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Summary

This unit focuses on the matrix-based calculation of components of velocity vectors and partial velocity
matrices. The calculations are based on absolute and relative coordinates. Both orientation angle derivatives
and angular velocity components can be used as generalized speeds. Algorithms are developed for the efficient
calculation of these quantities for multibody systems.

Explicit results are generated for some examples with the purpose of being clear about how the calculations
are done. However, keep in mind that the goal of developing such procedures is to implement them into computer
algorithms.

Results for calculating the derivatives of transformation matrices presented in Units 1 and 3 of this volume

are repeated in this unit for convenience of the reader.
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Time Derivatives of Coordinate Transformation Matrices — Summary

The time derivatives of absolute and relative coordinate transformation matrices are derived in Units 1 and
3 of this volume. For the convenience of the reader, those results are repeated here as they are used repeatedly in

the calculation of velocities of points within multibody systems when using relative coordinates. Continuing with

the notation used in previous units, [RK] represents a matrix that transforms vector components from a fixed

frame into the frame of body K, and [JR K] represents a matrix that transforms vector components from the

frame of body J to the frame of body K. The transposes of these matrices perform the inverses of these

transformations.

The time derivative of the coordinate transformation matrix [R K] can be computed using either fixed frame

or body frame components of Ra] x the angular velocity of body K relative to the fixed frame R.

[RK] 2 %[RK] =[Rx ][ @k ]T (using fixed frame components of “w,) (1)
[RK] 2 %[RK] =[@} ]T [Ry ] (using body frame components of “@ ) (2)

Here, [CZ)K] is the 3x3 skew-symmetric matrix constructed using the fixed frame components w; (i =1, 2,3),

and [c?)}(] is a 3x3 skew-symmetric matrix constructed using the body frame components w;, (i :1,2,3).

Specifically,
0 —Wk3 Wy, 0 —W; Wy
[k ]=| @ 0 -y and |[&k]=] @ 0 -, (3)
Wy, Wy 0 Wy Wy 0

These skew-symmetric matrices are used to calculate vector cross products as described in Unit 1 of this volume.

The time derivative of the relative coordinate transformation matrix [JR ” } can be computed using either

fixed frame or body frame components of ch x the angular velocity of body K relative to body J.

[JR KJ = [JRK J [ o JT (using body J (base) frame components of ch x) (4)

[JRKJ = [J@}( }T [JRK] (using body K (body) frame components of JQ)K ) (®)]

Here, [JC?)K] is a 3x3 skew-symmetric matrix constructed using the body J frame components

Oy ; (i =1, 2,3), and [J&),'( } is a 3x3 skew-symmetric matrix constructed using the body K frame components

Oy ; (i =1, 2,3) . That is,

Copyright © James W. Kamman, 2026 Volume III — Unit 4 — Velocity and Partial Velocity: page 1/71



~ ~ ~7 A1
0 ~Wg3 Wk, 0 —Wg3 Wk,
J ~ _ A A J~r | A1 AL
N ~ Ay Ay
~Wg; Wy 0 —Wgy Wk 0

Clearly, the results presented in Equations (4) and (5) are the same as those presented in Equations (1) and
(2) when J(g x the angular velocity of body K relative to body J is used instead of R(g x the angular velocity of

body K relative to a fixed frame.

Mass Center Positions and Velocities Using Absolute Coordinates

The diagram shows a rigid body K whose orientation is given by a set

of three orientation angles 0, (i =1,2,3) and whose mass center G has

Cartesian coordinates x (i =1,2,3) . Both the orientation angles and the N,

Cartesian coordinates are measured relative to the fixed frame R. The

components of p the position vector of G and v the velocity of can R Py Body K
be written in matrix form as follows. / 22
: A
XK1 XK1
{PK} =1Yk2 {VK} =9 X2 (7)
Yk3 Xk3

Defining {6, } asa 3x1 matrix whose elements are the orientation angles 6y, (i =1,2,3),and {x;} asa 3x1
matrix whose elements are the mass center position coordinates xj; (i = 1,2,3), then the velocity component

matrix {vK} can be written as

i} =[RVK,9K }{9?} P, ) (8)

