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Summary

This unit focuses on the matrix-based calculation of components of velocity vectors and partial velocity
matrices. The calculations are based on absolute and relative coordinates. Both orientation angle derivatives
and angular velocity components can be used as generalized speeds. Algorithms are developed for the efficient
calculation of these quantities for multibody systems.

Explicit results are generated for some examples with the purpose of being clear about how the calculations
are done. However, keep in mind that the goal of developing such procedures is to implement them into computer
algorithms.

Results for calculating the derivatives of transformation matrices presented in Units 1 and 3 of this volume

are repeated in this unit for convenience of the reader.
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Time Derivatives of Coordinate Transformation Matrices — Summary

The time derivatives of absolute and relative coordinate transformation matrices are derived in Units 1 and
3 of this volume. For the convenience of the reader, those results are repeated here as they are used repeatedly in

the calculation of velocities of points within multibody systems when using relative coordinates. Continuing with

the notation used in previous units, [R K] represents a matrix that transforms vector components from a fixed

frame into the frame of body K, and [JR K} represents a matrix that transforms vector components from the

frame of body J to the frame of body K. The transposes of these matrices perform the inverses of these
transformations.

The time derivative of the coordinate transformation matrix [R K] can be computed using either fixed frame

or body frame components of Rcy x the angular velocity of body K relative to the fixed frame R.

[RK] £ %[RK] = [RK ] [c?)K ]T (using fixed frame components of RQ)K) (1)
[RK] = %[RK] =[ @ ]T [R ] (using body frame components of “w,) (2)

Here, [J)K] is the 3x3 skew-symmetric matrix constructed using the fixed frame components o, (i =1, 2,3),

and [@y ] is a 3x3 skew-symmetric matrix constructed using the body frame components ), (i=1,2,3).

Specifically,
0 —Ok;  Wgy 0 ~W; Wy,
[c?)K] =| W, 0 - and [c?)}(] =| Wps 0 -, (3)
—Wg, Wy 0 W, W 0

These skew-symmetric matrices are used to calculate vector cross products as described in Unit 1 of this volume.

The time derivative of the relative coordinate transformation matrix [" R K] can be computed using either

fixed frame or body frame components of JQ) x the angular velocity of body K relative to body J.

[JR K] = [JR K } [ o }T (using body J (base) frame components of J(g k) (4)

[JRK] = [Jcbk JT [JRKJ (using body K (body) frame components of J@K ) (&)

Here, [JCZ)K] is a 3x3 skew-symmetric matrix constructed using the body J frame components

Oy ; (i =1, 2,3), and [J&),; } is a 3x3 skew-symmetric matrix constructed using the body K frame components

@y, (i=1,2,3). That is,
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- ~ =
0 W3 Wy 0 — k3
J ~ _ A A J o~ A1
[ a)K] =| Wy, 0 -, and [ a)K] =| g, 0
n R o "
Wk,  Wry 0 Wk, Wi

~
'S
~
— Wy

0

(6)

Clearly, the results presented in Equations (4) and (5) are the same as those presented in Equations (1) and

(2) when JQ) x the angular velocity of body K relative to body J is used instead of RQ) x the angular velocity of

body K relative to a fixed frame.

Mass Center Positions and Velocities Using Absolute Coordinates

The diagram shows a rigid body K whose orientation is given by a set

of three orientation angles 0, (i =1,2,3) and whose mass center G has

Cartesian coordinates x, (i =1,2,3) . Both the orientation angles and the

Cartesian coordinates are measured relative to the fixed frame R. The

components of p . the position vector of G, and “v,. the velocity of can

be written in matrix form as follows.

Xk1 XK1
{pK} =1*k2 {VK} =1*k2
Xk3 Xk3

Body K

(7)

Defining {6, } asa 3x1 matrix whose elements are the orientation angles 6y, (i =1,2,3), and {x,} asa 3x1

matrix whose elements are the mass center position coordinates x,, (z' =1, 2,3) , then the velocity component

matrix {vy} can be written as

(k=] B, {8} +[ Ve, I}

(8)

Here, [RvK p J and |:RVK fck] are the partial velocity matrices associated with the #fime derivatives of the
Uk ’

orientation angles and the mass center position coordinates, respectively. These matrices are easily identified

by comparing Equations (7) and (8) to be

[RVK,éK J = [O]3><3 [RVK,;CK ] -

0
0
1

S O =
S = O

)

As used in Unit 2, the subscripts “,6"K 7 and “,x, ” in Equations (8) and (9) indicate partial derivatives with

respect the time derivatives of the orientation angles and the position coordinates, respectively.
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Velocities of Other Points in the Body

The fixed frame components of the velocities of other points in body K, such as point P in the diagram above,

can be written in terms of the fixed frame components of Ry ¢ the velocity of mass center G as follows.

et ={vet @ [Re] {Phic) (10)

vt ={vet+[Re] (@5 ]{ P 11

Equation (10) is written using the fixed frame components of chK the angular velocity of body K relative to the
fixed frame, and Equation (11) is written using the body frame components of chK. The 3x1 matrix { P /G}

contains the body K components of r,, the position vector of point P relative to the mass center G.

Mass Center Positions and Velocities Using Relative Coordinates

Basic Organization

To calculate the position and velocity of G

the mass center of body K using relative
coordinates, consider three bodies that form a
branch of a multibody system as shown in the
diagram. Body / is the system’s reference body
and bodies J and K form a branch off body /. The
motion of body K is measured relative to body J,

the motion of body J is measured relative to body

1, and the motion of body / is measured relative to

the fixed frame R.

Consistent with the presentation of body-connection arrays in Unit 1, body J is the lower numbered body of

body K, and body ! is the lower numbered body of body J. So, the lower numbered body array is as follows.

£(B,=1,J,K)=(£(1),£(),£(K))=(0,1,J)

When using relative coordinates, it is convenient (but not necessary) to use the setup described below to
organize (or structure) the development of the equations of motion. This setup is not unique, but for clarity, it
will be used exclusively in the units that follow.

Organizational Setup:
1. For each body of the system an origin and a mass center are defined in the body. In the diagram,

the points O,, O, , and Oy represent the origins for the three bodies. The point G, represents

the mass center of body K. The mass centers of bodies / and J are not shown.
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2. For each body in the system, a reference point is also defined. A body’s reference point is fixed
in its lower numbered body and represents the stepping off point for that body. In the diagram,

the points O, and Q, are the reference points for bodies J and K, and they are fixed in the lower

numbered bodies. The reference point for body 1 is taken as the origin of the fixed frame R.
3. The base frame for each body is the reference frame of its lower numbered body as indicated by
the lower numbered body array.

Positions and Velocities of the Origins of Bodies in Fixed Frame Components

The fixed frame components { Po, } of the positions of the origins of the bodies can be written as follows.

{pol}:{sf}:[slll 512 S1’3]T
{pOJ} :{p01}+{p0j/01} :{p01}+[R1]T({q'J}+{S'J})

{POK } = {PQ, } +{p0,</0j} = {pOJ } +[RJ]T ({q}(} +{S}<})

Or, more generally for a body in a multibody system, the fixed frame components of the position vectors of the

origins of the bodies can be written as follows.

{pOK}:{pOS(K)}+[R$(K):|T({q;<}+{S;<}) (12)

The starting condition for this recursive relationship is the position vector for the origin of body 1, the reference

body of the system. Specifically, as stated above,

{pOI}:{SII}:[Slll Sy Sfa]T (13)

Here, {q; } and {s}} represent the components of the vectors g, and s, resolved in body J = £(K).

Using the fixed frame components of the angular velocities of the bodies, the fixed frame components of

the velocities of the origins of the bodies can be found by differentiating Equations (12) and (13) as follows.
{VOK} - {pOK} = {p%m } +[R£(K)]T (g} +{S}<})+[R£<K>]T {8k}
= {VOS(K) } + [@(KJ[R&K) ]T ({Qk} +1{5k }) + [Rs(m]T 1Sk}
= {VOM) } + [@E(m]({%} +{s¢}) +|:R£(K):|T {5k}

Using the vector identity Rags( &) % (q + g) = —(q + g) X R@S( x) gives the following result.

(o} ={Voue, | =[x 1 i) @50 [ Reawr | {55) (14)

The starting condition for this result is as follows.
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{VOI}:{S{}:[${1 S 51,3]T (15)

Equation (14) represents a recursive relationship for finding the velocities of the origins of the bodies in terms
of the velocities of the origins of their lower numbered bodies. Here, {VOK} and {VOE(K)} represent the fixed
frame components of the velocities of the origins of body K and its lower numbered body, [q~K] and [EK]
represent 3x3 skew symmetric matrices built with the fixed frame components of position vectors dx and S,

and {a)£( K)} represents the fixed frame components of ch o(k) the angular velocity of body £(K).

Using the body frame components of the angular velocities of the bodies, the fixed frame components of the

velocities of the origins of the bodies can be found by differentiating Equations (12) and (13) as follows.
. . > T ' ' T ..
{VOK} = {pOK} = {pog(m } +[R£(K>] ({gkc ) +{sk )+ [RSB(K)] {8k}
r ~1 ’ ' r o'
= {VO,@(IQ } H Roy ] [ @iy (i) +si )+ Ro | 155}

Using the vector identity chﬂ ) % (q + g) = —(q + g) X chs( x) gives the following result.

Vo | = {Vo_«guq } [ Recsr ] (@) +[5 )@k} +[ Recwr | {55} (16)
As before, the starting condition is as follows.
{Vol} ={s1f=[s1 si 51,3]T (17)

Like Equation (14), Equation (16) represents a recursive relationship for finding the velocities of the origins of

the bodies in terms of the velocities of the origins of the lower numbered bodies. The first and third terms on the
right side of Equation (16) are the same as those in Equation (14). The second term, however, uses {a)_’g( K)} the
same body components of ", and the 3x3 skew symmetric matrices [§y | and [5}] are built using the
body £(K) components of the vectors g, and s .

Mass Center Positions and Velocities in Fixed Frame Components

Given the positions and velocities of the body origins, the positions and velocities of the body mass centers

can be calculated as follows. First, { p K} the fixed frame components of p, the position vector of G, the mass

center of body K can be written as follows.

{pK}:{pOK}—’_{pGK/OK}:{pOK}+[RK]T 3 (18)
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Using the fixed frame components of the angular velocities of the bodies, the fixed frame components of Ry %

the velocity of G, the mass center of body K can be found by differentiating Equation (18) as follows.
. . .
W) =1px}= {poK } +[RK] w3
o, | +la ][R (k)
= {VOK } +[ @ {re}

Finally, using the vector identity R(gK XTIy =—Tg X R(gK gives the following result.

vk} :{"OK}_[FK]{“’K} (19)

In this result, the terms {vy}, {vOK }, and {@y} all represent fixed frame components, and the 3x3 skew

symmetric matrix [7 | is built using fixed frame components of the position vector 7 .
Using the body frame components of the angular velocities of the bodies, the fixed frame components of

K vy the velocity of G the mass center of body K can be found by differentiating Equation (18) as follows.

. . > T ' ~1 '
b =1pk}= {pOK } J{RK] )= {"OK } +[RK]T [k ]k}
Finally, using the vector identity R(gK XTIy =—Tg X R(gK gives the following result.

v} = {VOK } ~[R¢ ]T [7% ok } (20)

In this result, the terms {v;} and {VOK} represent fixed frame components of “v, and v, , the term {wj }

represents the body K frame components of R@K, and the 3x3 skew symmetric matrix [F,'(] is built using body
K frame components of the position vector 7 .

Positions and Velocities of the Origins of Bodies in Body Frame Components

The body frame components { pbi} of the positions of the origins of the bodies can be written as follows.

(ot 1= [R (s} =[R]
(po, }=["R, ({26, + (a0} +{5})
(Poc L= "R |({ b, | +aic} +{sk})

Or, more generally for a body in a multibody system, the body frame components of the position vectors of the

origins of the bodies can be written as follows.
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{pék}:[S(K)RK]({p,OﬂK)}+{q;<}+{s;<}) (21)

The starting condition for this recursive relationship is the position vector for the origin of body 1, the reference

body of the system. Specifically, as stated above,
(P ) =[R]{s]} (22)

The velocity of O, the origin of body K can be found by differentiating using the derivative rule. Using

vector notation, write

R R R R
Yo, :d_cj(l?ok ):d_ctl(lfoj T4k +§K):d_f(13q )+d—f(g1< +~51<)
J
="vo, +E(QK +§K>+ ‘o, X(‘ZK +§K)
= RYOJ +;_t(§1<)+ R@J X(EIK +§K)
RYOK = RYOJ +;T(§K)+ *o, X(‘ZK +§K) (23)

Using body frame components of the angular velocities of the bodies, the body frame components of the velocity

of O the origin of body K can be written as follows.

(o =[ 7R ({0, }+ 553+ 1@ 1(faic ) + {5 )

Or,

(o} =L ORe (v} 155} +[ B ({aic )+ {5 ) (24)

Like Equations (14) and (16), Equation (24) is a recursive relationship for finding the velocities of the origins of

the bodies in terms of the velocities of the origins of their lower numbered bodies. The starting condition is

Vo =[R]{s1) (25)

Here, {v;)K} represents the body K components of RyOK, {v’ow)} represents the body £(K) components of
RYO‘,(,Q , and the skew symmetric matrix [a?_'@( K)] is built using the body frame components of chﬂ k- The

coefficient matrix [f FR K] converts body £(K) components into body K components.
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Mass Center Positions and Velocities in Body Frame Components

Given the positions and velocities of the body origins, the positions and velocities of the body mass centers

can be calculated as follows. First, { p}<} the body frame components of p , the position vector of G, the mass

center of body K can be written as follows.

(D) = {2, }+{Plrog } [ Re ([ Pouge, | + i} + i} )+ 1) 26)

Using the body frame components of the angular velocities of the bodies, the body frame components of Ry ¥

the velocity of G, the mass center of body K can be found as follows.

i} =10, + {600, } = [£<K>RK]({V;)M } +{sic b+ [ @iy [({ax )+ {S}{}))+[a~)}<][r1'<]

Finally, using the vector identity RQ)K XTI =—Tg X RQ)K gives the following result.

(e} = (o |+ v s0, = OR (Vo 155} +[@h J(laic {54 )) - [ o) 27)

Here, {vk} represents the body K components of RyK, {v’OK} represents the body K components of

vy, » {ok } represents the body K components of “ey , and the skew symmetric matrix 7 ] is built using the

body K components of r .

Partial Velocities of the Body Origins and Mass Centers

Equations (14), (16), (19), (20), (24), and (27) can be used to find the partial velocities of the body origins
and mass centers. In a multibody system, these partial velocities depend on the interconnective structure of the
bodies of the system and the choice of generalized speeds. In this section, three choices of generalized speeds are
considered. In each case, the system generalized speed column matrix for a system of N bodies is defined and

partitioned as follows.

{y}éle é{{yl}w“} (28)

{yz }3N><1

In each case, the column matrix {y,} 33 18 defined to be

AT .y .y .y .y .y .y .y .y .y . .y g 17
{y2}3NX1_[Sll S Si3 vt Sy Sy2 Sy3 0t Sk Ska Sgz vt St Swe SNS] (29)

Here, 5, (i =12, 3) are the time derivatives of the body £ (B ) components of the position vector of the origin
of body B relative to its reference point tfixed in body £ (B) . As described below, three cases are considered for

the column matrix {y |, .
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The first case (Case I) uses the lower body (base frame) components of the relative angular velocity vectors

of the bodies. In this case, {y,} 2wy 18 defined as follows.

AT A ~ ~ ~ A A A A ~ ~ A ~ T
{yl}3NX1_[a)ll Wy OF - Oy Wy Gy 0 O Wgy; Wgz 0 Oy Oy @Ns] (30)

Here, @y, (z' =1, 2,3) are the base frame components of the angular velocity of body B relative to its lower

numbered body £ (B) .

The second case (Case 2) uses the body frame components of the relative angular velocity vectors. In this case,

{y 1}3Nx1 is defined as follows.

A ~! ~! ~! A ~! ~ A A ~t A ~! A T
{y1}3le—[a’11 Wy, @3 - Wy Wy Wy ot Wy Wgy Wk 0 Oy WOy a)N3] (€29)

Here, @j, (i = 1,2,3) are the body B frame components of the angular velocity of body B relative to £(B) its

lower numbered body.
The third case (Case 3) assumes that angles are used to define the orientations of the bodies relative to their

lower numbered bodies, and it uses the time derivatives of those angles as generalized speeds for the system. In

this case, {3 },,., is defined as follows.

A A

X A A A A A A A X A 7
{y1}31vx1é[‘911 Oy G5 - 0y O, 05 - Oy O, O - Oy Oy, 91\/3} (32)

Here, éBi (B =L....N;i=1, 2,3) are the time derivatives of the angles that define the orientations of each of the

bodies relative to their lower numbered bodies. In this case, either base frame components or body frame

components of the relative angular velocity vectors can be used.

