 0
T ~ A
+ [RJ 0 Cxi —SkiCx, {GK} +|0 =Sk 6k
0

Ski CxiCxor 0 CKléKl
10 S
3 T 5
+[a)J:H:RJ:| 0 Cxi —SxiCxsr 91(}
0 Sy CyCi,

¢,

20J2

(SJISJzéJZ_CJICJZéJl) {GJ}
_(SJICJ29J1 + CJISJ29J2)

CK20K2

—Ci1Cirbk1 + Sx1Sk 20k {QK}

K1
- SKl

K
CK20K1 - CK1S1<291<2

Body Frame Components:

(30)

As noted in Unit 2, the body frame components of the angular velocity of the body J can be written in terms

of a set of 1-2-3 orientation angles as follows.

[ C,Chy S,y 01[6,] [0 0 0] %k
{a)}}: —CpS; €y 0 QJ2 +/0 0 046k,
S, 0 11|60y 0 00 ém
A_R ' . R A
:_ a)J’éJ:|{0J}+|: wJ,éK:|{9K}

(body J components)

The body J components of the angular acceleration of body J can be found by differentiating this result to

give the following.
ZINEA
=[Rw;’9j }{@}{R@A{Q}

(body frame components)

Here,
C,Ch S, 0 _(SJ2CJ39J2 +CJ2SJ39J3) Cpby; 0
[Rd);,é, } = dr —CpSys Cpy 0= 8),85,30,,— CchJ39J3 —8,30,5 0
S, 0 1 C,,0,, 0 0

(€1Y

(32)

Using body K frame components for R@K, body K frame components for JQ)K, and body J frame

components for “@ s, Equation (21) can be written in the following component form.

(o} =] "R J{w) ) +{o) )
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The body frame components of ch x the angular acceleration of body K can be found by differentiating

Equation (33) as follows.
(i) ={ag ) =] "R [{@) )+ TR )y )+ {g )
{ak} :[ RK]{‘Z}}"'[J@(JT [JRK]{Q)}}"'{‘%}

This equation can be used to calculate {a}(} the body frame components of the angular acceleration of body

= (34)

K using the results for {a'J} the body frame components of the angular acceleration of body J .

The time derivatives of the body K frame components of ' P =30, x can be calculated as follows.

. J CirCxs Sgs O .
{@K}ZE _CK2SK3 CK3 0 {HK}
S, 0 1
_(SKZCK3 Oxs +CiSks 91<3) Ci3bks 0
' CiaCxs Sgs O . . . . .
{é)k}: —CirSk; Cy; O {‘91(}+ SkaSk30k2 = CiyCr3 ks Sk30ks 0 K} (35)
Sk 0 1 Cer0c, 0 0

Contrast this approach to differentiating the expression for “@ ¢ 1n terms of the partial angular velocity

matrices. In that case, write

- 0
CCp S5 0 ?Jl Cx2Cks Sk 0 AKI
{0k} = [JRK] —C)5S;3 Cp3 0 QJz +| =CxrSks Cis 016k,
S, 0 1]6, Sy 0 1 é (body K components)
K3

£l , ]{@}{Ra’}(,@ }{éK}

Using these results, the body frame components of the angular accelerations of the bodies can be calculated as

follows.
CARITS ” |
[Rw;{’él}{éj}{’?m;ﬂék J{é,(}+[Rco;(’a/]{9,}+[Rcb;<’éKJ{ AK}

(36)

Here,
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A A

_(SKZCK36K2+CK2SK36K3) Ci3bk; O
CxaCxs Sz 0

) d A A A
[RCOK,H} } T ar ~Cx2Sks Cxs 0= SkaSkaby —CiaCrsbs  —Sk3bks 0 (37)
o2 01 Ci26k> 0 0

CJZCJ3 SJ3 0

- e )L ] s € 0o ]

S, 0 1
Or,
C,C,hs S5 0 _(SJ2CJ3 0, +C12Sys 9]3) Cpby; 0
.y ~ 7 . . .
[RQ)K,QJ}:[J@K} |:JRK:| _CJZSJ3 CJ3 0 +[JRK:| SJZSJ3HJ2 _CJ2CJ30J3 _SJ39J3 0 (38)
Sy2 0 1 Cra0 0 0

Substituting details into Equations (34) and (36), gives the same results for {a}(} as shown below in Equation

(39) below.
[ C,,C,y S, 0 _(szcj3 0, +C128,36) ) Cp3by; 0
{0‘}< } = [JRK ] _CJZSJ3 CJ3 0 {QJ} + |:JRK ] SJZSJ3 9J2 - CJZCJS 9J3 - SJ39J3 0 {HJ}
S, 0 1 C,,6,, 0 0
7 CrCrs S5 0 ‘
J{J&)I’(_ [JRKJ €S, €3 0 {HJ} (39)

S, 0 1

A A

- SK2CK30K2+CK2SK39K3) CK30K3 0
CKZCKS SK3 0

+| =CxSks Cgs 0 {HK}"‘ Sk2Sk30ks = CxyCr3 ks —Sk3bk; O { K}
Sk 0 1 Cer0cs 0 0
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Angular Acceleration using Angular Velocity Components as Generalized Speeds

Consider again the two-body system. As before, the orientation of v,
body J is measured relative to the fixed frame R and the orientation of
body K is measured relative to body J. As noted in the previous section, %
the fixed frame components and body frame components of ch x the P K
angular acceleration of body K can be written in terms of the fixed - Sgf .