Here, |:RVK p J and [RVK’XK} are the partial velocity matrices associated with the time derivatives of the

orientation angles and the mass center position coordinates, respectively. These matrices are easily identified

by comparing Equations (7) and (8) to be

)

[R"K,H'K } =[0],|  [Mves =

S O =
S = O
- O O

As used in Unit 2, the subscripts “,GK ” and “,x,” in Equations (8) and (9) indicate partial derivatives with

respect the time derivatives of the orientation angles and the position coordinates, respectively.
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Velocities of Other Points in the Body

The fixed frame components of the velocities of other points in body K, such as point P in the diagram above,

can be written in terms of the fixed frame components of “v . the velocity of mass center G as follows.

vt =) +Hac[Re] {Phi) (10)

(vt =} +[Re] [0k ){ Pl (11)

Equation (10) is written using the fixed frame components of R@K the angular velocity of body K relative to the
fixed frame, and Equation (11) is written using the body frame components of R(gK. The 3x1 matrix { P /G}

contains the body K components of r,,, the position vector of point P relative to the mass center G.

Mass Center Positions and Velocities Using Relative Coordinates

Basic Organization

To calculate the position and velocity of G

the mass center of body K wusing relative
coordinates, consider three bodies that form a
branch of a multibody system as shown in the
diagram. Body / is the system’s reference body
and bodies J and K form a branch off body /. The
motion of body K is measured relative to body J,

the motion of body J is measured relative to body

1, and the motion of body / is measured relative to

the fixed frame R.

Consistent with the presentation of body-connection arrays in Unit 1, body J is the lower numbered body of

body K, and body ! is the lower numbered body of body J. So, the lower numbered body array is as follows.

£(B;=1,J,K)=(£1),£(),£(K))=(0,1,7)

When using relative coordinates, it is convenient (but not necessary) to use the setup described below to
organize (or structure) the development of the equations of motion. This setup is not unique, but for clarity, it
will be used exclusively in the units that follow.

Organizational Setup:
1. For each body of the system an origin and a mass center are defined in the body. In the diagram,

the points O,, O, , and O, represent the origins for the three bodies. The point G, represents

the mass center of body K. The mass centers of bodies / and J are not shown.
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2. For each body in the system, a reference point is also defined. A body’s reference point is fixed
in its lower numbered body and represents the stepping off point for that body. In the diagram,

the points O, and Q, are the reference points for bodies J and K, and they are fixed in the lower

numbered bodies. The reference point for body 1 is taken as the origin of the fixed frame R.
3. The base frame for each body is the reference frame of its lower numbered body as indicated by
the lower numbered body array.

Positions and Velocities of the Origins of Bodies in Fixed Frame Components

The fixed frame components { Po, } of the positions of the origins of the bodies can be written as follows.

{po)={si}y=[siy st sis]
{pOJ} :{p01}+{pOJ/Ol} :{p01}+[R1]T({qIJ}+{s’J})

{poK} = {POJ}"‘{poK/oJ} = {poj}+[RJ]T (1} +{sk})

Or, more generally for a body in a multibody system, the fixed frame components of the position vectors of the

origins of the bodies can be written as follows.

{pOK} :{pom}*[RﬂK)]T({Qk} +{sk}) (12)

The starting condition for this recursive relationship is the position vector for the origin of body 1, the reference

body of the system. Specifically, as stated above,

{Pol}:{sll}:[sh Sty S1’3]T (13)

Here, {g} } and {s}} represent the components of the vectors g, and s, resolved in body J = £(K).

Using the fixed frame components of the angular velocities of the bodies, the fixed frame components of

the velocities of the origins of the bodies can be found by differentiating Equations (12) and (13) as follows.
{VOK} - {pOK } - {p%(m } +[R£<K>}T (ax}+ {Sk})JF[RS(K)]T {8k}
= {VOE(K) } +[“~’£(K)][R£<K>]T ({aic}+{sic})+ [RS(K):IT {8k}
= {VOE(K) } H @o () +{sxc)+ [Rsuo]T {8k}

Using the vector identity chﬂ K) % (q + g) = —(q +5 )x chx( k) gives the following result.