Partial Velocities of the Body Origins in Fixed Frame Components

Using Equation (14), the fixed frame components of the partial velocity matrices of the origins of the bodies

can be written in terms of the fixed frame components of the angular velocities of the bodies. First, rewrite {VOK }

the fixed frame components of the velocity of O the origin of body K as follows.

{VOK } = {"%m } ~([ac]+ [gK]){%(K)}*[Rﬁ(K)]T {8k}
- [RVOMW}{)/} N ([671( ] + [§K ])[RWE(K)JJ{)’} + [R,E(K) }T {Sk} (33)
B [RVOK»Y]{J}}
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Note here that {VOE(K) } and {a)ﬂ K)} are the fixed frame components of the velocity of Oy, and the fixed frame

components of the angular velocity of body £(K) . They do not depend on {s}(} , SO [R Vo, y} the partial velocity

matrix of Oy the origin of body K using fixed frame components can be built as follows.

1. First, set

[RVOKJ :|3><6N = |:RVO£(K)ay :|3X6N - ([(?K ] + [§K ]) [Ra)w@(K)J :|3><6N (34)

2. Then, set the three columns associated with sy, (i =1,2,3) as follows.

[%mﬂlkngmji (i=1,2,3j=1,2,3;k =3N + (3K =3+ j)) (35)

For body 1, only Equation (35) applies. All entries are zero except for the three columns associated with {sl’ }

giving the following result.

|:RVOK’)’:|ik:[I]ij (i:l’2=3;j:13293;k=3N+j;K=l) (36)

Note in Equation (34) that [Ra)_g( . y] the partial angular velocity matrix of body £ (K ) can be partitioned as

follows.

R _Ilr R
[ a’s(m,yLéN—H a’s(K),yle [ %(K)’“LMLM (37)

Because ‘@ o(x does not depend on sp; (B=1,...N;i=1,2,3) and their time derivatives, the entire latter half

[ Do (k). y] is zero. That is,

[ Ra)ﬁ(K),yz }M N - [O]3><3N (38)

Using Equation (16), the fixed frame components of the partial velocity matrices of the origins of the bodies

can be written in terms of the body frame components of the angular velocities of the bodies. First, rewrite {VOK }

the fixed frame components of the velocity of O the origin of body K as follows.

{VOK } - {VOS(K) } _[R»@(K)]T ([q;(]+[§}<]){a)e’f(l<)}+[R£(K):|T {Sk}
- [Rvosuo»y}{y} [ S(K)J ([ ] [S}(])[Ra)’ﬁ(]{),y}{y} +|:R£(K)]
=':RVOK’)’:|{y}

Note here that {VOE(K)} are the fixed frame components of the velocity of Oy, the origin of body £(K) and

T

{5k} (39)

{a):@( K)} are the body frame components of the angular velocity of body £(K). They do not depend on {s}{} ,
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SO [RVOK ’ y} the partial velocity matrix of Oy the origin of body K using fixed frame components can be built

as follows.
1. First, set
[RVOKJ :|3><6N = |:Rv0£(1<),y J3x6N - |:R$(K) :|T ([q;< ] + [§}< ])[Rw:f(K),y :'3><6N (40)

2. Then, set the three columns associated with Sy, (i =1,2,3) as follows.

["o,0 ), =[Reur ]| (1=1.2.37=1.2.3k=3N+(K =3+ ) (41)

For body 1, only Equation (41) applies. All entries are zero except for the three columns associated with {sl’ }

giving the following result.

I:RVOK’yl»k :[]]i_j (i:1’2’3; J=123k=3N+j, K 21) (42)

As noted in Equations (37) and (38) for [Ra)s( K),y], the partial angular velocity matrix [Rwé( K)’y} of body

£(K) can be partitioned as follows.

R s _ R v R _ R
[ %(KLyLéN—[[ Do) Lw [ %(K)’“Lmlxm_[ Do) Lw [O]MNLW (43)

Partial Velocities of the Body Mass Centers in Fixed Frame Components

Using Equation (19), the fixed frame components of the partial velocity matrices of the mass centers of the

bodies can be developed using the base frame components of the relative angular velocity vectors. First, rewrite

{vK} the fixed frame components of the velocity of Gy the mass center of body K as follows.

{vic} :{VOK } [ oo §
:[RVOKJ:| y}_[FK][Ra)K,y]{y} (44)
:[RVK,y]{y}

Comparing the last two lines in Equation (44) gives the fixed frame components of |:RVK, y ]3 o in terms of the

R R .
fixed frame components of [ VOK,J ) and [ wK’nyaN . That is,

36N
[RVK’Y ]3><6N - [ RVOK Y i|3><6N - [FK ] [ RwK’y ]3X6N (45)
As noted in Equation (37) above, the partial angular velocity matrix can be partitioned as follows.
[RCOKJ :|3><6N - [[ Ra)K’yl :|3><3N [RwK’yz :|3><3N JMN - [[ RwK’yl ]3><3N [O]3x3N l%,\, (46)
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Using Equation (20), the fixed frame components of the partial velocity matrices of the mass centers of the

bodies can be developed using the body frame components of the relative angular velocity vectors. First, rewrite

{vk} the fixed frame components of the velocity of Gy the mass center of body K as follows.

ved={vo, |- [Re ] [7 @k}
= "o, J 7 - [RT T ][ "ok, [} 47)
- [ RVK,,V ] {y}

Comparing the last two lines of Equation (47) gives the fixed frame components of |:RVK, y ]3 o in terms of the

R R .
fixed frame components of [ Vo .y }MN and the body frame components of [ O ]MN . That is,

R _[R T R 1
[ VK.y ]3><6N _[ Vog.y ]3x6N _[RK] [rK][ @k yi|3><6N (48)
As noted in Equation (43) above, the partial angular velocity matrix can be partitioned as follows.
R v _ R v R _ R v
[ @iy :|3><6N B H Ok .y wa [ OK.y :|3><3N j|3><6N B [[ “kon LXW [O]MN ]3x6N )

Partial Velocities of the Body Origins in Body Frame Components

Using Equation (24), the body frame components of the partial velocity matrices of the origins of the bodies

can be written in terms of the body frame components of the angular velocities of the bodies. First, rewrite {va }

the body frame components of the velocity of O, the origin of body K as follows.

{%K}::s(K)RK:({Vd(K } [%uo] {gi) )

[0R s o[ R Jiskd [0 ] w£<K>J<{q;<}+{s;<}>

::s(K)RK [vaou,()y] y _&(K)R ]{S |:£(K)R ]( ){a{&(K)}
]{S [MK)R }( )[ ”M)J

:”S(K)RK‘[ } v+ £<K>R
Note here that {V’OS(K)} are the body frame components of the velocity of Ogy, the origin of body £(K) and

(50)

{a):@( K)} are the body frame components of the angular velocity of body £(K). They do not depend on {s}{} ,

SO [vaK , y} the partial velocity matrix of Oy the origin of body K using body frame components can be built

as follows.
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1. First, set

[vaok v LXéN - [S(K)RKJ([ RV'Og(K>,y lxm\, - ([q~}< ] + [§;< ])[Rw;‘(K),yLXﬁN) (51)

2. Then, set the three columns associated with 5§y, (i=1,2,3) as follows.

] TR | (=125 =123k =33+ 6K -3+ ) &

Ok ik ij

For body 1, only Equation (52) applies. All entries are zero except for the three columns associated with {sl' }

giving the following result.

I:RVIOK,y:Lk :[Rl]l'j (l 217273; ]:1,2,3,k :3N+], K :l) (53)

Partial Velocities of the Body Mass Centers in Body Frame Components

Using Equation (27), the body frame components of the partial velocity matrices of the mass centers of the

bodies can be developed using the body frame components of the relative angular velocity vectors as follows.

First, rewrite {v}(} the fixed frame components of the velocity of G, the mass center of body K as follows.
A LIS
("o J =[]k, ]} (54)
[ e J)

Comparing the last two lines in Equation (54) gives [Rv}(’y]s on in body frame components in terms of

R_r R 1 .
% } and [ w ] . That 1s
[ Oksy I3v6n K.y I3en ’

[Rv}(’y ]3x6N B [RVIOK o4 :|3><6N B [’71'{ ] [ Ra);(’y :|3><6N (55)

Choice of Generalized Speeds

The equations developed above can be used to find the velocities and partial velocity matrices of the origins
and mass centers of the bodies for each of the three choices of generalized speeds listed above.

Case 1:
Base frame (lower body) components of the relative angular velocity vectors can be used to find the fixed

frame components of the angular velocities and partial angular velocities of the bodies. These, in turn, are
used to find the fixed frame components of the velocities and partial velocities of the origins and mass centers

of the bodies.
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Case 2:
Body frame components of the relative angular velocity vectors can be used to find the body frame

components of the angular velocities and partial angular velocities of the bodies. These, in turn, are used to
find the fixed frame or body frame components of the velocities and partial velocities of the origins and mass
centers of the bodies.

Case 3:
Angles can be used to define the orientations of bodies relative to their lower numbered bodies. The time

derivatives of these angles can be used to find either the fixed frame or the body frame components of the
angular velocities and partial angular velocities of the bodies. These, in turn, are used to find the fixed frame
or body frame components of the velocities and partial velocities of the origins and mass centers of the

bodies.

Examples

Example 1

The diagram shows a two-body system with frame F and disk ‘QT
D. Frame F rotates at a rate of ¢5= Q2 (rad/s) about the fixed vertical %

direction (annotated by the unit vector k). Disk D is affixed to and

rotates relative to F at a rate of &= (rad/s) about the horizontal L

arm of /' (direction annotated by the rotating unit vector e, ).

Reference frames: (all frames align when ¢ =60 =0)

é—\

Frame, I

R:(i, j, k) (fixed frame)
F:(e, e, k) (rotating with frame F)
D:(n,,e,,ny) (rotating with disk D) [i

Let {&} and {@,} be the base frame components and let {@}.} and {@}} be the body frame components of

the relative angular velocities Ra) r and ch p- Find the fixed frame components of the velocity of point P and

the partial velocity matrix associated with the relative angular velocity components using a) base frame
components, and b) body frame components. (¢) Find the body frame components of the velocity of P and the
partial velocity matrix associated with the body frame components of the relative angular velocities.

Solution:

(a) The angular velocities of the two bodies can be calculated as follows.

R . _ R . _R F
op=Qk Wp= Wp+ @p

The base frame components of the relative angular velocities are
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{ori=[0 0 O | [{ap}=[0 @ of

Using these results, the fixed frame components of the angular velocities of the bodies can be written as

{op} =1{dp) {“’D}:{@F}JF[RF]T{C?’D}

Defining the column vector of generalized speeds to be |{y} = {

§ AF;} , the fixed frame components of the

partial angular velocity matrices are observed to be
[RwF,y Lx6 = [[ Ra)F’é)F ] [Ra)F=(Z)D ﬂ = [[1]3><3 [0]3X3]
|:Ra)D,y Lm = [[ RWD,@F} [RCUD,@D ﬂ = [[I]M [RF ]T:

Using the concept of relative velocity, *

vp the velocity of point P in R can be written as follows.

R _
Yp =

R R R R R R
Yoo+ YP/Q:( Q)FX’:Q/O)"'( @DX’SP/Q):_(’SQ/OX @F)_(’SP/QX CL)D)

Using this result, the fixed frame components of “v, can be written as follows.
(e} == Po0 J{@r} = [P0 1)
=~[Foo ]| "ors Jih=[Fro ] *n, Jio}
=~ oo J e} =[] {0} + ([Re] {00}
(o} ==([Foro ]+ [Frio )){@r } = [Frio JRe ] {5}
Observation of this result gives the following partial velocity matrices in fixed frame components
[“ea J==(Foo]+[Fre])| [[*vrs, = Fro]lReT

Recall that the skew symmetric matrices are built using fixed frame components of the indicated position

vectors. The following equations can be used to find these components.

c, s, o] [c, =S, 0 o) [¢, -S, 0]f0] [-¢S,
[R] =|-S, C, 0| =[S, C, 0| {ron}=[Re]{tt=|S, €, 0 gk: i,
0 0 1] Lo o0 1 of Lo o 1]lo] | o
c, 0 -s,[c, s, o]\ [c, =S, o][C, O s,
[Ro] =(["Ro J[R]) =[] 0 1 0 |[-5, ¢, of| =[S, ¢, of 0 1 0
Se 0 Co]l 0 0 1 0 0 1]-Ss 0 C,
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r T
=[Ry] =|S,Co Cy S8y || [roo}=[Rn] {0 }=|8,C0 Cp 8,855 0 t=-ais,C,
-S, 0 C, 0 -S, 0 C, |lO -S,

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and “v, the velocity of P can be calculated as follows.

o 0 (C, 0 ~aS, ~aS,C,
[RVMF]:—([fQ/O]{fP/Q]):— 0 0 ¢S, |+ as, 0 aC,C,
~C, 1S, 0 | |aS,C, —aCyC, O
0 ~aS$, (Cy—aS,C,
= "o, |=-|  aS, 0 (8, +aC,C,
~(C4+aS,Cy —1S;~aC,C, 0
0 —aS, —aS,C,|[Cs —S, O
[ “voo, |[==[Fro |[Re] =—| aS, 0 aC,Cy ||S, €4 0
asS,Cy —aCyCy 0 0 0 1

0 -aC, 0
{VP}I[ vaF]{c?)F}+[ Vp o ]{@D}
0 -as, tCy—aS,Cp ([0 —aS,S, —aC,S, -aS,Cy|(0
=— as, 0 (§,+aCyCy |40 ¢—| aCyS, —aS,S, aC,C, |

—(Cy+aS,C, —S,-aC,C, Q 0 -aC, 0 0

0
(¢Cy—as,C,)Q+(-aC,S, )0
=—1(£8,+aC,Cy)Q+(-aS,S, )0

0

(~¢C,+aS,Cp)Q+(aC,S,)
= |{vp} = —(£S¢ + aC¢C9)Q+<aS¢S9)a) (fixed frame components)

(an)a)
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b) The joints connecting the two bodies are simple revolute joints, and the bodies share a common unit vector
along the axis of the joint. Consequently, the body frame components of the relative angular velocities are

the same as the base frame components. That is,

{@p}=[0 0 Q| [{ap}=[0 o of

Using these results, the body frame components of the angular velocities of the bodies can be written as

{0 ) ={ap}| [{@h)=] "Ry [{ar}+{d))

Defining the column vector of generalized speeds to be { y} = {% A,F ;} , the body frame components of the
D

partial angular velocity matrices are observed to be

[Fob, ] =1[f@ho, ] [(@he, || =[] [0],.,]
[“ab, o=l "obs, ] ["@ba, ]]=[["Ro] [1]s]

As noted above, using the concept of relative velocity, RyP the velocity of point P in R can be written as

follows.

R

R R R R R R
Yp= Yoot YP/Q:( @FX’ZQ/O)"'( @DX’SP/Q):_(’SQ/OX @F)_(’SP/QX CL)D) (56)

Using this result, the fixed frame components of “v, can be written as follows.
(k=[BT [P0 J{@p} ~[Ro] [ oo Jih)
=[] [0 J{oh = [Ro ] [0 J(([“Ro {04 })+ {0}
(rh ==([Re ] [Foro 1+ [Ro] [Frio ][ “Ro )} =[Ro] [P (00}
Observation of this result gives the following partial velocity matrices in fixed frame components.