l
(3]

frame and body frame components of “¢ , the angular acceleration of

body J as follows.
{ag} :{aJ}+[RJ]T {QA)K}"'[C‘N)J][RJ]T {0 | (40)
{aich=["Re J{es ) +[ "y ] [V Re e} + {aog ) (1)

Since the orientation of body J is measured relative to the fixed frame, the fixed frame and body frame

R .
components of "« ; are simply

la,}={a,}] [{a)}=1a)}

Example 1

|
The system shown consists of two connected bodies — the Y%T

vertical frame F and the disk D. Frame F rotates at a rate of |

$=Q (rad/s) about the fixed vertical direction (annotated by the

unit vector k). Disk D is affixed to and rotates relative to /" at a rate 0
of 0= w (rad/s) about the horizontal arm of F (direction annotated of
by the rotating unit vector e, ).
Reference frames: (all frames align when ¢ =60=0)
R:(i, j, k) (fixed frame) é_l?rame’ F

F:(e, e, k) (rotating with frame F)
D:(n,,e,,n;) (rotating with disk D)

In Example 1 of Unit 2, the following results were calculated. The fixed frame and body frame components of

the angular velocity of D in the fixed frame R can be written as follows.

0 -S,
{a)D} =0 C, {Z} = [Ra)D,ﬁ}{ﬂ'} (fixed frame components) (42)
1 0
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~S,6| [-S, ©
{op}={ 0 t=| 0 1 {¢} = [Ra)bﬁ}{ﬂ'} (body frame components) (43)
C,p c, 0

Find {a D} the fixed frame components and {a'D} the disk frame components of the angular acceleration of

D relative to R. Use {3} as the column matrix of angles ¢ and 6.

Solution:
Differentiating Equations (42) and (43), the fixed frame and body frame components of the angular
acceleration of D in the fixed frame R can be calculated as follows.

{%}={@D}=[ng,g}{ﬁ}+[R@D,g]{ﬁ} with [R@D,ﬁjz—o C, |=|0 -S,4
o] o o

-s, 0] [-c,6 0:
{ap}={an}=[ e}, |{B)+] “ap 5 |{B)] with [R@b,ﬁ]:i 0 1|=| 0 o
C, 0] [-S,0 0]

Note that the angular velocity vector can be differentiated in either the fixed frame or the body frame to find the

angular acceleration.

Example 2

The orientation of an aircraft 4 can be defined

using a 3-2-1 body fixed rotation sequence. As before,

the body axes 4: (x ps Vo Z b) are initially aligned with

the fixed frame axes R:(X,Y,Z). It is common to

refer to these angles as i/, 0, and ¢. For small angles

2 13

they are equivalent to the “yaw”, “pitch”, and “roll”

angles of the aircraft. Complete the following

expressing all results in matrix form. Use {3} as the

column matrix of angles y, @, and ¢. In Example 2 of Unit 2, the fixed frame and body frame components of

the angular velocity of A relative to the fixed frame R were written as follows.

=8,0+C,Cp4| [0 =S, C,C)l[v |
{C"A} =4 C, 0+ chg¢ =0 v S,C 0 2 [Ra)A,ﬂ} {ﬂ} (fixed frame components)  (44)
V' —Sy9 1o =S, |4
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- 9W+¢ —Sy 0 1|y
{0} = C9S¢W+C¢Q =1CyS, C, 0 49 é[Ra);,ﬂ}{ﬂ} (body frame components) (45)

Using these results, find {a A} the fixed frame components and {a'A} the body frame components of the angular
acceleration of A relative to the fixed frame R.
Solution:

Differentiating Equations (44) and (45), the fixed frame and body frame components of the angular

acceleration of 4 in R can be calculated as follows.

{aA} = {a')A} :[Ra)A’ﬁ,}{ﬁ} +[R0)A’ﬁ}{,6"} (fixed frame components)

The time derivative of the partial angular velocity matrix can be calculated as follows.

o8 qe [0 G ~(8,Co¥+C, 5, 6)
[fo,,]=50 €, 8,C0|=|0 =S¥ C,Cu-S5,5,0

dt .
1 0 -S,| |0 o -C,0

and

o=} = [ Ra’;,/; } {ﬂ} + [ Rd);l,/;] {,5’} (body frame components)

The time derivative of the partial angular velocity matrix can be calculated as follows.

. -S, 0 1 -C,0 0 0
% . . .
A ﬁ}:E CyS, Cp 0|=| =8,8,0+CyCsdp —~S;é 0

CoCy =Sy O] | ~(5,C,0+C,S,8) —Coé 0
Example 3

The figure shows an eight-body system numbered
using the numbering scheme presented in Unit 1. Body
1 is the system reference body, and the rest of the bodies
are numbered in ascending progression outward along
the branches. As structured, the lower-numbered body
array for the system is as follows.

£(1,...,8)=(0,1,2,2,1,1,1,7)

The orientation of body 1 is defined relative to the fixed

frame R: (zy NN 3) , and the orientations of all the

other bodies are defined relative to their adjacent, lower-

Ry Ny )
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numbered bodies. Using relative angular velocity components as generalized speeds, Example 3 of Unit 2
showed the fixed frame components of the angular velocities for all the bodies in the system could be written as
follows.

{0} 0 = "ok ], 10| (K=1.8) (46)

The system angular velocity matrix and the partial angular velocity matrices for all the bodies are as follows.