(e =R [P0 ]+ [Ro] [Pho ][R0 )| [ ]=—[Ro) [

The skew-symmetric matrix [fb /0} is built with position vector components in the frame F, and the skew-

symmetric matrix [17}, /Q] is built with position vector components in the D frame. That is,

0
0

—d

and |rp, =-an, 3[’7}3@]:

0
Foro =te; 3[’7’@0]: 0
0

oS O O

oS o O
S O
S _ O

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and “v, the velocity of P can be calculated as follows.
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—
Be
~
Y
1
|
—

Re] (70 |~ [Ro] [P0 ]| "Ro ]

0 o 1//[-¢ 0 0 -S, 0 c, |0 —a 0j1S, 0 C,
0 0 —(C,] |C)Cy =S, CySell 0 0 0
0 0 ||-Ss, 0 C,|0 -a O
0 0 0 aC, 0

as,S, aC,S, —(C,+aS,C,
= "veo, |=|-aCyS, aS,S, -(S,-aC,C,
¢ aC, 0

C,Cy =Sy, CySplfO 0 0 0 aC,S, aS,
R TT ~
[ VP,@;J:_[RD] |:VP/Q:|:_ S,Co Cy 848,110 0 a|=|0 aS,S, -aC,
Sy 0 C, |0 —@ 0] J0 aC, 0

{VP}::RVP,&)'F]{aA)I’?}+|:RVP,(Z)}):|{(?)2)}
- aS,S, aC,S, —(C,+aS,C,|(0) [0 aC,S, aS, |(o
=|-aC,S, aS,S, —lS;~aC,C,|10:+(0 aS,S, -aC, |

l aC, 0 Q) o aC, 0 |0
—(Cy+aS,C, aC,S,
=Q4-1S,—aC,C, r+wqaS,S,
0 aC,

(~¢C,+aS,Cp)Q+(aC,S, )0
= {vp} = —(£S¢ + aC¢C9)Q+<aS¢SQ)a) (fixed frame components)

(an)a)

These results are identical to those found in part (a).
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¢) Using Equation (56), the body frame components of v, can be written as follows.
Whh=- [ ][FQ/OJ{ )= [71;/9]{0’13}
= "Ry [0 Y} =70 ([ R0 J{h} + (@)}
= _(I:FRD:H:FQ’/O] + I:F;’/Q][FRD]){&)I'?} _[fé/g} {é’b}
Observation of this result gives the following partial velocity matrices in body frame components.
[ =L Ro o0 [+ P [ Ro )| ["¥ha1 ]=~[rc]

As noted above,

0 0 ¢ 0 0 0 c, 0 -S,
(7o ]=[ 0 0 0| [Fo]=l0 0 a| ["Ro]=|0 1 0
—¢ 0 0 0 —a 0 s, 0 C,

Using these results, explicit equations for the body frame components of the partial velocity matrices

and *v, the velocity of P can be calculated as follows.

(Ve J==(["Ro [P ]+ [0 | R0 )

'C, 0 =S,lf0 0 ¢] [0 0o 0]Cy, O =S,
=—|0 1 00 0 0|]-]0 0 /0 1 0
S, 0 C,||[-¢ 0 0| |0 —-a 0|S, 0 C,

¢S, 0 (C, 0 0 0
=—| 0 0 0 |-|aS, 0 aC,
|—¢C, 0 S, 0 -a 0

1S, 0 —(C,
:>|:RV},a~):Fi|_ -aS, 0 -aC,
c, a -IS,

0 0 O

[ o J=[Fre]=|0 0 -a
0 a O

[—¢S, 0 —¢C, (0] [0 0 0O][0
=-aS, 0 —-aCy,|10:+/0 0 —a
(C, a —1S,||Q) |0 a 0][0
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—1C,0
= {vp}=1 —aC,Q
—1S,Q+aw

Comparison with Previous Results: (Volume I, Examples in Units 2-4)

In Units 2-4 of Volume I, “y, the velocity of P in R was expressed in frame F as follows.

Fyp=(awS,—1Q)e,—(aQCy) e, +(awCy)k

This result can be converted into fixed frame components as follows.
Cy =S, OlflamwS,—1Q (aa)Se—éQ)C¢+(aQCg)S¢
et =[Re] (v} =[S, C, 0fF -aQC, t=1(awS,-1Q)S,~(aQC,)C,
0 0 1 awC, awC,

(~¢C,+aCyS,)Q+(as,C,)o
= |{vp} =1-(£8,+aC,C,)Q+(aS,S, )0 \/
(aCy)e

These results are identical the those found in parts (a) and (b).

This result can be converted into body frame components as follows.

Co 0 ~Syl(aws,—1Q) [ColawS,~1Q)-S,anC,

oy =[ "Ry [t =[ 0 1 0 |{ —aQC, = ~aQC,
S, 0 C, awC, Sg(aa)Sg—fQ)Jngaa)Cg
—1 C 2
= |{vp} =9 —aC,Q \/
1S, O+ aw

These results are identical the those found in part (c).
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Example 2

The diagram shows a two-body system with frame F and bar B.
Frame F rotates (¢ = Q) about a fixed vertical direction annotated by
the unit vector k, and bar B is attached to F with a joint allowing

rotations about two axes. Rotation about the first axis is measured by

the angle  , and rotation about the second axis is measured by the angle

0. The angles ¢ and y are both zero in the position shown. B is

oriented with respect to F using a 3-1 rotation sequence. Three reference

frames are defined for the system as follows.

)
R 3( i, ),k ) fixed frame Frame, F

F: (gl, e,, Ig) rotating with Frame, F’ I

B:(zgl,igz,zg3) rotating with Bar, B
Let {&} and {@;} be the base frame components and let {@}.} and {@}} be the body frame components of

the relative angular velocities Ra) r and Fag 5. Find the fixed frame components of the velocity of point P and

the partial velocity matrix associated with the relative angular velocity components using a) base frame
components, and b) body frame components. (¢) Find the body frame components of the velocity of P and the
partial velocity matrix associated with the body frame components of the relative angular velocities.

Solution:

(a) The angular velocities of the two bodies can be calculated as follows.

R . _ 1 R . _R F
@ =9k Op= Wp+ Op

The base frame components of the relative angular velocities can be written as follows.
R 7
{op}=[0 0 4]

F@B:9@1+W/S:9(CW€1+SW€2)+WIS 3{@3}:[96';,/ QSV/ l/’JT

Using these results, the fixed frame components of the angular velocities of the bodies can be written as

{op ) =10p ) {wB}={“A’F}+[RF]T{C?)B}

{ F}} , the fixed frame components of the

Defining the column vector of generalized speeds to be |{y} = {

partial angular velocity matrices are observed to be
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[Ra)Fsy :|3><6 - [[ Ra)F"?’F ] [Ra)FJZ’B ﬂ = [[1]3x3 [0]3x3:|
[Ra)B’y ]3x6 [[RQ)B,&)F ] [RCUB,@B :H - |:[1]3><3 [RF ]T}

Using the concept of relative velocity, Ryp the velocity of point P in R can be written as follows.

R

R R R R R R
Yp= Yoot YP/QZ( @FX’:Q/O)+( @BX’SP/Q)z_(L’Q/OX @F)_(L’P/QX Q)B)

Using this result, the fixed frame components of “v, can be written as follows.
(e = Poro0 J{@r} = Frio ] {s}
=[Foo [ *@r, Jir}=[Fro ] "0, Jir}

(oo J{r k[ )({0r} +([Re T {6}

(o} =~ ([Foro | +[Frio ) (@} = Frio ) [Re ] {05}

Observation of this result gives the following partial velocity matrices in fixed frame components.

[RVP@F J = ‘[79/0]_ [FP/Q] [RVP@B } = _[fP/Q][RF I

Recall that the skew symmetric matrices are built using fixed frame components of the indicated position

vectors. The following equations can be used to find these components.

c, s, 0] [c, -S, 0 0] [c, -S, 0]f0] [-¢S,
[Re] =|=S, €, 0| =S, C; O [roof=[Re] (£p=| S, €, 0]30p=11C,
0 0 1 0 0 1 0 o o 1](0 0
1 o olc¢ s 0[c¢ 5, 0]
["Ry]=0 ¢, s,|-s, ¢, 0|=|-5,C, C,C, S,
0 =S, C,)L0 0 1] |58, -CS, C,

The angles ¢ and y are measured along the same direction so B can be oriented using a 3-1 rotation

sequence. The first angle is simply the sum @+ .

C¢+t// S Pty 0
[Rs]=| =S4, Co CpyCo  So
SswSs —CpoySs Co
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0 Corw ~SprCo SpySo | [0 —aS,,,Cy
T
{FP/Q} - [RB ] ar=Spy  CpyCo  —CuuySo |yar=yaCs,Co
0 0 S c, |lo as,

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and “v, the velocity of P can be calculated as follows.

o 0 (C, 0 ~aS,  aC,,,C,
| ey |=Fo0)~[Fro)==] 0 0 1S, || aS, 0 aSy,,Co
~tc, -tS, 0 | |-aC,,,C, -aS,,C, O
0 as, ~(¢c,+aC,,,Cy)
=\ "veo, |=| -4, 0 ~(¢8,+as,,,Cy)
(Cy+aC,,,C, (S,+aS,,,C, 0
0 aS,  -aC,,,C,|[C, -S; 0
[ “vpo, |=~[Fro J[Re] =| —aS, 0 -aS,,Co|S, C, 0O
aC,,,Cy  aS,,,C, 0 0o 0 1
as,s, aC,s, ~aC,,,C,
= [RVP,&)B} = —aC,S, as S, -aS;,,Cy
aCy(CyCoy +54Sp) =aCo(SyCpuy =CySp.,) 0

This result can be simplified using the following trigonometric identities.

c0s(¢) cos(¢ + ) +sin(g)sin(¢ +y) = cos(§— (¢ +)) = cos(—y) = cos(y’)

sin(¢) cos(¢ +y) —cos(#)sin(¢+y) =sin (¢ — (¢ +y)) = sin(-y) = —sin(y)

as,S, aC,S, -aC, C,
= | "vos, |=|-aCyS, aS,S, -aS,.,C,

aCyC, aC,S, 0
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{VP}:_RVP,QA)F:|{(?)F}+[RVP,@B]{GA)B}
0 as, ~(tCy+aC,,,Co)] (g
= -aS, 0 ~(s,+aS,,,C,) |40
(C,+aC,,,C, (S,+aS,,,C, 0 ¢
as,S, aC,S, -aC,,,C,|[6C,
aC,C, aC,S, 0 7

~4(tc,+ac,,,C,)| |ab(s,c,+C,S,)Sy-avC,.,C,

=1 —§(¢S,+aS,,,C,) t+1-ab(C,C,~5,S,)S,-ayS

Pty CH

0 abC,(C; +5; )

This result can be simplified using the following trigonometric identities.

|sin(¢) cos(y) + cos(¢@) sin(y) = sin(¢ + l//)| |c0s(1//) cos(@) —sin(y)sin(@) = cos(¢p + l//)|

~((Cy+aCy, Co)| [ abs,., s, -ayC,,,C,
{vp}=1-4((S,+aS,,,Cp) t+4-abC,,,Sy—ayS,.,C,

0 abC,
—4(tC,+aC,,,C,)+abS,,,S,~ayC,,,Co|  |~14C,+abS,,, Sy~ (d+y)aC,,,C,
= |{vp} =4 ~4(¢S, +aS,,,C,)-abC,,,S,~ayS,.,Cy =4 ~(§S,~abC,.,S,~($+v)aS,.,C,
aé.?C(9 aéCa

(b) The angular velocities of the two bodies can be calculated as follows.

R R _R F
@r =@k Wp= QOp+ WOp

As in the previous example, the base frame and body frame components of Rgo 7 are identical.

(o) ={ap)=[0 0 4]

The angular velocity of B relative to F (3-1 rotation sequence) can be written in the body frame as follows.

F

@B:9@1+V7]S:9@1+W(59@2+C9@3) j{é’é}:[e wS, ‘/)Ce]T

Using these results, the body frame components of the angular velocities of the bodies can be written as

(o) ={ap}| [{eh}=]"R, |{@}}+{d})
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Defining the column vector of generalized speeds to be { y} = { }} , the body frame components of the

partial angular velocity matrices are observed to be
[Ra);:,y LXé = [[ Rwllwac?)'p ] [Ra);”,c?)}g ﬂ = I:[I]}><3 [O]3><3:'
["an o ["0ha ] ["ohas JI=[["Rs] [

As noted above, using the concept of relative velocity, Ryp the velocity of point P in R can be written as

follows.

R

R R R R R R
Yp= Yoot YP/Qz( @FXKQ/O)JF( @BX’:P/Q)z_(EQ/OX @F)_(’:P/Qx @B) (57)

Using this result, the fixed frame components of “v, can be written as follows.
(v} ==[Re] [Foro (@} ~[Ra] [ g {h)
=~[Re] [P Jtr} ~[RaT [7rio J(([“Re JH1})+ (1) )
(o} ==([Re) [Foro [+ [RaT [P ] "Ra )5} ~[ReT [ J{0h)
Observation of this result gives the following partial velocity matrices in fixed frame components.
[ “vnap = ~[Re] [Foro )= [Re] [0 ) "Re ]| |[*vras J=~[Ra] [Fio]

The skew-symmetric matrix [f’Q /0] is built with position vector components in frame F, and the skew-

symmetric matrix [;7;) /Q] is built with position vector components in frame B. That is,

0
0

and |rpo=an, 3[’7}@]:

0
Foro =te; j[F(’Q/O:': 0
0

oS O O
S O
oS O O
S O

—a

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and “v, the velocity of P can be calculated as follows.
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T[T~ Tl o~y
e J= L8] (oo - [Ra] [ P ] "Ra
¢, =S, 0)fo 0 ¢
-|S, C, 0|0 0 0
0o o 1|-¢ 00
C¢+t// _S¢5+V/C9 S¢+V/S9 0 0 a Cl// St// 0
0 S, —a 0 0} 55, -C,8, C,
0 0 (C,] |C,, - ch quWSe as,S, -aC,S, aC,
- 0 0] | 0 Sy c, | —eC, —aS, O
0 0 «c,] aSy(S,Cpy~CySyey ) =aS4(C,Cpayy +5,8,.,) aCyCyu,,
0 0 ¢S, |-|aSy(S,Ss, +C,Cph,) aSe(-C,S,., +S,Cp) aCyS,,,
¢ 0 0 | -aC,C, -aS,C, 0

This result can be simplified using the following trigonometric identities.

|sin(a — f) =sin(a) cos(f) —cos(a) sin(ﬁ’)| |cos(a — f) =cos(a)cos(f)+sin(x) sin(ﬁ’)|

|sin(—a) = —sin(a)| |cos(—a) = cos(a)|

0 0 —C,] [ aS,S, aS,C;, —aC,C,,,
[ “Vogy |[=|0 0 =18, |+|-aS,C; aS,S, -aC,S,.,
¢ 0 0 aC,C, aS,C, 0
as,S,  aS,C, —((C,+aC,C,.,)
[“vpi |=| -aS,C,  aS,S, ~(£8,+aC,S,,,)
£+aCV,C9 aSWCH 0
C¢+w _S¢+l//c6' S¢+.,/Sa 0 0 a
R Tl .,
[ vP,as;B]z_[RB] [rP/Q]:_ Spry CpyCo —CyrySe || 0 0 0
0 S, C, -a 0 0
as,,, S, 0 —aC,,,
I:RVP’(%’]: —aC¢+WS9 0 —aS¢+V/
aC, 0 0
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{VP}:_RVP,&)'F:|{aA);7}+|:RVP,6?)}3:|{0A)1’3}
aSySy  aS,Cy ~(1Cs+aCoCy) (01 [ aS,.,5, 0 -aC,,][ &
=| -aS,C, aS,S, —-((S,+aC,S 0t+|-aC,,,S, 0 —aS,,, |{¥S,

Pty Pty

€+aCWC9 as,C, 0 ¢ aC, 0 0 wC,

~(£Cy+aCCpy )d| [ abs,., s, -ayC,C,.,

=1 =(¢8,+aC,S,., )é p+4-abC,., S, —ayC,S,,,,

Pty
0 adC,
~(tc,+aC,Cy., )$+abS,,,Sy—ayCoCy,, | |-14C,+abS,,,S,~($+v)aC,,,C,
= |{vp} =1 —(£S, +aC,S,., )$—-abC,,, S, —ayC,S,,, t=1-L§S,~abC,,,S,—(d+y)aS,.,C,
aé’Ce aé’Ce

As expected, these results are identical to those found in part (a).