(O =[(0), (), (&), (@), (@), (@), - (o), (&), (a0),]

k=1 -»[[Z1 [0] [0] [0] [0] [0] [0] [0]
k=2 »|[I1 [R]" [0] [0] [0] [0]
k=3 »|] [R]" [R] [0] [0] [0O]

k=4 5|1 [RT [0] [R]" [0] [0] [0] [0] @)
k=5 |11 [0] [0] [0] [RT [0] [0] [0]
k=6 »[[11 [0 [0] [0] [0] [RI [0] [0]
k=7 »|1 [0] [0] [0] [0] [0] [R]" [O]
k=8 »[[I1 [0] [0] [0] [0] [0] [R] [R,]"]

Calculate {a K} (K = 1,...,8) the fixed frame components of the angular accelerations of all the bodies using

two approaches. In the first approach, use Equation (40) relating the angular acceleration of a body to the angular
acceleration of its lower-numbered body. In the second approach, differentiate Equation (46).
Solution:
Approach #1:

Equation (40) above (repeated in Equation (48) below) provides a means of calculating the fixed frame
components of the angular acceleration of each body K in the system using the fixed frame components of the

angular acceleration of its lower numbered body J .

{aK}:{aJ}+[RJ]T {QA)K}‘F[C‘N’J][RJ]T {og] (J=2(K)) (48)

Body 1: {al}z{a')l}z

1]
Body 2: {az} :{a1}+[R1T {cf)z}+[a~)l}[Rl]T {aﬁz}

Body 3: {a3} ={a2}+[R2
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[
Body 4: {a4} :{a2}+[R2
[

Body 5: {065} ={0!1}+[R1] {‘?’5}7{ ~1][R1]T{ -

Body 6: {a6}={al}+

Body 7: {a7}={a1}+ RJT{5)7}+ ~1][R

Body 8: {ag} ={a7}+

Approach #2:

The fixed frame components of the angular accelerations of the bodies can also be found by differentiating

Equation (46).

{aK} - {a)K}le - [RwK,wLX% {w} 24x1 +[R0)K,w] 3%24 {a)} 24x1

The time derivatives of the partial angular velocity matrices are as follows.

[R K“’]3x24 (KZI """ 8)
N\
k=1 »[[0] [0] [0] [0] [0]
k=2 »[[0] [R]" [0] [0] [0]
k=3 »[[0] [RT" [R,]" [01 [0]
k=4 »[[0] [RT [0] [R] [0]
k=5 »|[[0] [0] [0] [0] [RY
k=6 »[[0] [0] [0] [0] [O]
k=7 »[[0] [0] [0] [0] [O]
k=8 »[[0] [0] [0] [0] [O]

Using these results directly gives the following.

Copyright © James W. Kamman, 2025
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Body 1: {al}z[Rwl’wam{ J 20 %{w}%l_{wl}
Body2: {a,}= [sz,wLm (0}, 1+[Ra')2,a,] A

(oo} =@} +[R ] {&)+[a ][R ] {0
Body 3: {a3}:[Ra)lem{a')}m+[Ra')3,w}3xz4{ b

oa) =@ ) +[R ] (o) +[R] (s +[R] {u) +[:] (@)

o} (@R ] {oaf+[Ro] {bsf+[@ ][R ] (2] +[ 02 )[R ] {3}
Body4: {af=[ "oy, ], (0}sua [ "0un ], {0} s

(o ={a R ] (oo +[R:] {0a)+[R ] {@a)+[2.] o]

{auf = (@) +[R] (o) +[R] (o) +[a )[R ] {@a}+[@ ][ R:] {os)
Body 5. {arsf=| "os, ], 0} [ 050 | (00

{as} ={of+[r ] {os}+[a ][R ] {as]
Body 6: e} =| 0, ], 10 +[ "0 ], (0

oo} =) +[R ] {oej+[a )[R ] o)
Body 7: {a7}=[ ol D10 ], A} s

{

Body 8: {(ZS} = [Ra)&wlxﬂ {0} 20 +[R .

(e} ={d}+[R] {or+[& ] {a) (A ] {or}+[&,] {ay)

{as} ={d}+[R ] {o}+[& ] {Suf+[a ][R ] {0} +[ @ )[ & | (@]

These results are identical to those found above.
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Example 4

Consider again the eight-body system of Example 3. In Example 4 of Unit 2, the body frame components of

the angular velocities for all the bodies in the system were written as follows.

’ _ | R _ '
{a)K}le _[ wK"‘"]st {w}24xl

(K=1,...,8)

(1)

The system angular velocity matrix and the partial angular velocity matrices for all the bodies are as follows.

(@ =[(0), (@), (&), (@), (@), (&), ~ (a), (a%), (),]
ok ], (K=1,8)
Ny
K=1 —[ [I] [0] [0] [0] [0] [0] ([0] [O]]
K=2 -[['R,] [1] [0] [0] [0] [0] ([0] [O]
K=3 >|['R] [’R] [1] [0] [0] [0] [0] [O]
K=4 >[['R,] [’R,] [0] [1] [0] [0] [0] [O] (52)
K=5 >[['R] [0] [0] [0] [Z] [0] [O] [O]
K=6 —|['Rg] [0] [0] [0] [0] [/] [0] [O]
K=7 -|['R,] [0] [0] [0] [0] [0] [Z] [O]
K =8 %_[le] [0] [0] [0] [0] [0] ['R] [1]]

Calculate {a}{} (K = 1,...,8) the body frame components of the angular accelerations of all the bodies using

two approaches. In the first approach, use Equation (41) relating the angular acceleration of each body K to the

angular acceleration of its lower numbered body. In the second approach, differentiate Equation (51).