¢) Using Equation (57), the body frame components of "v, can be written as follows.
ik == "Rs [ Foro [{@ } [ Frig [{@})
= "Ry [P J @k} [P0 ]([ "Rs J{7 ) +{5))
ik ==(["Ro [P0 J+[Fovo [ "Ra |) {0} =[P ] (4}
Observation of this result gives the following partial velocity matrices in body frame components.
[ J==L "Re o0 = [P0 L "Re ]| |[ “vhas |=~[Foo]

As noted above,

0 0 ¢ 0 0 a C, s, 0
[7o0]= 0 0 of [Fg]=|0 0 of |["R]=|-s,C, C,C, S,
- 0 0 -a 0 0 SV/S9 _C'//S9 C,

Using these results, the explicit forms of the partial velocity matrices and velocity vector in body frame

components are as follows.
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LB [P0 ][ ] "5

0
=—|-5,C, C,Cp S,||0 0 0f-

174

S,Sy -C,Sy Cy - 0 0 —a

c, S5, 0

0 a
0 0|-s,c, C,C, S,
0 0 s, Sy —C,S, C,

0
0

174

0 0 (C, as,S, —aC Sg aCe
=—| S, 0 —S,Cy|-| O
—(C, 0 (S,S, —aC,,

~aS,S, aC,S, —(zcw+acg)

via, |=| 1S, 0 (8,C,
(C,+aC,  aSs, ~(8,S,
0 0 —a
[ ho, [=~[Fro]=[0 0 0
a 0 0

o) = Voo [0+ Vhay, [{@5)

-as,S, aC,S, —(¢C,+aCy)|(0] [0 0 [ 6

= 1S, 0 (5,Co  [J0p+/0 0 0 [{yS,
(C,+aC, aS, 05,5, |4) la 0 0]lyc,
—~(£C, +aCy)p—aCpyr
{(Vp}= (8,,Cyp
~(S,,S yp+ab
Check:

These body frame components can be converted to the fixed frame components as follows.
Chp —S4yCo S4,Sq |[-(£C, +aCy)d—aCyy
T, ;
eb=[Re] {5} =S50 CoCo —CoySo 1S, Cof
0 AW C, —LS,Sop+ab
-(¢C, +aC,)C,,,—aC,,,Coyr —1S,,,CyS,Cop—1S,.,5,5,S yp +aS,,,S 0

=1-(¢C, +aC,)S,.,—aS,,,Coyr +1C,,,C,S, Cop+1C,,,S,8,S,8—aC,,, S ,0

1S,55C, ~ (S,55C, +aCy0
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-((¢c, +aC,)Cyr, +18,.,S, (C+53))d—aC,,, C o + Sy, 8,0
=1(-(¢c, +aC))S,., +1Cy, S, (G5 +57)) =Sy, Cop —aC, S of

aC,0

~(aCy, Co+1(Cp C, + 54,5, )| 6= aC,, Coi +aS,,, S0

=1 (-84, Co (840 C, =Cpuy S, )) =Sy, Cop —aCy, S0
aCeé’

Using trigonometric identities:

CouCy TS5y =Coipy =G4 [Sprv Gy —CpiyS

Sy

v =gy =

~(aC,,,Cy+1C,)p—aC,,,C oy +aS,,,S,0

{vp} =1 (-aS,.,Co—1S,)$—aS,,,Copr —aC,,,S,0
aCeé’

These results match with the results of parts (a) and (b).

Example 3

The figure shows a three-body system with frame F, arm AB, and slider kT
. .- e
S. Frame F rotates about the fixed vertical direction with rate ¢ =Q, LAY /\‘~\8 /

and the arm AB rotates relative to F with rate 6= . Slider S is T’ b

connected to bar AB with a prismatic joint, meaning it is free to slide | \< )\

along AB but does not rotate relative to it. Its position relative to point

A is given by the variable distance x . . 4 S2
L

Reference frames: (all frames align when ¢ =6 =0)

R:(i, Js k) (fixed frame) ‘_ZF é:w

F:(e, e, k) (rotating with frame F)

L]

AB:(e,,e,,e,) (rotating with bar 4B)

Let {@&} and {@,;} be the base frame components and let {&.} and {&,;} be the body frame components of

the relative angular velocities chF and © @, - Find the fixed frame components of the velocity of slider S and

the partial velocity matrix associated with the relative angular velocity components using a) base frame
components, and b) body frame components. (c) Find the body frame components of the velocity of S and the

partial velocity matrix associated with the body frame components of the relative angular velocities.
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Solution:

a) The angular velocities of the three bodies can be calculated as follows.

R . _ R "R F
op =Qk Wp= @Opt Oyp

The base frame components of the relative angular velocities are

{op}=[0 0 Q]T (O} =05} =[o 0 O]T

Using these results, the fixed frame components of the angular velocities of the bodies can be written as

{op} =1{dp) {a’s}:{C"AB}:{@F“[RF]T{CA‘)S}

Defining the column vector of generalized speeds to be { y} = {c?)S} , the fixed frame components of the

partial angular velocity matrices are observed to be

[Ra)Fsy :|3><9 - [[ Ra)stf’F] [RQ)F@S] [RwFs*'ﬂ - [[1]3x3 [0]3><3 [0]3><3:|
[Rws,y ]M - [[Ra)s,@p] [Ra)s,&)s] [Rw&ff'ﬂ - [[1]3><3 [RF ]T [0]3><3:|

The body frame components of the translation vector {x’} are as follows.

(v}=lo x of

Using the concept of points moving on bodies, Rys the velocity of point P in R can be written as follows.

R. _R 4B, R R 4B, (R R .
ve ="y + Py =Ty My v = (T ko )+ (R ks, ) +(te, )

= Vs :_(’SA/OXR@F)_(’SS/AXR@s)"‘(x?r) (58)

Using this result, the fixed frame components of *v can be written as follows.

=5k ==([Fao ]+ [Fra e =([Fra IR N5} +[Ran] {5}

Observation of this result gives the following partial velocity matrices in fixed frame components.
[RVS,(DF ] :_([fA/0J+[fS/A]) [RVS,@S}:_[fS/A][RF]T [R"s,x'] :[RAB]T
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Recall that the skew symmetric matrices are built using fixed frame components of the indicated vectors. The

following equations can be used to find these components.

T
T T
[R:] =|-s, ¢, o =|s, C, {ruo}=[Rr] {ap=|S, C, 0]jap=1aC,
0 0 1 0 0 1 0 0o o 1]l0 0
; 1 o o} C S; 0 C, S, 1 0 0
T F
[Ris] =(["Rus ][R:]) =||0 €, S, |-S, ¢, o|| =|s, ¢, o]0 ¢, -s,
0 -S, C,|l 0 0 1 0o o0 1}0 S, C,
T T
=SR] =[S, CuCh —CySy || [rouf=[Rus] {xp=|S, C,Cp —CySy|{xt=x4C,C,
0o S, C, 0 0o S, c, |0 S,

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and “v the velocity of S can be calculated as follows.

0 0 aCy 0 —xSy  xC,C,
[ %0, |==([Fuo [+[Fsa])=-|| © 0 aS,|+| xS, 0 x8,C,
—aC, —-aS, 0 -xC,Cy —x§,C, 0
0 xS, ~(a+xCy)C,
= [Rvs’@_]z xS, 0 —(a+xC9)S¢
(a+xCy)C, (a+xC,)S, 0
0 -xS, xC,C,l[C, =S, 0
[Rvs,@s]z—[FS/A][RF]T:— xS, 0 xS,Cq || S, C, 0
~xC,Cy ~x8,C 0 0 0 1
—xS 48, -xC,S, xC,Cy
=- xCyS, —xS8 4S8, xS 4Cy
—xCy (G +S;) xS,C,Cp=xS,C4Co O

x8,8, xCuS, —xC,C,
[ “vsa |=|XC,Sy  x8,8, -x8,C,
xC, 0 0

Copyright © James W. Kamman, 2026 Volume III — Unit 4 — Velocity and Partial Velocity: page 31/71



{vs}::RvS’@F]{aA}F}+[Rvs’a3s]{@S}+[Rvsx,]{fc’}
0 xSy —(a+xCy)Cy xS,8, xC,S, —xC,Co|(w
= xS, 0 (a+xC9)S¢ 0 b+ —xC,S, x8,8, —x5,C, |10
(a+2C,)Cy (a+xC,)s, 0 Q| x¢, 0 0 JUO

0o S, c, |0

~(a+xC,)QC, +(x0S,-1C,)s,
= |{vs} =1—(a+xC,)QS, -(x08,-3C, )C,

xS, +xw0C,

b) The joints connecting the two bodies are simple revolute joints, and the bodies share a common unit vector
along the axis of the joint. Consequently, the body frame components of the relative angular velocities are

the same as the base frame components. That is,

~! T A Ay T
{orp=[0 0 O] | [{@,}={afj=[@ 0 0]
Using these results, the body frame components of the angular velocities of the bodies can be written as

{0} ={aF )] |{or) ={@ls} =] "Ry {0} }+{d%}

Defining the column vector of generalized speeds to be |{y} 21 {@%} ¢|, the fixed frame components of

the partial angular velocity matrices are observed to be
o ][ | ["0hs] ["@be =111y [0, [0],]
("ot ]y =[["atar ] [“oba] [“obe]]=[["Ru] [ [0]]
Using this result, the fixed frame components of *v can be written as follows.
(veh =R T [P0 J{@r} (R, ][rS/A]{ i3 +[Rus] ()
=[] [P0 || "o, | {0} ~[Ras [rS/A][RwSy] ]T{fc'}
= [R:] [P0 ] {05} ~[Ru] [rw]([ "Ras J{; )
= (s} =~([&T [0 1+ [Ra] [0 ][ “Rus )40 } ([RAB] [rw]){ } +[R] 1)

Observation of this result gives the following partial velocity matrices in fixed frame components.
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[Rvs,a;; } - _([RF ]T [’7;1/0] + [RAB]T [’%/A ][FRAB ]) [R"s,ca; ] = _[RAB]T [’7&/,4} [R"s,x'] = [RAB]T

The skew-symmetric matrix [77;1 /0} is built with components in frame F, and the skew-symmetric matrix

[77:9 / A] is built with components in the AB frame. That is,

0
_— =! J—
and |rg,, =xe, j[rsm]— 0

0
—_— ~! J—
Pajo=a€| = [”A/o]— 0

—a

S O O
S O
S o O
S O =

—X

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and *v the velocity of S can be calculated as follows.

[Rvs,c?); ] = _[RF ]T [’7/’1/0] - [RAB ]T I:’;.;‘/A J [ FRAB]

Cy =Sy 00 0 a |Cy —S,Co SySp [0 0 x]|1 0 0
0 0 1|l—« 0 0f 0 &, c, |l=x 0 0jjo -5, C,

[0 0 -aC,] [-x8,8, 0 xC,|[1 o0 o

=[0 0 —aS,|-| xC,S, 0 xS,|l0 C, S,

la 0 0 || —xC, 0 0 |[0 =S, C,

[0 0 —aC,] | x8,8, xC,S, —xC,C,

=10 0 —aS, |+ —xC,S, xS,5, —x5,C,

la 0 0 | xC, 0 0

xS,8, xC,S, —(a+xC,)C,
= | "vea, |=| XCyS, x8,8, —(a+xC,)S,
a+xC, 0 0

C, =S,Co S8, [0 0 x -xS,8, 0 xC,

TT ~
[R"s,cag]z_[RAB] I:VS/A:'Z_ S, CyCp —CySpll 0 0 0f=—| xCyS, 0 xS,
0o S, c, [l 00 -xC, 0 0

=

x5,8, 0 —xC,
= | "vear |=|¥C,Sy 0 xS,
xC, 00
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{vs}::Rvs’d)}]{aﬂ)}}+[Rvs’a~)§]{c?);}+[Rvs’x,]{fc’}

x§,8,  xCyS, —(a+xC9)C¢ 0 x8,8y 0 —xCy (@
=|—xC,S, xS,5, —(a+xCy)S, |30 p+|—xC,S, 0 -xS, |10
a+xC, 0 0 Q xC, 0 0 [0

0o S, c, |0

~(a+xC,)QC, +(x0S,-1C,)s,
= |{vs} =1—(a+xC,)QS, -(x08,-3C, )C,

xS, +xw0C,

As expected, these results are identical to those found in part (a).

c) Using Equation (58), the body frame components of RyS can be written as follows.

s} = _[FRAB}[%O]{")}} ~[Fa{@k ) +{x'}

Here,
0 0 a 0 0 x 0 0
[Fuo|=| 0 0 off [#ul=[ 0 0 of ["Ry]=|0 ¢, s,
-a 0 0 -x 0 0 0 -S, C,
Substituting and expanding,
05} == "Ras [P0 k) = [ o5} + )
[FRABJ[’”A/O]{ -7 ([FRAB]{ op | +{CA’):9})+ {x}
(I:FRAB:| ”A/o [’”S/A [FRAB]){ } [FS/A]{ }+{5c'}
_1 0 0 0 0 a 0 x||1 0 0 0 0 0 x||lo 0
=—|lo ¢, Ss,|l0 0 ol+ 0 ollo c, S,|[Kot=|0 0 0f{0l+{x
0 -S, C,| ¢ 0 0 -X 0Ollo -S, P Q -x 0 0]]0 0

=—||-aS, 0 0+ 0 0 0
|—aCy 0 0] [-x O 0

0
0
0
0 0 a|l [0 -xS, xcgJ
0
X

0 xS, —(a—i—xCa) 0
=| aS, 0 0 0+
aCy+x 0 0 Q X@
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From the above equation, the following results can be observed and calculated.

0 xS, —(a+xC3) 0 0 —x 1 00
[Vio |=| @Sy 0 0 [Via |=[0 0 0|l [vi.]=[0 1 0
aCy+x 0 0 x 0 0 00 1
—(a+ng)Q
{vs}= i
X

Comparison with Previous Results: (Volume I, Unit 4, Exercise 4)

In Unit 4 of Volume 1, *v, the velocity of S in R is calculated in Exercise 4. The results are given to be

Ry :—Q(a+xC9)gl +(5CC9 —xa)Sg)g2 +(5CSH+xa)C6)Ig

Converting this result to the fixed frame can be done as follows.
c, =S, 0]|-Q(a+xC,)
T .
{vs}z[RF] {VS}F: S, C4 03 xCy—xmS,
0 0 1]|xS,+x0C,

—QC,(a+xC,)-5,(*C, - x0S,)

= |{v,} =4-QS, (a+xC, ) +(xC, —x0S,)C, \/

xS, +xwC,

Converting this result to the S (or AB) frame can be done as follows.

1 0 0 —Q(a+xC9) —Q(a+xC6)
b= "Ry [}, =[0 €y S, |3 #Cy—x0S, =1 (¥C,—x0S,)C,+(iS, +xaC,)S,
0 =5, Cy|| x8y+xaC, —()'cCg—xa)Sg)S9+()'cS9+xa)C9)C9
—(a+xC9)Q
=1 %(C5+57)
xo(Cj+5;)
—(a+xC9)Q
:>{v;}: X \/
xXa
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Example 4

The diagram shows three bodies which are part of a
larger multibody system. The lower numbered body

array for the three bodies is as follows.

£(B;=1,J,K)=(£(1),£(),£(K))=(0,1,J)

Calculate {vK} the fixed frame components of the

velocity of Gy the mass center of body K using the

concept of relative velocities. Using that result, determine

[RVKJJ the matrix of fixed frame components of the

partial velocity of G with respect to the system matrix of generalized speeds as defined in Case I above which

utilizes the lower body (base frame) components of the relative angular velocity vectors as generalized speeds.

Solution:
Using the concept of relative velocity, v . the velocity of G, can be written as follows.

R. _R R R R R R
Yk = Yo T Yoo T Yo,0, T Yoo+ Yoo, T Y60,

R
ds,

"~ ar +("eixq, )+

R
ds,

+(R@JX‘ZK)+ ch{fK +(RC£’KXL”1<)

The derivatives of the position vectors s; (B=1,J,K) can be expanded to give

1

R

ds ds
R, _ 4% (R Sy
Yk = +( @1’“&)"’( dt

J

(o) o(Momar o g+ xa) o (o)

Changing the order of all the cross products and rearranging terms gives the following.

vk = RZEI _(‘ZJ x R@l)+( lci,ij _(§J x RQI)J_(C!K X R@J)"_( Jc;fK _(QK ‘@, ))_(’:K x R@K)

Rd§1 " ld§J + Jd§1<
dt dt dt

=g 5. )< o) ~((gx+5:)x " ) (e < ")+

Finally, using the summation rule tor angular velocities gives

Rd§1 " 1d§J n Jd§1<
dt dt dt

g vl v (P, o

e ==((as+5 )< @)~ ((9x +5x )< "0, )~ (re x "o )+
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Using this result, the fixed frame components of “v, can be written in terms of the base frame components

of the angular velocities of the bodies relative to their lower numbered bodies as follows.
ek ==([a,1+[5, {én} - ([ax ]+ [5x ])({“A’l} +[R] {‘?’J})
L )((a +[R] (@) +[R, ] (o))« (51} [RT )+ (R {33

(59)

Here, fixed frame components are used to build the skew symmetric matrices [q, ], [S,], [dx]. [5k]. and [ ],
the column matrices {@,} (B=1,J,K) hold the base frame components of the angular velocities of the bodies

relative to their lower numbered bodies, and the column matrices {sj} (B =1,J,K) are as defined in Equation
(29).
By rearranging terms, Equation (59) can be rewritten as follows.
e} = —([67]]+[§J]+[67K]+[§K]+[77K]){031} _([qK]+[§K]+[fK])[RI]T {0,
[R R o)+ s +[R] {8} +[R,T {3%)

The generalized speeds for Case 1 are defined in Equations (29) and (30). Using those generalized speeds, the

(60)

following partial velocity matrices can be identified from the above result.

"o ]y = (@5 )+ [+ (5] [ ) 1)
:RVK"‘A’-/ i|3><3 :_([(jK]+[§K]+[FK ])[RI]T [RVK,&JK ]3X3 :_[FK][RJ]T (62)
:RVK’SIV i|3><3 - [1]3X3 [RVK’S'I :|3><3 - [Rl ]T [RVK’S} i|3><3 - [RJ ]T (63)

These results can be put in terms of the generalized speed matrix of Equations (28)-(30) to give the following.