Solution:

Approach #

1:

Equation (41) above (repeated in Equation (53) below) provides a means of calculating the body frame

components of the angular acceleration of each body K in the system using the body frame components of the

angular acceleration of its lower numbered body J .

ek =[ "Ry Jas [ Yy ] [V Re J () +{ k)

(J =£(K)) (33)

Applying this result to the eight-body system gives the following.

Body 1:

o) ={41)

sty 2 (e[ Yoo

At 1
!

{2} =[ "R J{ 1] |
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Approach #2:
The body frame components of the angular accelerations of the bodies can also be found by differentiating

Equation (51).
{a,}}m:[Ra)}(’w,LxM{a)'}wl+[Ra)1'<,w,]3x24{a)'}24xl (K =1,...,8) (54)

The time derivatives of the partial angular velocity matrices are as follows.

||, (K=1....8)
N\

k=1 —[[0] [0] [0] [0] [0] [0] [0] [O]]

k=2 -|['R,] [0] [0] [0] [0] [0] [0] (O]

k=3 -[['R] [*R] [0] [0] [0] [0] [O] [O]

K=4 -|['R, [*R,] [0] [0] [0] [0] [0] (O] 55
k=5 —|['R] [0] [0] [0] [0] [0] [0] [0]

K=6 —|['R] [0] [0] [0] [0] [0] [0] (O]

k=7 -|['R,] [0] [0] [0] [0] [0] [0] (O]

K=8 —>|['R] [0] [0] [0] [0] [0] ["Rg] [O]]

The time derivatives of the transformation matrices can be calculated as follows.
][] (%] [RJ-la] (%] [Al-La]Ta] [R1-Co]Tw]
w)-Ca] (] [r]-Ca] (] [a]-Ta] (A

)-SR ] R ) -LR] )R ) =CR ] a] [r )P ] (o] k]

= 2R %) PRI R R R PR ] o] Pr R

LmIR)-CRIR TR R DRI ] oo DR

o d
4 dt

+[2R3

/—\

Substituting these results into Equation (54) gives the following results.
Body 1: {a’l} :{aA)’l}
Body 2: [{ah}=[ 'R, |{d}+{d,

|
Body 3: {06'3}=[1R3}{c?)’1 +[2R3]{c§’2}+{£)'3
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Body 4: {a;} :[1R4}{£)}}+[2R4} 5)5}+{5)2}+[1R4]{5"1}+[2R4]{‘?"2}

Body 5: {ag} =| 'R,

o+
Body 6: ({a} =[ 'R, |{d}}+{,
o+

Body 7: {a;} = :1R7

Body 8: {a'g}z[lRS}{@ +|:7R8 {&;’7 +{
{

These results are identical to those found above.

Exercises

3.1 The antenna system shown has two components, the base

B and the antenna dish D. Base B with axes (x,y,z)

rotates relative to the ground frame with axes (X,Y,Z)

about the fixed Z (or z) axis. Dish D rotates relative to B

about the rotating x axis annotated by the unit vector e, .

At any instant, the angle between the y axis annotated by

the unit vector e, and the fixed Y axis is @, and the angle

between line segment OA and the rotating y axis is ¢ . The

ground frame (X,Y,Z) is a fixed reference frame with

origin at O. Given the diagram, the dish is oriented relative to the (X Y, Z ) axis system using a 3-1 rotation

sequence. Note that, as shown in the diagram, the angle @ is negative. When ¢ =6 =0 all reference frames

align. In Unit 2 Exercise 2.1, the fixed frame and body frame components of “e,, the angular velocity of

D relative to the fixed frame were found to be as follows.

{“D}LC;;H% et “WH ﬂ{i}%w{ﬂ}

Find {a D} the fixed frame components and {a'D} the dish-frame components of the angular acceleration

of D in the fixed frame. Use the partial angular velocity matrices shown above.
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Answers:

{apt={ap} :[Ra)p, ;

0 -S,0]
]{ﬁ} with [Ra')D,ﬂ} 0 -C,0
_0 0 .
—
J{B)| with |[ %@y, )=|-C,4 0
RIS

3.2 Extend the MATLAB script you developed in Exercise 2.2 to numerically evaluate the matrix equations

for angular acceleration you derived in Exercise 3.1 using the data below.
60 =-30 (deg) ¢ =60 (deg)

0= 3(rad/s)

¢ =7(rad/s)

6 = —Z(rad/sz)

é= S(rad/sz)

In Exercise 2.2, the fixed frame and body frame components of “w p the angular velocity of D in R and

the fixed frame and body frame components of the partial angular velocity matrices were found to be as

follows.

6.0622 [0 0.86603
{op) =1 35000 | (radss) [R%,,e}: 0 0.50000
~3.0000 -1 0
7.0000 0 1
(o)} =1-2.5981} (radis)| || ", ;| =| -0.86603 0
~1.5000 |—0.50000 0

Calculate the angular acceleration vectors using the partial angular velocity matrices and their derivatives.

Answers:
14.830 0 1.5000
la )} =1-15.687 (radss?) [R%,ﬁ} 0 -2.5981
2.0000 0 0
5.0000 ] 0 0
{a'y}={-8.7679 ¢ (rad/s’) o, ﬁ}: ~3.5000 0
19.187 6.0622 0
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3.3 The system shown has three bodies, a vertical column C, a

horizontal arm M , and a disk D. Disk D has radius 7 and is

positioned relative to M using angle 6. Arm M has length
L and is positioned relative to C using angle @, . Column C
is positioned relative to the fixed frame (X,Y,Z) using

angle @,. The unit vectors N, (i=1,2,3) are along the

1

(X.,Y,Z) directions. Given the diagram, disk D is

positioned relative to (X,Y,Z) using a 2-1-3 body fixed

rotation sequence. Using matrix notation, complete the

following. In each case, find expressions for any general Column, C
position where 6, # @, # 6, # 0. Note in the position shown IJ
in the diagram, that @, and &, are both zero. When

0,=0,=0,=0 all reference frames are aligned.

In Exercise 2.3, the fixed frame and body frame components of “w p the angular velocity of D in R and

the fixed frame and body frame components of the partial angular velocity matrices were found to be as
follows.

C,0,+S,C.0, 0 C, S,.C,||6
{op}=4 6-5,0, (=[1 0 -5, [10,:2]%0,,]{d]
-5,6,+C,C,0,| |0 =S, C,C,||b,

C,5.6,+C,0,| [c,s, ¢, ol[é
{wb}: C,C30, -850, =1 C,C3 =§; 016, é[Ra" ]{9}
-S,0,+0, =S, 0 11|60

Find {a D} the fixed frame components and {a'D} the body frame components of the angular acceleration

of D in the fixed frame. Use the partial angular velocity matrices shown above.

Answers:

0 -C,6,

c, SC,| |0 -s6, C,C.,0,-S:S.6,
0 =
0 -C,6, -S,C,0,-C,S,0,
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c,S; C; 0 -8,8,0,+C,C30;,  —S30; 0

., d . . .
[%D’g}:E C,C; =S5 0|=|~(8,C:6,+C,8:6,) ~Ci6; 0
-S, 0 1 -C,6, 0 0

3.4 Extend the MATLAB script you developed in Exercise 2.4 to numerically evaluate the equations you

derived in Exercise 3.3 using the data below.

0, =20 (deg) 0, =40 (deg) 0, =60 (deg)
91 =2 (rad/s) 92 = -3 (rad/s) 93 =5 (rad/s)
51 =—5 (rad/s%) éz =2 (rad/s®) 53 = -3 (rad/s”)

In Exercise 2.4, the fixed frame and body frame components of ch p the angular velocity of D in R and

the fixed frame and body frame components of the partial angular velocity matrices were found to be as

follows.
~1.5091 0 093969  0.26200
{0, =1-1.2139} (radss) [Ra;D,g}z 1 0 ~0.64279
4.6253 0 —0.34202 0.71985
~0.17317 0.66341  0.50000 0]
(o)} =1 3.3641 | (radss) [%’D,é]: 038302 -0.86603 0
3.7144 —0.64279 0 1|

Calculate the fixed frame and body frame components of ch p the angular acceleration of disk D in R

using the partial angular velocity matrices and their derivatives.

Answers:
13.642 0 —0.68404 2.0992
{a,}=18.4190¢ (rad/s?) [%Dﬁ}: 0 0 2.2981
9.2349 0 —1.8794 12881
17.844 3.5851 —4.3301 0
(@} ={-085294 1 (radis”)| [ *av), 5 |=| 23529 25000 0
4.8102 2.2981 0 0
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3.5

oriented with respect to the fixed frame R and body K is
oriented with respect to body J both using 2-3-1 body fixed

rotation sequences. The angles 6, (i=1,2,3) give the
orientation of body J relative to the fixed frame R, and the angles

0 ki (i =12, 3) give the orientation of body K relative to body J.

Use the matrices {6{, }3 and {GK}

x1

The two bodies shown are part of a multibody system. Body J is

31 as the column matrices
X

N

& g
K
(i
KJ R

1

of angles 6, (i=1,2,3) and O (i=1,2,3), respectively. In Exercise 2.5, the fixed frame and body frame

components of the angular velocities of the two bodies in R and the fixed frame and body frame

components of the partial angular velocity matrices were found to be as follows.

0
{a)J}: 1
0

SJl

CyChs éJl . .
S)2 QJZ é[RwJ H,J{HJ}_"[RQ)J,H'J{HK}
S1Cra )5 Tz

{ox )= [Ra’K, ),

0 S, C,C,
[Ra)KH,:|:|:Ra)J,é,J: 0 S,
0 CJl _SJICJ2
. . 0 Sy CxiCrr
[RQ)KHK:|:[RJ [JwK,éK}:[RJ] Lo Sk
0 CKl _SKICK2
S, 0 1]|6;
(@)} =| CnCrn S 010,12 Ral, 10,1+ ), |16c)
CJZSJB CJ3 0 9J3 ZEro
{a)}(} =[Ra);< 9‘]}{(9'J}+[Ra);{’ék}{91<}

SKZ
CKZCK3

_CKZSK3

0 1
Seg; 0
Ces O

a) Find {a J} the fixed-frame components and {a'J} the body-frame components of the angular acceleration

of body J in R. Use the partial angular velocity matrices shown above.

b) Find {a K} the fixed-frame components and {a'K} the body-frame components of the angular

acceleration of body K in R. Use two different approaches for the calculations. In the first approach,
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calculate the angular acceleration components using the angular acceleration components of body J. In the

second approach, differentiate the angular velocity components in terms of the partial angular velocity
matrices shown above.