R } _ [ R ] [ R ] [ R ]
v — V, » cee V, - cee Vo o~
[ K.y Ien [ Koy 3,3 K0 133 Ko I3,
R R R
[ VK 3 :|3><3 [ VK3, i|3><3 [ VK5 J3x3 :|3><6N

The matrices [RVK’@J (B=1,J,K) fill columns 3(B—-1)+, (j=1,2,3), and the matrices [RVK’S;;J fill the

(64)

columns 3(N+B-1)+, (j=1,2,3). All other entrics are zero.
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Example 5

Using the approach described in Equations (34)-(36) and Equation (45) which utilize the base frame

components of the relative angular velocity components, find [Rv X J the matrix of fixed frame components of

the partial velocity of G, the mass center of body K of the three body system of Example 4. Compare the results.
Solution:

Partial Angular Velocities of the Bodies

Body 1: |:Ra)1’y:'3x6N:[[]]3x3 [0]3><3 [0]3><3:|3><6N

Body J: [Ra)fﬁylxazv:[[]]m [O]3x3 [0]3><3 [Rl]T [0]3x3 [O]M}

The matrix [R, ]T fills the columns 3J -2, 3J—1, and 3.J .

3x6 N

Body K:

[Ra)K,yLXw:[[l]ys [0]3><3 [0]3><3 [RI]T [O]3><3 [0]3><3 [RJ]T [O]3><3 [O]3><3:|

3x6 N

The matrix [R, ]T fills the columns 3J-2, 3J-1, and 3J, and the matrix [R J]T fills the columns
3K-2,3K-1,and 3K .

Partial Velocity of Body Origins

The process presented in Equations (34)-(36) is repeated here for convenience.

1. First, set
[RVOK Y ]3x6N - [RVOﬂK)’y LXéN B ([QK] + [§K ]) [R@@(K)’y ]3X6N

2. Then, set the three columns associated with sy, (i =1,2,3) as follows.

("o, ), =[Reur ]| (1=1.2.37=1.2.3k=3N+(K =3+ )

For body 1, only Equation (35) applies. All entries are zero except for the three columns associated with

{$/} giving the following result.

[RVOKsy]ik :[1]11 (l:132537]:1;2,3,k:3N+]’ K :1)

Applying these results to the three bodies gives the following.

Body 1: :Rvol,y lk = [I]ij for (i=1,2,3; j=1,2,3; k =3N + j). All other entries are zero. (65)

Body J: L R"OJ Y :|3><6N - [Rvol,y :|3><6N B ([‘}J ] + [EJ ]) [ Ra)l’y }3><6N (©©)

o, | =R (121237 =1,2,3k =3N + (37 =3+ ) (67)
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Body X: [ RVOK Y :'3><6N - [ RVOJ,y :|3><6N B ([qK ] + [EK ]) [ ij’y Jsst (68)

[ *vo, lk =[R,] .| (i=123;,=1,2,3;k=3N+(3K-3+)) (69)

ij

The results in Equations (65)-(69) can be expanded to give the following.

Body 11 (| "4, | =[0],] (B=1....N)

L Rvolﬂily :|3><3 - [1]3><3 [Rvol,s'jg ]3><3 = [O]3X3 (B =2,..., N)

Body J: [%vo,4 1,. =01 [5])] [0, Loa=[0hs (B=1)

T
L RVOJ St :|3><3 - [1]3><3 [RVOJ’S"J :|3><3 - [Rl ]3><3

Body K: :RVOK’(;,I }M = —([éj]+[§J]+ [C?K]+[§K]) [RVOK,@, ]M = [_([qK]—i_[gK])[Rl ]T} (70)

R

L vOKs‘bB i|3><3 - [0]3><3 (B i 1’ B# J) (71)

L RVOK S ]3X3 - [1]3><3 [RVOK Sy ]3><3 - [Rl ]3T><3 [RVOK Sk :|3><3 - [RJ ];3 (72)

Partial Velocity of the Mass Center of Body K (Gy )

Equation (45) repeated below provides the partial velocity matrix for G, in terms of the partial velocity

matrix of Oy .

R R ~ 1R
Vs Jyew =L Voer Jygw Uil x|
[ K.y I3en Ok-¥ J3xen [K ] K.y I3cen

Using the results in Equations (70)-(72), the above equation can be expanded into the following results.

| ea |, = (131418 )+ [ac]+ 5D+ [7) (73)
:RVK,&)J ]M =—([ax ]+ [Sc [+ [ IR I [RVK,&)K ]M = _[fK][RJ]T (74)
:RVOK’S'I' i|3><3 - [[]3><3 [RVOK S5 }3><3 =R ]T |:RVOK Sk ]3x3 - [RJ]T (75)
oy |, =[0]s| (B=LB=IB2K) ([ Mve ] =[0],,]| (B#LB=J;B=K) (76)

These results are identical to those found in Example 4.
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Example 6

The diagram again shows three bodies which are
part of a larger multibody system. The lower numbered

body array for the three bodies is as follows.

£(B;=1,J,K)=(£(1),£(),£(K))=(0,1,J)

Calculate {VK} the fixed frame components of the

velocity of G, using the concept of relative velocities.

Using that result, determine |:RVK, y] the matrix of fixed

Sframe components of the partial velocity of G, with

respect to the system matrix of generalized speeds as defined in Case 2 above which utilizes the body frame
components of the relative angular velocity vectors as generalized speeds.

Solution:

In example 1, v, the velocity of G, in R was written as follows.

o)l e o

<
=
I
|
—_
—_—
X
<
+
1
<
~——

Rd§1 + 1d§J n Jd§1<
dt dt dt

I
|
—_
—_
AN
<
+
1
<
~~—

%P0 )~((9x +5¢ )% (P + 0, ) )~ (e (P + 10, + Yok )+

Using this result, the fixed frame components of RyK can be written in terms of the body frame components of

the angular velocities of the bodies relative to their lower numbered bodies as follows.
(et = (8] ([@ ]+ D a0 (R ] ([ )+ 5D ([ 'R JHoi)+{a)))
~[Re T (7[R )+ Re g} g+ st} +RT {30} R,T {5}

Reorganizing terms gives the following result.

(e =-[[RY (@ 1+ 1)+ (R (@) (5D R )+ ([R 1 R )4
(R T (@[5 D)+ ([ReT T 1R ]) [0 b= TR T (7] k) )
R {1+ [R, T {8k

Observation of this result gives the following partial velocity matrices.

[Mvea )=~ [RT (@[] |- [RT (@] +[5 D[ 'R )] - [R] 7] 'R (78)
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[RVK,@,',] =_[[RJ]T([Q~}<]+[§}< ):|_|:[RK]T [fl'(][JRK}} [RVK,@;(]:_[[RK]TVIQH (79)
[RVK’S\' i|3><3 - [[]3x3 [RVKJ"J :|3><3 - [Rl ]T [RVK’S} LX3 = [RJ ]T (80)

These results can be put in terms of the generalized speed matrix of Equations (28)-(30) to give the following.

R _[rr R R
[ VK’nyGN _[[ VK’CZ’(] [ VK,C?).’/] [ VK,@}(]
R R R
[ VK,S';] [ VK,s';] [ VK,&;J Lmzv

The matrices [RVK’(ZJJ (B=1,J,K) fill columns 3(B-1)+; (j=12,3), and the matrices |:RVK’S~;:| fill the

81

columns 3(N+B-1)+, (j=1,2,3). All other entries are zero.

Example 7
Using the approach described in Equations (40)-(42) and Equation (48) which utilize the body frame

components of the relative angular velocity components, find [Rv X J the matrix of fixed frame components of

the partial velocity of G, the mass center of body K of the three body system of Example 6. Compare the results.

Solution:

Partial Angular Velocities of the Bodies

Body I: [Ra){ay ]3><6N " [[1]3><3 [0, - [0] :|3><6N (82
Body J: [Ra)ly ]3x61v N H:IRJ i|3><3 [0]3><3 [0]3><3 []]3x3 [O]3><3 [0]3X3 :|3><6N (83)
The matrix [1]3X3 fills the columns 3J -2, 3J—1, and 3J .
Body K:
[Ra);(,y :|3><6N - |:|: 1RK :' [0]3x3 o [0]3><3 |:JRK :| [0]3><3 o [O]3><3 [1]3><3 [0]3><3 o [0]3X3 :|3><6N (84)

The matrix [JRK] fills the columns 3J -2, 3J-1, and 3J, and the matrix [I ]3X3 fills the columns
3K-2,3K-1,and 3K .

Partial Velocity of Body Origins

The process presented in Equations (40)-(42) is repeated here for convenience.

1. First, set
[RVOK Y ]3><6N " [RVOS(K)J lxéz\/ B [RS(K) ]T ([ék [+ (5% ])[Rwé(m,y :|3><6N (85)

2. Then, set the three columns associated with 5§y, (i=1,2,3) as follows.

(%o ], =[ Recrr I | (i=1.23/=123k=3N+(K -3+ ) (86)

ij
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For body 1, only Equation (41). All entries are zero except for the three columns associated with {s{}

giving the following result.

(%o, ] =l1],| (1=123/=1.23k=3N+j; K =1) ®7)

Applying these results to the three bodies gives the following.

Body 1: :Rvol,ylk =[1],,| for (i=1,2,3; j=1,2,3;k =3N +j). All other entries are zero. ~ (88)
Body J. :RVOJ Y LxﬁN B [Rvol,y :|3><6N B [Rl ]T ([CTJ] * [5} ])[Ra);’y ]3><6N (89)
Mo,y | =R (12123 =1,2,3k =3V + (37 =3+ ) (90)
Body X: :RVOK Y :|3><6N - [RVOJ’Y :|3><6N B [RJ ]T ([ék ] * [E;( ]) [ Ra)}’y :|3><6N O
:RVOK’ylk =[R, ]Z,Tj (i=1,2,3;j=1,2,3;k =3N+(3K =3+ )) (92)

The results in Equations (88)-(92) can be expanded to give the following.

Body 11 (| "4, |, =[0],] (B=1....N)

L Rvolﬂily :|3><3 - [[]3><3 [Rvol,s'jg ]3><3 = [O]3X3 (B =2,..., N)

Body J: _RVOJ,@{ :|3><3 - _[Rl ]T ( 4 ] + [5‘,’ ]) [RVOJ"Z’E :'3><3 - [0]3X3 (B * 1)

[
T
L RVOJ St :|3><3 - [1]3><3 [RVOJ’S"J :|3><3 - [Rl ]3><3

Body K: | "vo, i |, =~[&] (@ ]+[8])-[R] ([ak]+[5])[ '&/ ] (93)
:RVOK,@ L} =—[R,] ([ax]+[5]) [RVOK’% ]M =[0],,| (B#landB=J) (94)
:RVOK S ]3X3 - [1]3><3 [RVOK Sy ]3><3 - [Rl ]3T><3 [RVOK Sk :|3><3 - [RJ ];3 (93)

Partial Velocity of the Mass Center of Body K (Gy )

Equation (48) repeated below provides the partial velocity matrix for G, in terms of the partial velocity

matrix of O .

T~
[RVKJ :|3><6N - [RVOK Y ]3x6N B [RK] [FIQ][RCO}(’Y ]3X6N

Using the results in Equations (93)-(95), the above equation can be expanded into the following results.
|:RVK,5?){ }M = _[Rl ]T ([(TJ ] + [S~’J ]) - [RJ ]T ([‘7% + [§}< ])|:1RJ ] - [RK ]T [FI'(][IRK] (96)
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Veay | = IR (@] 5 D) - [RD 7R | "oy L, =—[Re] T (97)
:RVK’fl' :|3><3 - [1]3x3 [RVK’ﬁ'J :|3><3 - [Rl ]T [RVK’S% :|3><3 - [RJ ]T ©8)
eay | =100a] || ey |, =[0],,| (B#1and B=J and B#K) (99)

These results are identical to those found in Example 6.

Example 8

The diagram again shows three bodies which are
part of a larger multibody system. The lower numbered

body array for the three bodies is as follows.

£(B,=1,J,K)=(£(1),£(),£(K))=(0,1,J)

Calculate {vi} the body frame components of the

velocity of G using the concept of relative velocities.

Using that result, determine [Rv}(’ y] the matrix of body

Sframe components of the partial velocity of G, with

respect to the system matrix of generalized speeds as defined in Case 2 above which utilizes the body frame
components of the relative angular velocity vectors as generalized speeds.

Solution:

In example 1, v, the velocity of Gy in R was written as follows.

"k :_((EIJ +§J)XRQ)1)_((QK +§K)XR(~0J)_(’:K X RQ)K)+ RZfl + lcjij + chlfK

Rd§1 + 1d§J n Jd§1<
dt dt dt

=g o)< )~((gs s )x ("o o))z ("o + o + Yo )+

Using this result, the body frame components of RyK can be written in terms of the body frame components of

the angular velocities of the bodies relative to their lower numbered bodies as follows.
it ==[ "R J((@ )+ [t [ "R J (1@ + 5D R, J{ar) + {a0})
_[f,;]([IRK]{as;} +[ 7Ry @)} +{a31'<})+[RK]{Sl’}+[1RK}{S'J}+[JRK}{$}(}

Reorganizing terms gives the following.
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k=1 'Re ([ ]+ [”])[ e J (@ 1+ 5D 'R J+ [ ][ Re (a1}
7R Qa5 D)+ (7 Re T} - [7 1ok} (100)
+[R]{s1}+] 'R ]{ } 7Ry J{sic}
Observation of this result gives the following partial velocity matrices.
e J= 1R J(@ 15 )+ R (@) 5D R 7] 'R ] (101
sy | =R Q@ 1+ D)+ U R | [ Ve ] =15 (102)
Ve =R | L=l Re ) ([ L =R (103)
These results can be put in terms of the generalized speed matrix of Equations (28)-(30) to give the following.
[Rvk,y]gxw:[[%}ccﬂ [RV}@@;] [Rv;(’@k]

(e ] o [P ] [P ] '“Lw

The matrices [Rv}(’@é] (B=1,J,K) fill columns 3(B-1)+; (/j=12,3), and the matrices [Rv}(’s.J fill the

(104)

columns 3(N+B-1)+, (j=12,3). All other entries are zero.

Example 9
Using the approach described in Equations (51)-(53) and Equation (55) which utilize the body frame

components of the relative angular velocity components, find [Rv}(’ J the matrix of body frame components of

the partial velocity of G, the mass center of body K of the three body system of Example 8. Compare the results.

Solution:

Partial Angular Velocities of the Bodies

Body 1: [Rw{ay]3x6N:[[1]3x3 [O]3><3 [O]3><3]3x6N (10

Body s ([ "), ] =[['R ], [0k - [0k [ [0k - [0]] (106)

3x6 N

The matrix [1]3X3 fills the columns 3J -2, 3J -1, and 3J .
Body K:

[Rw;ﬂy]sxszv :[[IRK] [0]3><3 [0]3x3 [JRK] [0]3x3 [O]M [1]3x3 [ ]3x3 [ ]3X3:|3><6N (107)

The matrix [JRK] fills the columns 3J -2, 3J-1, and 3J, and the matrix [I ]3X3 fills the columns

3K-2,3K-1,and 3K .
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Partial Velocity of Body Origins

The process presented in Equations (51)-(53) is repeated here for convenience.

1. First, set

[0, ] =[O, J([RV'OMML(,N_([%]+[§5<])[R“’§<K>,ylxw) (108)

2. Then, set the three columns associated with sy, (i =1,2,3) as follows.

(o], =[] | (=123 72123k =38 +GK -3+ ) (19

O,y

For body 1, only Equation (109) applies. All entries are zero except for the three columns associated with

{s/} giving the following result.

[ Vo, | =[R],| (=123 j=1,23k=3N+j; K=1) (110)

Applying these results to the three bodies gives the following.

Body 1: :val,y]ik :[Rl]ij for (i=1,2,3; j=1,2,3;k =3N+ j). All other entries are zero. (111)

Body J: :Rv'01>y:3x6N - [IRJ:([R%IJ }3><6N _([%]Jr [5}])[Ra){y :|3><6N) (112)
:vaj,y:,-k = [IRJL (i=1,2,3;j=1,2,3;k=3N+(3J -3+ ))) (113)
Body K :RV’OK’y:3><6N :I:JRK:([RVIOJ’}}:I3X6N _([q;{]-i_[gk])[laa);’ylxézv) (114)
[%K’yl-k :[JRK]U (i=1,23;j=1,2,3;k=3N+(3K -3+ )) (115)

The results in Equations (111)-(115) can be expanded to give the following.
Body 11 (| "vj4, | =[0],] (B=1....N)
Vo L =R LA Vo L =10]s] (B=2N)
Body J: || Vo,wl]m LR JT@ T+ D] | Vo, |, =[0]4] (B#1)
Yo b =L RIRI=R) ([0, ] =['R
Body K |[ "o, ], =~["Re J([@1+[5])-["Re J((ai ]+ (5[ 'R/ (116)
v, w,]m [ ] 1+ 156 ]) [RVOK’J,%L=[0]3X3 (B#landB=J)  (117)
ot L =[R6]) [ors L =L 'R ]| | *vor s Ly =L "R (118)
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Partial Velocity of the Mass Center of Body K (Gy)

Equation (55) (repeated below) provides the partial

matrix of Oy .

|

R v

I "o

R_y

[

R_r
|: VOK,J’

~!

i|3><6N - [l"

K.y 3en

K K.y

]3X6N

velocity matrix for G, in terms of the partial velocity

Using the results in Equations (93)-(95), the above equation can be expanded into the following results.

These results are identical to those found in Example 8.
Example 10

The figure shows an eight-body system numbered
using the numbering scheme presented in Unit 1. Body
1 is the system reference body, and the rest of the bodies
are numbered in ascending progression outward along
the branches. As structured, the lower numbered body

array for the system is as follows.
£(1,...,8) = (0,1,2,2,1,1,1,7)
The orientation of body 1 is defined relative to the fixed

frame R :(]y >N, N 3), and the orientations of all the

other bodies are defined relative to their adjacent, lower

o |y =1 [ R J(@ 1+ D)+ [ Re J([@ ]+ D[ 'Ry + [ ][ 'R || (119)
[ieay |y =R (@ + )+ R Re ]| | vk ], =[] (120)
e L =R Ve 1 =1 Re | i |, = Re ] (121)
| “oa )y =100 | "o |, =[0L.| (B#1and B=J and B#K) (122)

RN Mo )

numbered bodies. Using base frame components of the relative angular velocities of the bodies, the system

generalized speed matrix is defined as follows.

A {yl}24 1
{7} 46 ={ " (123)
{y2}24><1
AT ~ A~ A A A~ A~ ~ A A A ~ A T
{J’1}24X1 = [@11 Wy, O W Gy 0y Wy W W3 Ay Wy wss] (124)
AT - . . . . . . . . . . . T
{yz}24xl = [51'1 S, Sz Sy Sy Sy S S S Su Sw Sé3] (125)
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a) For each body B in the system, find the fixed frame components of the partial velocity matrix of its origin
Oy and its mass center G,. Follow the procedures outlined in Equations (34)-(36) and Equation (45). Use the
results presented in Unit 2 for the fixed frame components of the partial angular velocity matrices of the bodies.

b) Use direct differentiation to find the fixed frame components of the velocity of G4 in terms of the base frame
components of the relative angular velocity vectors, identify the partial velocity matrix [R Ve ]3 i’ and compare

the results with those obtained in part (a).
Results from Unit 2:

00 )y = s 1005 (0] [0 0], [0,y (0], [0],,]

_Ra)z’yl_3><24= [1]3><3 [Rl]§x3 [0]3><3 [O]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3i|
03 )= e[RRI, [0, [0, [0],, [0],, [0],]
(00 ] =1 s[RI [0]y [RT5, (0], [0)y [0]y [0],,]

_RwS,y1_3X24: [I]3><3 [0]3><3 [0]3><3 [0]3><3 [RI]T3x3 [0]3><3 [0]3><3 [0]3><3:
o0, ] = s [0, 100, [0, [0],, (RIS, [0], [0),.]

_Ra)7a3’1_3xz4: [1]3><3 [O]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [Rl]T3X3 [0]3><3_

_Rw8,yl_3xz4: [1]3><3 [0]3><3 [0]3><3 [O]zxs [O]sxs [0]3><3 [Rl]Tsxs [R7]Z?:><3J

_Ra)B’J’z]3X24 :[0]3><24 (le,,8)

For each body, the system partial angular velocity matrix is partitioned as follows.

[Ra)B’nym; - l:[Ra)B’yl :|3><24 [Ra)BJz LQJ - I:[ RwB,yl ]3X24 [0] 3><24i| (B =1,....8)

Solution:

a) Body Origins:
The process presented in Equations (34)-(36) is repeated here for convenience.
1. First, set

[Rvomy Lxézv - [Rvowvy :|3><6N —([671{ ] * [§K ])[Ra)ff“()’y :'3x6N

2. Then, set the three columns associated with sy, (i =1,2,3) as follows.

(%o ] =[Rey ]| (i=12.3;j=123k=3N+(BK -3+ )

ij
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For body 1, only the equation in item (2) applies. All entries are zero except for the three columns

associated with {s/} giving the following result.

|:Rv01<a)’:|,-k :[[][j (i=1’2,3;j=1,2,3;k=3]\7+j; K:])

Body 1:

[Rvowyl :|3><24 - [0]3><24
[RVO"y2]3X24:[[1]3X3 [0]3x3 [0]3x3 [O]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3:|

Body 2:

:RVOZ ¥ ]3x48 - [RVODY ]3x48 B ([62 ] + [52 ]) [ Ra)l’y ]3x48

Mo, | =[R], (1=123/=12,3k=27+)

o L =[[oa Ly [0 101 (0] [0]s [0] 0]y [0],]
[ "o, =~[[@]+[5]]

(oo oy = [ [RYs [0 [0] [0)s [0 [0] [0, ]

Body 3:

L RvOs ¥ :|3><48 - [ Rvoz’y :|3><48 B ([q~3 ] * [53 ]) [ Ra)ZJ :|3><48

("o, |, =[R], (1=1,23/=1,2,3,k=30+ )

:RVOpylLX%=[[RV03,5)1LX3 [RVO3,@ZLX3 [0]3x3 [0]3x3 [0]3><3 [O]3><3 [O]3x3 [0]3><3:|
:RV03,@| ]M = _[[52]+[§z]+[53]+[§3 ]:' [Rvos,a)z ]M = _[[‘73]+[§3]][R1 ]T

_RV03,yz}3X24:[[1]3x3 [Rl]sTx3 [R2]3Tx3 [0]3><3 [O]3x3 [0]3><3 [O]3x3 [0]3><3:|

Body 4:

L RVOM :|3><48 - [ Rvoz Y :'3><48 B ([64] * [54 ]) [ Ra)ZJ :|3><48

Moy | =[R], (121237 =123k =33+ )

o oms = [ora Loy [Mous oy (01 [01, [0, [0, [0, [0],.]
:RV04,C:)1:3X3 = _[[52]+[§2]+[‘j4]+[§4n |:RVO4,(Z)2 ]M :_[[54]+[§4]][R1]T

o | = Ul R, 0L, [RI. [0, [0, [0l [0].]
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Body 5:

R ~ R
05 y ]3x48 [ Yo,y ]3><48 + [s5 ])[ @y ]3x48
R

_RVOS,ylk [ 1] (i=1,2,3; J—1,2,3;k=36+j)

_RV05>M_3X24:[[RVOSALB [0]3x3 [0]3x3 [0]3><3 [0]3><3 [O]3x3 [0]3><3 [O]3x3:|

| o |,y =~ [[3]+[5]]

(%o 1o =[ [0, [0, [0L, [, [0]., [0], [0],]

Body 6:

06 yl 43 [R Vo, y:|3><48 +[§6])|:Ra)1’y:|3x48
R

L Voﬁ,ylk [1] (i=1,2,3;j=1,2,3k=39+)

'RVO(”MLXZ“:[[RVO w‘]33 [0]3X3 [0]3x3 [0]3x3 [0]3><3 [0]3x3 [0]3><3 [O]3><3:|
:RVOG"?’I Lxs - _[[66]"' [§6]]

_Rv06’y2}3x24:[[1]3x3 [O]3><3 [0]3><3 [0]3><3 [0]3><3 [Rl]zxs [0]3><3 [0]3><3:|

Body 7:

L Rv07 Y }3><48 - [ Rvolyy }3><48 B ([q~7 ] * [57 ]) [ Ra)l’y :|3><48

_RV07=yl-k :[Rl]l»Tj (i:1,2,3;j=1,2,3;k:42+j)

_Rv07,y1_3X24:[[Rv07,ffh]3x3 [0]3x3 [0]3><3 [0]3x3 [0]3><3 [0]3><3 [0]3><3 [0]3x3:|

:Rv07 X :3><3 - _[[% ] + [57 H

Vo Lyne =\ [T [0y [0, [0, [0],, [0, [R5, [0],,]

Body 8:

L RVOW :|3><48 - [ Rv07 Y :|3><48 B ([68 ] * [58 ]) [ Ra)7=y :|3><48

_Rv089yl~k:[R7]jj (1219293a]:1,2,3,k:45+J)

_RVOS,yILX%:HRVOS,(IJILX3 [O]sxz [O]3><3 [0]3><3 [0]3><3 [0]3><3 [Rvog,@ ]3X3 [O]MJ
:R"Og,az JM =_[[‘i7]+[§7]+[‘78]+[§8]] [R"og,@ JM :_([‘58]+[§8])[R1]T

_RVOg,yzLX24=[[I]3x3 [0]3x3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [Rl]3Tx3 [R7]3TX3J
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Body Mass Centers:

Equation (45) repeated below provides the partial velocity matrices for the mass centers of the bodies.

[ RVKJ i|3><6N - [RVOK’Y ]3><6N - [FK ] [ RwK’y LxeN
Body 1:

[ R R ~1[ R
Vs Sy =L Vo Ly AL "1, ]
L "Ly l3xas 01y 13448 [1] Dy Jsag

_Rv1>y1_3xz4:[[va,@{}3x3 [O]3><3 [0]3><3 [0]3><3 [O]3><3 [0]3><3 [0]3><3 [0]3><3:|
Y |y = 17]

_va,J’z:3X24:|:[I]3><3 [0]3><3 [O]3><3 [O]3><3 [O]3><3 [0]3><3 [0]3><3 [0]3x3]

Body 2:

B e B e 1|
v ="y —(7 )
L 727 J3xasg 055 13448 [2] 2.V l3vag

:RV2,y1:3X24:[[RV2’031]3X3 [RVZ,@]M [0]3><3 [O]3x3 [O]3x3 [0]3><3 [0]3><3 [O]zst
o ) =@+ SR [P |, =-[BIR]
[y ] = [RE, [0, (0L, [0), [0], [0, [0],,]

Body 3:

R R ~1 R
T A W e 1
L 3 l3uag 050 34 L3 3.5 I3xag

_RVS,y1_3X24=[[RV3,6?)1]3X3 [vac?)zl@ [vaa%]M [O]3><3 [0]3><3 [0]3><3 [O]3><3 [O]st
T L S 5 R (A R B e L I e O A R S R G

>

o ), = [BIIRT
:Rv3ayz:3xz4:[[]]3x3 [R1]3Tx3 [R2]§><3 [0]3><3 [O]3><3 [0]3><3 [0]3x3 [0]3><3:|
Body 4:

i L = o L A1 Mo ],
] =[[* JM [ ol 0 [al, [0 [0 (0] [0],]

Vi Ly [ 5+ AN)] ([ ), =@+ B+ RIRT
vw]m ~[7]
iy, |

3x24 [ 3x3 ];3 [O]3><3 [R2]3T><3 [O]3><3 [0]3><3 [0]3><3 [0]3X3J
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Body 5:

R R ~ 1R
Vs Jyas =L Voun Ly 1 s, ]
L 75 lsuag Os:y J3xag LS 3.9 I3xag

_Rv5,y1_3X24:[[Rv5ﬁhlx3 [O]3x3 [0]3><3 [0]3><3 |:Rv5,@5]3x3 [0]3x3 [0]3><3 [0]3x3:|
_R"s,cbl :M = _[[‘75]+[§5]+[F5H [Rvs,aﬁs ]M =-[%][R ]T
= s [0Ls (0L 0L, [R5, (0], [0),, [0],,]

Body 6:

R R -1 R
W e e (3
[ 6.5 J3xas G- J3x48 [6] 6.5 1348

_RV6,y1_3X24 :[Rvdﬁa ]M [O] 33 [0] 33 [O] 33 [0] 33 :RVW% :|3><3 [0] 33 [O] 3><3:|
e :3X3 =[] +[5]+[7]] [R"e,aas ]M =[][R]
][, DL, (oL, DL, L, (&L, (O, o))

Body 7:

R R -1 R
V1 L =L V0 Ly B "]
[ 7. l3xas 07.5 I3x48 [7] 7Y 13048

v L = v Ly 10 10 [0, [0 0 [M ], [0),)
o | ==l@ S+ ET] ([Fve, |, =-[BIRT
Vi ] = s [0) [0, 0], [0, [0],, [R5, [0],,]

Body 8:

R R ~ 1R
Vi Ly =L Vour Ly U1 5]
[ 8.7 l3xas Ok:¥ J3ca8 [8] 8.9 J3xag

_Rv&yl 1324 :|:|: Rv&é& :|3><3 [0] 33 [O] 33 [O] 33 [O] 33 [O] 33 [Rv&@ ]3><3 |:Rv8"?’8 :|3x3:|
RVS,@& :3><3 - _[[‘77]+[§7] +[q~8]+[§8] +[’78]:| [RV&@ :|3><3 - _([58]+ [§S]+ [%])[Rl ]sz

Vg,a”,g 13x3 = _[%][R7 ] 3x3

_RVS,y2]3X24:[[1]3x3 [0]3><3 [O]3><3 [0]3><3 [0]3><3 [0]3><3 [Rl]sTx3 [R7]§><3:|

b) To calculate the velocity of G, using direct differentiation, first write the position vector of G, as follows.

Ps=811tq;+8;+qg+Sg+1g (126)

Differentiating this equation gives the following.

Copyright © James W. Kamman, 2026 Volume III — Unit 4 — Velocity and Partial Velocity: page 51/71



B I L P P TP T -
S dt dr - ar DT )T T s )T

1
:%+(dcj(q7+s7)+ @y % (%+§7)J+(%(g8+§3)+RC~07X(@8+‘SS)]+(R@8XKS)
Rds, ds,

o) (o o) g s s)) (o e+ o)

R 1 7
+S 4+ a.+ ds ds ds.

1 7 ~. ~ i~
a’lx(% $7 793 T3 ’Zs)) (%X(gs S8 ’Ss)) (@8X7~”s)+ h‘l+ t7+ 18

I
—_—
=
1}

v =—((q7 57+ g+ g1 )X R@l)—((czs g+ 1 )X 1@7)—(Eg>< "o )+ R;lfl + lif? + 72;58 (127)

Using the base frame components of the relative angular velocities, the fixed frame components of the

velocities of the mass center of the body 8 can be written as follows.

et =Ll 5Tl Tl TaTlio) [l I8l BIIAT (@) TRl T ()
)+ [R]85+ [ ]{ 3

Using this result, the partial velocity matrix for the mass center of body 8 is observed to be as follows.

M Lo = 1y 101 [0, (01 [0, 01y [™eo o [™a )]
e |, =L@+ 514 @)+ 5RT)) |[a | =@+ B+ EDIRT
ol =R
s L=l [0 D00 [0k [0, [0h. [RE, [®L]

These are the same results as presented above. Recall that the matrices [g,] (B=1....,8), [5;] (B=1,...,8),

and [7;] (B=1,...

,8) are skew symmetric matrices built with the fixed frame components of the vectors

g5 (B=1,....8), s, (B=1,....,8),and r; (B=1,...,8).
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Exercises

4.1 The antenna system shown has two components, the base B
and the antenna dish D. Base B rotates relative to the ground
about the fixed z (or Z) axis, and dish D rotates relative to

B about the rotating x-axis annotated by the unit vector e, .

At any instant, the angle between the y-axis annotated by

the unit vector e, and the fixed Y-axis is @, and the angle
between line segment OA and the rotating y-axis is ¢. The
0 rotation is about the —k direction, and the ¢ rotation is

about the e, direction. Let the distance between O and 4 be

a,andlet 26 and Q2 4.

Reference frames: (all frames align when d=¢=0)

R:(i, j, k) (fixed frame)
B:(ey, e, k) (rotating with base B)
D:(e,n,,ny) (rotating with disk D)

Let {,} and {C?)D} be the base frame components and let {c?),'g} and {@},} be the body frame components

of the relative angular velocities chB and © @y, . Following the process of Example 1, find the fixed frame

components of the velocity of point 4 and the partial velocity matrices associated with the relative angular
velocity components using a) base frame components, and b) body frame components. ¢) Find the body

frame components of the velocity of point 4 and the partial velocity matrix associated with the relative

angular velocity components using body firame components.