Answers:
0 s, C,C,, 0 Cpb) _(SJICJ29J1+CJ1SJ29J2)
a) [{a,}=|1 0 8, {g}+o0 0 Cplp {6,}
10 Cp =8,Ch 0 =8,0 —CnCp0,+58,5,,0,
S, 0 1] CJ29J2 0 0
{a)f=| CnCp Sy 0 {QJ}“‘ _(SJ2CJ39J2+CJ2SJ39J3) Cpb;5 0 {HJ}
=€ Cos 0 81281307 =CaCrsbys  —=Sp3by O
0 S, C,C, | 0 CJléJl _(SJICJ29J1+CJ1SJ29J2)
{agh=|1 0 s, |{d,}+]0 0 Cpbp {6,}
0 Cj _SJICJZ_ 0 =8,0, —CnCnb,+S5,5,,0,
0 Ckibx (SKICK29K1+CK1SK2éK2)
. 0 Sxi CxiCkr ) . .
b) +[R,] |1 0 Ska  |{0c}+|0 0 Crr0k, {6}
0 G =Skl 0 _SKléKl _CKICK2éK1+SK1SK2éK2
. 0 Sx CxiCrr
+[@, ][R, ]|1 0 Sk 0k}
0 Cyxy —S5¢iCxr
S, 0 1 C20), 0 0
{a;(}:[JRK] CpCp S;3 0 {Q/}”L _(SJZCJ36J2+CJ2SJ39J3) Cpb; 0 {QJ}
€28 G 0 828,30, =CCp385  =S,36,5 0
S, 0 1
~f _T b
"'[JC"K_ [JRK] CpnCp S 0 {HJ}

_CJZSJ3 CJ3 0

S, 0 1 ?KZGKZ 0 0

+ CyCys Sgz 0 {éK}+ _(SKZCK3éK2+CK2SK30K3) Cisb¢s 0 {91(}
~Cx2Sks Cxs 0 A A

SKZSK3 91(2 _CK2CK3 91(3 _SKS 91(3 0
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3.6 Extend the MATLAB script you developed in Exercise 2.6 to numerically evaluate the equations you

derived in Exercise 3.5 using the data below.

0, =20 (deg)

éjl =2 (rad/s) )
éﬂ = -5 (rad/s?)

0, =—30 (deg)

é,ﬂ =—5 (rad/s)

éKl =2 (rad/s?)

In Exercise 2.6, the fixed frame and body frame components of the angular velocities of bodies J and K

in R and the fixed frame and body frame components of the partial angular velocity matrices were found

to be as follows.

0,, =40 (deg)
0,, =3 (rad/s)
éjz =2 (rad/s?)
0, =20 (deg)
ém =4 (rad/s)
ém =3 (rad/s”)

0,, =60 (deg)
9J3 =5 (rad/s)

0,5

A

O3 =40 (deg)

ém =3 (rad/s)

A~

—3 (rad/s*

)

05 =—5 (rad/s?)

25732 0 034202 0.71985 000
(0,1=152139 } (adis)| | ", |1 0 0621 || |[fe,, |-l0o 0 0
41291 0 093969 —-0.26200 000
63088 0 034202 0.71985
{a)K}: —0.043696 ¢ (rad/s) [Ra)Kﬁ.J}: 1 0 0.64279
~8.4492 0 0.93969 —0.26200
0.0058133 024119 091392
o |=| 038302 -0.89593 0.080395
092372 037302 —0.39785
62856 064279 0 1 000
o)} =1-18320 (adiy)| | "l |=| 038302 086603 0| %@, [=[0 0 0
28268 -0.66341 0.50000 0 000
9.1237 0.080395 —0.061275 0.81380
{a)',(}: —4.8847 ¢ (rad/s) [%’K o |=| 024123 0.96724  —0.094493
2.0220 096713 —0.24635 —0.57341
2034202 0 1
"0, |=| 071985 064279 0
-0.60402 0.76604 0

Calculate the fixed frame and body frame components of the angular accelerations of the bodies in R
using two different approaches. In the first approach, calculate the angular acceleration components using
the angular acceleration components of body J. In the second approach, differentiate the angular velocity

components in terms of the partial angular velocity matrices shown above.
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Answers:

—-0.67334 0 1.87%4 1.2881 |
fa,}={ -18419 L (ads))| | %o, |=[0 0 -22081) [[*a,, |<[0],,
—5.7786 0 -0.68404 —2.0992
—-10.810 ) —-2.2981 0 0l _
{a)}=1-12389} (radis”)| || "', ; |=|-23529 25 0 Ra')'wJ:[o]sx3
10.137 i —3.5851 —4.3301 0] —
—-60.834 _ 6.3978 —6.6068 0.69666
o} =1-38468} (adis))| ("o, |=[ "0, || || "0x, |=|-23529 -3.0806 -52120
—20.464 - 1.0159 -3.1271 0.54713
—-50.548 [ 52120 27422 —1.1644
('} ={-33411} (rad/s?) [%’K’g/}: _8.98640 —1.9656 —7.6522
43.908 | 1.8082  —8.3995 -0.39158
3.7588 0 0
| "l g, |=| 076406 22981 0
-3.0389 -1.9284 0
3.7 Consider again the two body system of Exercise 3.5. As before, body )
Jis oriented with respect to the fixed frame R and body K is oriented Y
with respect to body J both using body fixed orientation angle
sequences. The fixed frame and body frame components of Rcy , the K
angular velocity of body J relative to the fixed frame are 1&_ 4
w,(i=1,2,3) and ', (i=1,2,3), respectively. The fixed frame J —>
and body frame components of @ x the angular velocity of body K N,

relative to the fixed frame are wy; (i=1,2,3) and ), (i=1,2,3), respectively. The base frame (body J

frame) and body frame components of J@K the angular velocity of body K relative to body J are