Answers:

a) "o, =-wk

_R B _
Op="wp+ "0, =-0k+Qe¢

“of] [ian}=l2 0 of

0

—aC,C,
as,C,
0

M )= aa ] [vaa )= [[Trao]] [LaollR) ]

—aSy,S, aC,S,
—aCy,S, —aS,S,
aC, 0

—aC,C,
as,C,
0
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awC,C,—aQs,S,
{vi}= —awS ,C,—aQC,S,
aQC,

[@ o o]

by [{@p}=[0 0 -of | |{@5}
[RVA,y:| = :RVA,&);] |:RVA,é)}) ﬂ = [[_[RD]T :f:4/0j||:BRD:|:| [_[RD]T [F:MO]:H
[-as,S, aCyS, -aC,C,] [-aS,s, 0 -aC,

=||—aCyS,; —aS,S, aS,C, —aCyS, 0 a$,

aC, 0 0 aCy 0 0

aa)CgC¢ —aQS9S¢
aQC¢

o [tgy=l0 0 ~of| [iap}=[2 o of

[ =[] [ J]={[ [0 L "Ro]]) [0 ]
[0 aS, -aC,] [0 0 -a|
=10 0 0 0 0 O
L@ 0 0 la 0 0 |
aC,w
Mij=1 0
aQ)

4.2 Write a MATLAB script to numerically evaluate the matrix equations you derived in Exercise 4.1 using
the data below. First calculate the partial angular velocity matrices and the angular velocity components.
Then calculate the partial velocity matrices and the velocity components of point A.

a=>5 (ft)
0 =-30 (deg) ¢ =060 (deg)
6 =3(rads)  $="7(radss)
Recall that, as shown in the diagram, the angle @ is negative.

Answers:

a) [{dz)=[0 0 3] @ws)| |{@p)=[7 0 0] (s)

] 1 0 0] [0
[Ra)B’ylxé:[[Ra)B’&,J _ng,@nﬂ= 01 0| |0
00 1] |00

0
0
0
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0.86603 0.50000 0}

1 00
|:Ra)D’y:|3x6:|:|:RwD’d)B:| [Ra)D’%H_HO 1 0} {0.50000 0.86603 0
0 0 1

0 0 1

(Lo =[[Vaa] [vas, )= |[[rao]] [-[FaollrT]]

0 4.3301 2‘1651] [ 2.1651  3.7500 2.1651“

=||-43301 0  -12500| |-3.7500 2.1651 -1.2500
25000 0 0

| 21651 1.25 0

v, }=[21.6506 —22.5000 17.5000]" (ft/s)
A

b) |{@}

[0, ], = L[ "@has] [sz,%ﬂ—ﬂ

[0 0 3] @ws)| |{&p}=[7 0 o] @)

I3

1 0 0
[wa,y L6 _ [[ R“)b,@;, J [Ra)b’% ﬂ = HO 0.5000 0.8660 {
0

—0.8660 0.5000 |

S O =
S = O
—_ O O
oS O O
oS o O
oS O O

S O =
S = O
— o O

_ |

[RVA,y Lm = :RVA,@;;] [RVA,a")b ﬂ - |:|:_[RD ]T [fli/o}[BRDH [_[RD]T [’7;1/0]}}

[T 2.1651 3.7500 -2.1651 2.1651 0 -4.3301
=|]-3.7500 2.1651 -1.2500 -3.7500 0 -2.5000
| 2.5000 0 0 2.5000 O 0

v, }=[21.6506 —22.5000 17.5000]" (ft/s)
4

[V Le=[[™ea] [ ])=[{F0 [ *2]] [-[Fuo]]]
0) T o 43301 -2.5000 0 0 -5.0000
= 0 0 0 0 0 0
__5.0000 0 0 5.0000 O 0

(v} =[7.5000 0 35.000]" (ft/s)
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4.3 The system shown has three bodies, the vertical column C,
the horizontal arm M , and the disk D. Disk D has radius » YQTDN 5
and is oriented relative to M using angle 6,. Arm M has | 6,
length L and is oriented relative to C using angle 6,. | Disk, D
Ws

Column C is oriented relative to the fixed frame (X,Y,Z) /

L X

sing angle 6, . . -

—r T 75
Reference Frames: (all frames align when 6, =6, =6, =0) ((:,ms) A, M 2

R:(N,,N,,N,;) (fixed frame)

C:(e,N,,e;) (rotating with base B) e 01 o
olumn, C

M :(e.m,,m,) (rotating with the arm M)
(¥

D:(n,,n,,m,) (rotating with disk D)

Let {@c}, {®,},and {@)} be the base frame components and let {@}, {®},}, and {@},} be the body

frame components of the relative angular velocities chc, C@M, and @, . Following the process of

Example 1, find the fixed frame components of the velocity of point P and the partial velocity matrices
associated with the relative angular velocity components using a) base frame components, and b) body
frame components. ¢) Following the process of Example 1, find the body frame components of the velocity
of point P and the partial velocity matrices associated with the body frame components of the relative
angular velocities.

Answers:

R

_ R c —
Oy ="t Oy =Ny +ae,

a) [*w.=o N,

R c M _
Op="0c+ O+ " Op=0yN,+m,e,+w;m;

{oyt=[o, 0 0]| |{&p}=[0 0 o]
L Ra)c,y :|3><9 - H Ra)csff’c :| [RCOC,@M ] [RQ)CJ?)D ﬂ = [[1]3x3 [0]3x3 [0]3x3:|
] RwM’J’ :|3><9 - [[ Ra)MﬂA’c ] [Rst@w ] [Ra)M"?’D H - [[[]&3 [RC ];3 [0]3><3:|

:Ra)D,y :|3X9 - [[RCUD,@C ] [Ra)D,a’)M ] [RCUD,L?)D ﬂ = [[1]3><3 [RC]3T><3 [RM ];3 |
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0 LS, -7(5,C; = C,S,S;) —rC,S8,
[ Voo |=| LS +7(8,C5 = C18,85) 0 LC,+7(C,C5 +5,8,S5)
rC,S, ~LC, -r(C,Cy +5,8,5;) 0

§,C,S; _(51C3 _C1S2S3) —C,C,8;
[ “pa, |=7| =555, 0 C,
C\C,S; —(CCy+8,5,8;)  §,C,S,

—SlC2S3 _C2S1C3 SlSzcs _CISS
[RVP,a”)D } =7 =5,5; §,C5 G, G
cC,s, -CC,Cy, §5,+C,5,C;

S, S.C,—C,S,S, S.C,5, $.5,C,-C,S,
{vp}=—Lo 3 0 p—ro, 0 +rw,d —S,8, t+ro, C,C,
¢, C\C5+85,5,8; c,C,S, S,S;+C,S,C,

b) R@Czwlzyz R@MzR@C+C@M=w1]y2+w2€1

@p="0c+ 0y +"0p =0 Ny + ¢ +oym,

(@ =[e 0 of'| [{ah}=[0 0 &]
by Lo =[["ka] ["oba] ["oba]]=[[00 Do [0,]
by ], = [ oha ] [0l ] [R%,@;,ﬂ:[[CRMLg [7];.s [O]MJ
on, Ly =[["oha] ["oba] ["ohs ][ Ro)ss ["Ro), [1)s]
[ Ly =[] [ ] [rs ]
rS,CySy  —LS,+7(=8,C5+C,S,8;) —rC,C,S,

v |=| 1S5S, 0 L+rC,
rC,C,S;  —LC,—r(C,Cy+8,85,8,)  785,C,5,

rSI1C,Sy  —18,CoC; r(=CiS5+5,5,C5)
| “voa, [=| 78,8 1S,C, rC,C,
rC\C,S; —rC\C,C5 7(8,85+C,8,C5)
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0 —r8,C, 7(-C,8;+5,5,C5)
[ “vpap |20 78, rC,C,
0 —rC,C, r(8,S,+C,S,Cy)

S
0

S1C3 _C1S2S3 S1C2S3
{vP} =-Lo, —ro, 0 +raw, —S,5;
C, C,C;+5,5,8, C,C,S,

g

~C,S;+85,8,C,
C2C3
S,8;+C,S,C,

|

) |“oc=a Ny| "oy ="ac+ @y =0 Ny +oe
‘op="wc+ oy + "0, =0 N, + 0, ¢, +0ym;
{or}=[0 @ of| |{a}}=[w 0 0] [{ap}=[0 0 &
oty ],y =[["@ba ] ["obs, ] [ 0k, ]]=[[ [0 [0]]
0l )y =[["oa ] ["oua] [0l ]]=[[ R, Ul [0, ]

oy ] = ([ Vea
0 ~LS,S, LC,S,
[ho [=] 0 =(r+LCy)s, (r+LCy)C,

Sy —(L+rC5)C, —(L+rCy)S,

{vp}= —(r+LC3)S2 @, +

~(L+rcy)C,

|

0
rS

0
@, +3r
3 0

0 0 0 0 0 0
[Rv}),@w}: 0 r [Rv;,’%}: 0 0 r
rSy —-rCy; 0 0 -r 0

-LS,S, 0

-
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4.4 Write a MATLAB script to numerically evaluate the equations you derived in Exercise 4.3 using the data
below. First calculate the partial angular velocity matrices and the angular velocity components. Then

calculate the partial velocity matrices and the velocity components of point P.

L=0.5 (m) r=0.25 (m)
6, =20 (deg) 0, =40 (deg) 0, = 60 (deg)
w =0,=2 (rad/s)  , =0, =-3 (rad/s) w;, =0, =5 (rad/s)
Answers:
a) [{ac)=[0 2 0] @s)| [ay}=[3 0 0] s)| {{d,}=[0 0 5] (i)
1 0 0] oo 0] o0 o0
o, ] =[foco | [*@ca, ] [F@cs,]]=||0 1 0 |0 0 0] fo 0 0
00 1] /000|000
[RwMJLx():__ a)M“%] [ wM"f%w} [RwM»‘f’nﬂ
T1 0 0] [09397 0 03420] [0 0 O
={lo 1 0 0o 1 0 00 0
0 0 1] [-0.3420 0 09397 [0 0 0
o, ], =[[ 0] ["@0a,] ["@0s,]]
1 0 0] [09397 0 03420] [0.9397 0.2198 0.2620
=[lo 1 0 o 1 0 0 0.7660 —0.6428
0 0 1] [-0.3420 0 09397 [-0.3420 0.6040 0.7198

[Rvp,y]gng[[Rvp,@c] [“vran ] [vran ]

0  —0.0830 —0.1659 0.0567 0.0880 —0.1559
[ “vpa |=|0.0830 0 0.6349 || [[*vp,, |=|-0.1392 0 01250
¢ Oy |
101659 —0.6349 0 0.1559 —0.1651 0.0567
[0.0567 —0.0328 —0.1760 ~1.2160
[ “vpa, [=| 01392 0.0803  0.0958 || |{v,}=1 0.8963 { (mis)
| 01559 -0.0900 0.1496 ~0.9896

b [{@)=[0 2 o] ws)| |[{é})=[-3 0 0] (s

1
oty ], =Mt ] ["otn,] [fots])= ;

o=[0 0 5] (1/s)

{
00
10
0 1

S O O
oS O O
oS O O
oS O O
oS O O
o O O
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B R
[ My]3X9 il a’M,a‘);,] [ a)M,(Z)Mj| |: wM,w;,ﬂ
11 0 o | [t o o] o oo
=10 07660 0.6428| [0 1 0] [0 0 O
[0 —0.6428 0.7660] [0 0 1| [0 0 0
R __ R 1 R R 1
[ Dylxg i WD,@'C] [a’u,a};,] CUD,@DH
70.5000 0.6634 0.5567] [ 0.5000 0.8660 0] [1 0 0
=|1-0.8660 0.3830 0.3214| |-0.8660 0.5000 0| |0 1 0
| 0 -0.6428 0.7660 0 0 00 1
R R R ]
3X9 ch VP wM] [ VP,J)'D_]
0.0567 —0.0830 —0.1559 0.0567 -0.0328 —0.1760
[ “vpo |=[ 01392 0.6250 || [ ®vpz, |=[-0.1392 0.0803  0.0958
0.1559 —0.6349 0.0567 0.1559 —0.0900 0.1496
~0.0655 —0.1760 ~1.2160
%vpa |20 01607 0.0958 || |{v,} =1 0.8963 | (m/s)
~0.1800 0.1496 ~0.9896
' R_r ]
c) Py 30 Pa) [ Pw;w] VP,J)D_]
0  -027834 0.33171 | 0 0 0
oo |=| 0 —032139 038302 || |[ fvg |5 0 0 0.25000
L »(OC L »Opp
(021651 —0.47878 —0.40174 021651 —-0.12500 0
0 0 0 ~0.55667
[Rv;),&,b}z 0 0 0.25000 || |{v,} =1 0.60721 ¢ (m/s)
(0 —025000 0 ~1.6071
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4.5 The figure shows an eight-body system numbered
using the numbering scheme presented in Unit 1.
Body 1 is the system reference body, and the rest
of the bodies are numbered in ascending
progression outward along the branches. As
structured, the lower numbered body array for the

system is as follows.
£(1,...,8) :(0,1,2,2,1,1,1,7)

The orientation of body 1 is defined relative to the

fixed frame R :(zy LN, N 3) , and the orientations

R, Mo )

of all the other bodies are defined relative to their

adjacent, lower numbered bodies. Using body frame components of the relative angular velocities of the

bodies, the system generalized speed matrix is defined as follows.

(¥}, 2 {{yl}m}

{y2}24><1
{ } A[A, N N N N N N N N N N N ]T
Nfogg =191 @p O3 Gy Wy D W W W3 Wy Wy (g
ATy .y .y .y . . .y .y .y . . g 17
{y2}24x1 = [Sll S Si3 8o S Sp3 S71 S72 S73 Sg1 S S83]

a) For each body B in the system, find the fixed frame components of the partial velocity matrix of its

origin O, and its mass center G, . Follow the procedures outlined in Equations (40)-(42) and Equation (48)

. Use the results presented in Unit 2 for the body frame components of the partial angular velocity matrices
of the bodies. b) Use direct differentiation to find the fixed frame components of the velocity of G, in

terms of the body frame components of the relative angular velocity vectors, identify the partial velocity

matrix [Rv&y ]3 45’ and compare the results with those obtained in part (a).

Answers:
Body Origins:
Body 1:

[Rvol’yl :|3><24 - [0]3><24

[Rv01,yz]3xz4 [[[]3><3 [0]3><3 [O]3><3 [O]3><3 [0]3><3 [0]3><3 [O]3x3 [O]m]

Body 2:

|:Rv02,yllxz4:|:|:Rv02,6?>[]3x3 [0]3x3 [0]3><3 [O]3x3 [O]3><3 [0]3><3 [0]3><3 [0]3><3:|
(o], =[-[RT ([@]+[5:])]
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[RVOZsYzLX%:[[]Lﬁ [RI]T [0]3><3 [0]3><3 [0]3><3 [O]3><3 [O]3><3 [0]3><3:|

o hoe = o oy [t oy [0 101 01,0 (0], [0],, [0],.]
o), = IR ([@1+[5])-[R] (@] 5D R] ]| Mo ], =-[R] (@]+[5:))

:Rv03’y2}3x24=:[1]3x3 [Rl]T [RZ]T [0]3><3 [O]3><3 [0]3><3 [0]3><3 [0]3><3:|

_RVO4,y1]3X24::[RVO4,Q]3X3 [RVO4,@]3X3 [0]3><3 [O]3x3 [0]3><3 [0]3><3 [O]3><3 [O]sz
Vo ], =[~IRT ([@1+[8])-[R] (@]+[5 D[ R | [ *vous: ], =~[R] ([@]+[5:])

:Rv04’Y2]3x24:[[1]3x3 [RI]T [O]3><3 [RZ]T [0]3><3 [O]3><3 [0]3><3 [0]3><3:|

Body 5:

:Rv05,y1]3xz4:[[Rv%,@i}m [O]3x3 [0]3x3 [O]3x3 [0]3><3 [O]3x3 [0]3x3 [0]3x3:|
o), = ~[RT ([@:]+[5))]

oo ]y = [ [0 [0], 0] [RT [0], [0, [0],,]

Body 6:

o Jyns = | Vouit Ly [0 101, [0], [0, 0], [0], [0],,]
il =R ([@]+[5])]
o o = [ (01, (0L, [0, [0), [RT [0, [0),.]

Body 7:

_Rv07,y1}3xz4:|:|:Rv07,6)[]3x3 [0]3x3 [0]3><3 [O]3x3 [O]3><3 [0]3><3 [0]3><3 [0]3x3:|
["vo.i ), =[-IRT (#]+[5])]
oo Ly = Ul [0 [0], [0]s [0)s [0}, [R] [0],,]

Body 8:

|:Rv08vy1j|3><24 [[RVOS,@[LH [O]3x3 [O]3x3 [0]3><3 [O]3x3 [0]3x3 |:Rv08,c?>9]3x3 [0]3x3J
(o = ~RT ([@1+ B D) -[RT (@14 ED R | ([ Moy |, =—[RT ([@]+[5])
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[Rvox,yz:l3x24:[[1]3x3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [RI]T [R7]TJ

Body Mass Centers:
Body 1:

:Rv2,y2]3x24=[[1]3x3 [RI]T [O]3><3 [O]3><3 [0]3><3 [O]3><3 [O]3><3 [O]3><3:|

_RVS,y1]3X24:|:|:RV3,@[]3X3 |:Rv3,cb§]3x3 |:Rv3,62>;]3x3 [O]3x3 [0]3><3 [0]3><3 [O]3x3 [0]3><3J
[ ]y, = FIRT (@)+[8])-[R] ([@]+[3])[ 'R ]-[&] [F]['®.]]
[ ]y, = [ IR) (@] 3D -[RY RICR | [t ], =R 7]

:Rv3’y2:3x24=:[1]3x3 [Rl ' [RZ]T [O]3><3 [0]3><3 [O]3><3 [O]3><3 [O]3x3i|

Body 4:

:Rv4,y1 :3X24 = IRVM)[ }M |:RV4,£)§ }M [O] 3x3 [RV4,&L’; }M [O] 333 [O] 33 [O] 33 [0] 3><3:|

Body 5:

s o =1 s L (01 101, 100 [Msac ], [0], [0],, [0],.]
s L= R] (@14 )[R TEILR]) M)y, =-[R] (7]
Mve ] = [0, [0L, 0], [R] [0, [0],, [0],,]
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Body 6:

_RV6,y1 ]3X24:[[Rv6,a3{]3x3 [ ]3><3 [0]3 3 [0]3 3 [ ]3><3 [Rv@c?)é ]M [O]m [0]3x3}

o )y, =[LRT (@ + 5D (R FIURT)| ([ et ), = (R 7]
[ Loy = [T [0 [0)s [0 [0k [R] [0),, [0],,]

Body 7:
:Rv7,yllxz4:|:|:Rv7,cb[]3x3 [O]3x3 [0]3><3 [O]3x3 [O]3><3 [0]3><3 [RVZC?)%:M [0]3x3J
(vl =R (@) 3) R B ) [ ], = [8] [5]

_Rv7’y2}3><24:|:[1]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [RI]T [0]3><3:|

Body &:

Vo s <[ L3mg3mg3whgwg3mggﬁwa@ [l ]
Jmlg[ T (@ )+ [5)-[R ) (@) +[5D R ]-[R] (7] 'R]]
] =[-[r T @1+ -[RT TRIUAT]) e, = -[RT 4]

Lo =11, 3@mhgmm[%ﬁ[g3m1[&ﬂ

8y2

4.6 For the eight-body system described in Exercise 4.5, complete the following. a) For each body B in the

system, find the body frame components of the partial velocity matrix of its origin O, and its mass center
G, . Follow the procedures outlined in Equations (51)-(53) and Equation (55). Use the results presented in

Unit 2 for the body frame components of the partial angular velocity matrices of the bodies. b) Use direct

differentiation to find the body frame components of the velocity of G; in terms of the body frame

components of the relative angular velocity vectors, identify the partial velocity matrix [Rvé,y ]3 e and

compare the results with those obtained in part (a).
Answers:
Body Origins:
Body 1:

L RV’Ol N ]3><24 = [0]3x24

Vo o =R [0) [0), [0], [0], [0), [0], [0].]

Body 2:

:RV’OZ,yllxm:[[Rvé)z,dz{]3x3 [0]3><3 [0]3><3 [0]3><3 [O]3><3 [0]3><3 [0]3><3 [O]3><3:|
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(Yo, = 'R ]([@]+[5))

-[[&] ['®] [0, [0), [0l [0, [0), [0.]

_RVIOB,)’I 13x24 - |:|: RV'O%“A)I' :|3><3 |:RV’O3aaA)é j|3><3 [0] 3x3 [0] 3x3 [0] 3x3 [0] 3x3 [O] 3x3 [0] 3><3:|

oo =B ([@1+ ) -[PR (@1 B R | vorss |, =—[R] ([&]+15])
(Vo | =[R] ['R] [PR] (0], [0) [0] [0] [0],.:]
Body 4

oo e = onat oy [orat |, (010 100 [0], [0],, [0]y [00,,]

J13x3

, -
L v04’é)l, -

-['R(@]+B)-Ur(@I+HED R Yors |y, =R ([@]+15:])

:Rvéu,yz :3><24 - [[R“] [IR“] [0]3><3 [2R4] [0]3><3 [0]3><3 [0]3><3 [0]3><3:|

SVoun Jys =1 ouat g (01 100, [0]y [0]y, [0],, [0),, [0],,]

!
L V0sdf |35 T

-['R]([@]+[5])

:Rv(r?sgyz:3xz4:[[R5] [0]3><3 [O]3><3 [0]3><3 [IRS] [0]3x3 [O]3x3 [0]3@]

oo oo =[[ouar ], 01, [0, 0], [0, [0],, [0],, [0],,]

4 —
L voﬁ’@f_3x3 B

-['& |([7:]+[5:))

oo Lo =[] [0L, [0L, [0, [0], ['&] [0L, [0],.,]

_Rv’07,y1:3><24=|:[va7,6?)1':|3><3 [0]3x3 [0]3><3 [0]3><3 [O]3x3 [0]3x3 [0]3><3 [O]3><3:|

4 —
L VO7,a")1’_3X3 B

-['& |([#]+[%])

:RV'07,yz:3X24:[[R7] [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3x3 [1R7] [0]3><3:|

Body 8:

[ Lo =| i Lo (00 [0y 100 (0] [0]ys [®ss],, [0],s]

[RVIOS"?’I’ an :_[leJ([q;]_'_[E;])_FRE‘]([%]-’_[gé])[l&] [RV,08>“33]3x3 :_[7R8:|([67é]+[§é])
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(o Lo, =R [0), [0, 0], [0}, [0],, ['&] ['&]]

Body Mass Centers:
Body 1:
L va,,yl :|3><24 = |:|: Rv{,é)f :| 3x3 [O] 3x3 [O] 3x3 [O] 3x3 [0] 3x3 [0] 3x3 [0] 3x3 [0] 3x3 :|3><24
:RV{"?’I' :3><3 =-[7]
) = lR Y, DL, 0], [0, (0], [0, [0, [0],,]
Body 2:

T O O % N ) 1 O (O A () R 1
il =R (@] ED - R [ ], =[]
[ e =[R] ['R] [0k [0hy [0 [0k [0hs [0):.]

Copyright © James W. Kamman, 2026 Volume III — Unit 4 — Velocity and Partial Velocity: page 66/71



Body 6:
R+

R_ s
Vou .= [
L 76 304 [ 6

,(b{]b@ [0]3x3 [0]3><3 [0]3><3 [O]3><3 [R

Voii 1o (01 (0],

W 1
A% A/] :_|:R
L 6.0 3x3 6

@1+ [5D) -[71[ ‘& ]

R_1
[ V6.a,

b=

~!

7]

R_

(i ooy =R 0L [0, [0, [0, ['R] [0L, [0L,]

[

13x24

,a”){]m [0]3><3 [0]3><3 [0]3><3 [O]3x3 [0]3x3 [RV;,@JM [O]m}

ol =R (@ HS) -] R ]

R_/
[ V1.4

b =-17]

V1.5 :3X24 - [[R7] [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [IRJ [0]3><3:|
Body 8:
: Rvé N :|3><24 - l: Rvé’f?’f :|3><3 [0] 3x3 [O] 3x3 [0] 3x3 [0] 3x3 [0] 3x3 [ Rvés‘?’? ] 3x3 [ Rvé"?’é :| 3x3 }

(@ 1+15

D)-[ "R J([@]+[5])] ‘&, |- [

%]

R_1
V, ”/:| =
[ 8,a% 3x3

-[R]

R_

(5] = (8] ), [0, [0), [0, [0}, ['&]

4.7 The figure shows a thirteen-body model of the human body numbered
using the numbering scheme presented in Unit 1. Body 1 is the lower
torso, and it is the system reference body. The rest of the bodies are
numbered in ascending progression outward along the branches. As

structured, the lower numbered body array for the system is as follows.
£(1,...,13) = (0,1,2,3,4,3,6,3,8,1,10,1,12)
The position and orientation of body 1 is defined relative to the fixed

frame R :(zy LN, N 3) , and the orientations of all the other bodies are

defined relative to their adjacent, lower numbered bodies. Body 1 can
translate and rotate relative to the fixed frame, but all other bodies can
only rotate relative to their lower numbered bodies, not translate. Using

base frame components of the relative angular velocities of the bodies,

the system generalized speed matrix is defined as follows.

{r

A
2x1

{yl }39x1}

{y2}3><1
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T
A ~ ~ A~ A~ ~ ~ ~ ~ ~ ~ ~ ~
{yl }39><1 = [a)“ Wy O Wy Op Wy - Oy O, O3 G Op, a’ug}

ATy . g 1T
{yz}M—[Sn S12 513]

a) Forbody 7 (lower right arm), find the fixed frame components of the partial velocity matrix of its origin

O, and its mass center G, . Follow the procedures outlined in Equations (34)-(36) and Equation (45). Use

the results presented in Unit 2 for the fixed frame components of the partial angular velocity matrices of

the bodies. b) Use direct differentiation to find the fixed frame components of the velocity of G, in terms
of the base frame components of the relative angular velocity vectors, identify the partial velocity matrix

[va ]3 o’ and compare the results with those obtained in part (a). Assume that sj, (B =2,..13;i=1, 2,3)

and Sy, (B=2,...13;i=1,2,3) are all zero.

Answers:
Body Origins:
Lo Ly =100 [“@hl3=Uh3
oy <[P0 o O 0ha]| [ous Ly =[] [V ], =11
:RV03,y1:3X39 [RV@ 33 03@2]3@ [0]3><3 [O]3><3:|
— -

=~(@1+[&])] |[Vouan |y =B 1RT | |[ "o, ], =[]
?mmgw[ﬁm@L3[%@L3Pm@Lsmh - [0l ]
| “oua ), =13 @) [ Mo, )y =~ (@) [aGDIRT| [ "o, )., =-[a:][R]
” oéyz] -[1],
(o oy =1 [ Voo Ly [Yoran oy [Mora )y, 0hs [0 [Mo.a )y, [0, - [0],]
(o, |,y =~ ([@14 101+ (@] + @) [ Vo, ]y, = (@] +[@]+[@DR]
[o,i, ]y, = =[G+ @RI | [ Vo |y, =@ & | [V ]y, =110,

Mass Center G, :

Lo =l )i [l [Vl 0k [0 [f9a ], [M9al, [0 - (0]
oo =@ @)+ @)+ (@ 1+ B || e ), = - ([@]+[d]+ @ 1+ AR T
v ]y = @)+ @+ DR | [P, ], =- (@) BDIRT
Lo =BR[] =)
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4.8 The figure shows a thirteen-body model of the human body numbered
using the numbering scheme presented in Unit 1. Body 1 is the lower
torso, and it is the system reference body. The rest of the bodies are

numbered in ascending progression outward along the branches. As

structured, the lower numbered body array for the system is as follows.
£(1,...,13)=(0,1,2,3,4,3,6,3,8,1,10,1,12)
The position and orientation of body 1 is defined relative to the fixed

frame R : (]y LN, N 3) , and the orientations of all the other bodies are

defined relative to their adjacent, lower numbered bodies. Body 1 can

translate and rotate relative to the fixed frame, but all other bodies can

only rotate relative to their lower numbered bodies, not translate. Using

body frame components of the relative angular velocities of the bodies, B, B,
the system generalized speed matrix is defined as follows.
- -
{y} A {{yl}wxl}
42¢1
{yz }3><1
. . . . . . . . . . AT
{J’1}39X1 [a)ll W, @ @y @ @y By @, Gy Oh; O, w1’2,3]
AT -1 . g 1T
{y2}3><1 S[sh sk 8]

a) Forbody 7 (lower right arm), find the fixed frame components of the partial velocity matrix of its origin

O, and its mass center G, . Follow the procedures outlined in Equations (40)-(42) and Equation (48). Use

the results presented in Unit 2 for the body frame components of the partial angular velocity matrices of

the bodies. b) Use direct differentiation to find the fixed frame components of the velocity of G, in terms
of the body frame components of the relative angular velocity vectors, identify the partial velocity matrix

[va ) lm , and compare the results with those obtained in part (a). Assume that s}, (B =2,...13;i=1, 2,3)

and $j; (B=2,...13;i=1,2,3) are all zero.

Answers:
Body Origins:
01 )’1:'3><39 [0]3x39 [R"ol J/Z:'3X3:[I]3x3
[ ®Vorn Loy = [ Vst . ]M o [0 || [ o), == TRT[@]] | Vo ], =11,
o Lo =[[ovat e [oas ],y [0 - [0],]
:RV03,@1_ [Rl][ 2]- [2][ ][le] [RV03,@§]3X3:_[R2]T[‘%] |:Rv033J’2:|3x3:[[]3x3
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R R R R [ ]
L vOé,yl ]3><39 - |:|: vOsaC?)ll 1«”(3 I: vofwd)é :|3><3 |: VosaaA’}’ :|3><3 0 3x3

’ [0]3><3:|

Vo )y, =[R] [@]-[R] [&]] 'R |-[R] [7][ 'R |

o ]y, = (R [@]-[R] [@][ R ]

[Rvow‘?’é i|3><3 - [R3 ]T [éé]

|:Rv063y2 ]M = [[]3><3

[RV07 71 ng = [[ RV07,6?>1' JM [RVOM?)E JM [RV07,03§ :|3X3 [0]3><3 [0]3><3 [RVOM% ]M [0]3x3 [0]3><3:|

Yo )y, =R 1G] [R] (][R ]-[R] 4] 'R ]-[R] [#][ 'R ]

oy ], = (R [#]-[R] 3[R 8] 8] %, ]

R
L Vo,

3 :|3><3 -

[R.] [2;]-[R] [%5]] 'R ]

[Rvowd’é i|3><3 " _[R6]T[ ’

7]

[RV07 2 ]M = [1]3><3

Body 7 Mass Center G, :

[RVUJ :|3><39 - H Rv7"74' :|3><3 [RVM’Z' :|3><3 [RVM’B' :|3><3 [0]3x3 [0]3><3 [va’é :|3><3 [RVM’? :|3><3 [0]3x3

[0],..]

'R |- [”:) 7] '® |

g ], =R @) [RI [@][ 'R ] -[R (@] 'R J-[R] 13

v ], =R @] [R] [ & ][R (3] R, - [R) 5] & ]
v ], =R (@R [@&10R - [R T 7] R

i o =[RS (@] [R ] B R | ([ ], =R [7]

[vayz ]M = [1]3><3

4.9 For the human body model described in Exercise 4.8, complete the following. a) For body 7 (lower right

arm), find the body frame components of the partial velocity matrix of its origin O, and its mass center
G, . Follow the procedures outlined in Equations (51)-(53) and Equation (55). Use the results presented in

Unit 2 for the body frame components of the partial angular velocity matrices of the bodies. b) Use direct

differentiation to find the fixed frame components of the velocity of G, in terms of the body frame

components of the relative angular velocity vectors, identify the partial velocity matrix [Rv;’y]

and

3x42

compare the results with those obtained in part (a). Assume that sy (B=2,...13;i=1,2,3) and

Sg (B=2,...13;i=1,2,3) are all zero.

Answers:

Body Origins:

[val’y :'3><6N = [0]3><39

R_1
[ VOI 2

:'3><3 B [Rl]

R_ s
|: vOz Y1

oo =L

R_1
OZﬁa)ll

Jo [0],

' [O]m}

[Rvézs‘?’f :'3><3 - _[IRZ][%] |:Rv'02’J’2

:|3><3 - [Rz]
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o Loy = ([t Ly [oralyy [0k = [0]s ]
Voot |, =L RNBI-CREN R [ Vo |, =R JIE] | Vo, )y, =[RS
o Ly = ([ s [ouis by (s s [0 0]

| Voot |, = 'R @] R J[@]] 'R || 'R J[@]| 'R ]
| Vot Ly =L RJIB 1 RIGICR | [ Vo |y =R 1] | Vo |, =[R0]

[RV'OMM :|3><39 - [[RV(')%@ j|3><3 [va%@ j|3><3 [va7 “’3Lx3 [ ]3><3 [O]M [RV'OW‘% j|3><3 [O]M [0]3“}

T e R O R O R R (O R R R O R
T e i CO R RN 0 R SR
v ]y ==L R L[ R (@1 CR ] [ Vo Ly =L R JL5] [, ] = [R]
Body 7 Mass Center G, :

[ =l L [l [ 1L [0 [5al, [Ms], [0k - [0)]
oLy, =R J@]-(CR J@ [ R (R Jla)[ 'R ][R Jla [ R ][R %0
i ] =R B[R J1g] PR - R I35 R (B R
T Y I

| Y Ly =L R @]-FICR ]| e ], =[] [ ] =[R1)
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