@y (1=1,2,3) and @), (i =1,2,3), respectively. It was shown in Exercise 2.7 using the relative angular

velocity components as generalized speeds that the fixed frame and body frame components of the angular

velocities of the two bodies in R and the fixed frame and body frame components of the partial angular

velocity matrices are as follows.

0w,
0K,
1| ®;

11>

@D

R R
[ a)J,w,] @y +[ @,

@3

o } e

Z€1ro

W

W3
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1 0 0
{a)K}: 01 0 {a)J}—i-[RJ]T{c?)K}é[Ra)K’wJ]{a)J}—i-[Ra)KwK]{c?)K}
00 1
1 0 0|{w), o Wy
lo)}=[0 1 0 a)}z}é[Ra)'J’wJ o 1 +] ") ] Ok
00 1|, @) zero | @k3
1 0 0
(o} =[ R J{w)}+0 1 0 {é)}(}é[Ra)'Kw }{a)f,}+[Ra)}<wK]{a)}<}
00 1

a) Find {a J} the fixed frame components and {at,} the body frame components of the angular acceleration

of body Jin R.

b) Find {a K} the fixed frame components and {a'K} the body frame components of the angular acceleration

of body K in R.
Answers:
@)
a) = a’J C"Jz {O‘IJ} = {C"J} =1 @),
@)3

b) [ax)={o,}+[ JT{A Ve[, 1R, ) | ek =] 7Re o} +{ i} +] Yo |[ R )}

3.8 Consider now a system with three bodies. As before, body J is

oriented with respect to the fixed frame R. Body K is oriented with N,
respect to body J, and body L is oriented with respect to body K.
Body fixed orientation-angle sequences are used to describe the

orientation of all three bodies relative to their base frames. The

R
fixed frame and body frame components of Rq) B (B =J,K ,L) the L
angular velocities of bodies relative to the fixed frame are /
wy(B=J,K,L; i=1,2,3) and 0}, (B=J,K,L; i=1,2,3), I

respectively. The base frame and body frame components of @, and “@, the angular velocity of bodies

K and L relative to their adjacent bodies are &, (B=K,L; i=1,2,3) and &% (B=K,L; i=1,2,3),

respectively. It was shown in Exercise 2.8 using the relative angular velocity components as generalized
speeds that the fixed frame and body frame components of the angular velocities of the three bodies in R

and the fixed frame and body frame components of the partial angular velocity matrices are as follows.
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a) Find {a J} the fixed frame components and {at,} the body frame components of the angular acceleration

of body Jin R.

b) Find {a K} the fixed frame components and {a'K} the body frame components of the angular acceleration

of body K in R.

c) Find {a L} the fixed frame components and {a'L} the body frame components of the angular acceleration

of body L in R.
Answers:
@) o
a) (as)={asf=1an | [{a)}={a)}=1a
wﬂ a')fn

b) |{ex} :{@J}+[RJ]T {C‘;’K}JF[C‘N’J][RJ]T {o}
ek = "Re Jlany+[Yat | 7Ry J {0y )+t )
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3.9
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o {a}={a,} +[RJ]T {é’K}HCZ’J][RJ]T { } +[RK]T {‘i’L}+[CZ’K][RK]T {o }

+[K@;]T[KRL}{@;<}+{@}

{ai}=["R (s} [“R ][ ] [V Re Jlos o[ R J{ ) +[ ot ][R, Jens

The figure shows a thirteen-body model of the human body numbered
using the numbering scheme presented in Unit 1. Body 1 is the lower
torso, and it is the system reference body. The rest of the bodies are
numbered in ascending progression outward along the branches. As
structured, the lower-numbered body array for the system is as

follows.
£(1,2,...12,13)=(0,1,2,3,4,3,6,3,8,1,10,1,12)
The orientation of body 1 is defined relative to the fixed frame

R:(]y N, N 3), and the orientations of all the other bodies are

defined relative to their adjacent, lower-numbered bodies. Using base

frame components of the relative angular velocities of the bodies as

generalized speeds, complete the following. The 3x1 vectors {a) K}

(K =1,...,13) contain the fixed frame components of the angular

138

133
1312 1310
1313 11
B, =

velocities of the bodies. The 3x1 vectors {c?)K} (K =1,...,13) are of the base frame components of the

angular velocities of the bodies relative to their base frames (lower-numbered bodies). In Exercise 2.9, the

fixed frame components of the angular velocities of the bodies were written as follows.

{a)K}le - [Ra)Ks‘”]zxw {a)} 39x1 (K B 1""’13)

The matrix of angular velocity components {a)}

39x1

were defined as follows. Note that the base frame and

fixed frame components of the angular velocity of body 1 are the same.

(0hpa=[(2), (2), (@), (a) (@), (@), - (0

The partial angular velocity matrices [Ra) K,a,] 30 (

K =1,...,13) were defined as follows.
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k-1 »[[]1 [0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [O] |
k-2 >|[[]1 [R]" [0] [0] [0] [0] [0] [0] ([0] [0] [0] [0] [O]
k=3 |1 [RT [R] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0]
k-4 5| U] [R] [RT [R] [0] [0] ([0] ([0] [0] ([0] [0] [0] [0]
k=5 5|1 [R] [R] [R] [R] [0] [0] [0] [0] [0] [0] [0] [0]
k-6 > [R] [RT [0] [0] [R] [0] [0] [0] [0] [0] [0] [0]
k=7 >|[U] [R] [RI" [0] [0] [R] [RJ" [0] [0] ([0] [0] [0] [O]
k-8 >[[] [R]" [R] [0] [0] [0] [0] [R] [0 [0] [0] [0] [O]
k-9 |1 [R]" [R]" [0] [0] [0] [0] [R]" [R]" [0] [0] [0] [O]
k=10 »[I[] [0] [0] [0] [0] [0] [0] [0] [0] [R]" [0] [0] [O]
k-u ({1 [0 [0] [0] [0] [0] [0] [0] [0] [RI" [Re]" [0] [O]
k=12 5[[/] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [”R] [0]
k=13 »[[[1 [0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [R]" [Ry,]"]
Calculate {a K} (K =1,..., 13) the fixed frame components of the angular accelerations of all the bodies

using two approaches. In the first approach, use Equation (40) relating the angular acceleration of a body
to the angular acceleration of its lower-numbered body. In the second, differentiate Equation (46).

Answers:

Body 1:

(o)
Body2:  [{a,}={d,

{s)

{eesf

waz}wm (0]
(& ] fa} [T {o} [ @, ][ . ] {as)
body 4 af={a)+[R] ] :
R fouf+[a ][] {ou)
T O A EY N S ENEEN PN ES
[ o +a][r] o)< [R] (o) (o[~ {o)
R RN N I DR REN N TS
[R] oo} +[a ][] {od)
soayr, e =lo [T (o[ lnT (o [T (6] [0 )[w:] o)
[T o) 48 ][R.] oo} +[R] o) [ac][R] (o)
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o [T B IAT Gl T Bl TR o)
H[&] (o} +[a][=.] {a]

o [ TAT B TodAT (o (o (o) (o (o)
R {)+[ ][R ] {as}+[Ri] {@) +[a][R:] {0}

Body 10: (e} ={d ) +[R [ {0} +[a1 ][R ] {ono}

Body 11 {au =i} +[ R ][] +[8 J[R ] {oua) +[Rua] (] +[@0 ][R0 ] {0

Body 12 [{ap}={é}+[R ] {dn)+[a J[R] {0

Body 13: (e} ={)+[R ] {@n] +[a ][R ] {0} +[Re] {dn}+[@0][Ro] {au]

3.10 Consider again the thirteen-body model of the human body of Exercise 3.9. In Exercise 2.10, the body frame

components of the angular velocities of the bodies were written as follows.

39x1

and the partial angular velocity matrices

{a)'K}3x1 = [Ra)'K,w,LX” {0}, .| (K=1,..,13)
The matrix of angular velocity components {a)'}
[Ra)'K’w,LX” (K =1,...,13) were defined as follows.

(=] (@), (1), (o), (a5), (a5), (@), -
K=1 [ [I1 [0 [0] [0] [0] [0]
k=2 >|['R] [11 [0] [0] [0] [0]
k=3 >[['R] [’R] [1] [0] [0] [O]
k=4 S|['R] [’R] [PR] [U1 [0] [0]
K=5 > [le] [2R5] [3R5] [4R5] [Z] [O]
k=6 —|['R] [’RJ [’RJ [0] [0] [/]
k=7 >|['R] [’R,] ’R;] [0] [0] [°R,]
k=8 —>[['R] [’R] [’RJ] [0] [0] [0]
k=9 >|['R] [’R] [’R] [0] [0] [0]
k=10 —[['Re] [0] [0] [0] [0] [O]
k=11 >[['R,] [0] [0] [0] [0] [0]
k=12 >|['R,] [0] [0] [0] [0] [O]
k=13 —|['R;] [0] [0] [0] [0] [O]

[0]
[0]
[0]
[0]
[0]
[0]
[/]
[0]
[0]
[0]
[0]
[0]
[0]

[0] [0] [0] [0] [0] [O]]
[0] [0] [0] [0] [0] [0]
[0] [0] [0] [0] [0] [O]
[01 [0] [0] [0] [0] [O]
[0] [0] [0l [0] [0] [O]
[0] [0] [0] [0] [0] [O]
[01 [0] [0] [0] [0] [O]
[/1 [0] [0] [0] [0] [0]
[*R,] [Z]1 [0] [0] [0] [O]
[0] [0] [/1 [0] [0] [0]
[01 [0] [“R,] [1] [0] [O]
[0] [0] [0] [0] [/ [0]
[01 [0] [0] [0] [“R,] [1]]
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,13) the body frame components of the angular accelerations of all the bodies

Calculate {a}(} (K=1,...

using two approaches. In the first approach, use Equation (41) relating the angular acceleration of a body to

the angular acceleration of its lower-numbered body. In the second, differentiate Equation (51).

Answers:
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(o] e Lo (o))< o
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