(o) ={Vour |~ (@ 1+ ) {@s } +[ Ry | 155} (14)

The starting condition for this result is as follows.
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{VOI}:{S{}:[${1 S 51,3]T (15)

Equation (14) represents a recursive relationship for finding the velocities of the origins of the bodies in terms
of the velocities of the origins of their lower numbered bodies. Here, {VOK} and {VQ@(K); represent the fixed
frame components of the velocities of the origins of body K and its lower numbered body, [C]K] and [EK]
represent 3x3 skew symmetric matrices built with the fixed frame components of position vectors dx and sy,

and {a)ﬂ K)} represents the fixed frame components of ch\g( k) the angular velocity of body £(K).

Using the body frame components of the angular velocities of the bodies, the fixed frame components of the

velocities of the origins of the bodies can be found by differentiating Equations (12) and (13) as follows.
. . > T ' ' T,
{VOK} - {pOK } = {pOsm } +[R£(K)] ({qK}+ {SK})+[R£(K)] 1Sk}
T ~1 ! ! T . f
:{V0£(K)}+|:R§3(K)] [wf(K)}({qK}+{SK})+|:R£(K)] {SK}

Using the vector identity Rags( X)X (q + g) = —(q +5 )>< R@E( x) gives the following result.

(o) ={oue) [ Reao ] (@] + (5D obio ) +[ Re ] 135) (16
As before, the starting condition is as follows.
{Vol} ={si)=[s1 si §1'3]T (17)

Like Equation (14), Equation (16) represents a recursive relationship for finding the velocities of the origins of

the bodies in terms of the velocities of the origins of the lower numbered bodies. The first and third terms on the
right side of Equation (16) are the same as those in Equation (14). The second term, however, uses {a);g( K)} the
same body components of R@£( x> and the 3x3 skew symmetric matrices [q}] and [§}<] are built using the
body £(K) components of the vectors g, and sy .

Mass Center Positions and Velocities in Fixed Frame Components

Given the positions and velocities of the body origins, the positions and velocities of the body mass centers

can be calculated as follows. First, { p K} the fixed frame components of p . the position vector of G, the mass

center of body K can be written as follows.

{pK}:{pOK}+{pGK/OK}:{pOK}+[RK]T e (18)
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Using the fixed frame components of the angular velocities of the bodies, the fixed frame components of RyK

the velocity of G, the mass center of body K can be found by differentiating Equation (18) as follows.
. . . T ,
) ={px}= {POK } +[RK] e}
= {VOK } +ag [Re] {rt)
= {vOK } +[CDK]{rK}

Finally, using the vector identity chK XTIy =—Tg X RQ)K gives the following result.

ik ={vo, |~ Heox) (19)

In this result, the terms {VK}, {vOK }, and {a)K} all represent fixed frame components, and the 3x3 skew

symmetric matrix [FK] is built using fixed frame components of the position vector r .
Using the body frame components of the angular velocities of the bodies, the fixed frame components of

Ry x the velocity of G the mass center of body K can be found by differentiating Equation (18) as follows.

e =1px}= {pOK } +[RK]T )= {VOK } +[RK]T [@x {7k }

Finally, using the vector identity chK XTIy =—Tg X RQ)K gives the following result.

(e ={vo, | -[R] [ )k} (20)

In this result, the terms {v,} and {VOK} represent fixed frame components of *v, and RL’OK , the term {a} |

represents the body K frame components of chK, and the 3x3 skew symmetric matrix [77,2] is built using body
K frame components of the position vector r .

Positions and Velocities of the Origins of Bodies in Body Frame Components

The body frame components { pbi} of the positions of the origins of the bodies can be written as follows.

(po ) =[R {1} =[R {5

(Po, | =R, ]({Poy }+ ey} +{s5)
(Db | =["RK]({19’OJ b +{dk) +{S}<})

Or, more generally for a body in a multibody system, the body frame components of the position vectors of the

origins of the bodies can be written as follows.
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(Pl }=[ " ORe J({ Py i) + {55 @)

The starting condition for this recursive relationship is the position vector for the origin of body 1, the reference

body of the system. Specifically, as stated above,

{po | =[R]{si) (22)

The velocity of O, the origin of body K can be found by differentiating using the derivative rule. Using

vector notation, write

R R R R
Yo, :d_cj(l?ok ):d_ctl(lfoj T4k +§K):d_f(13q )+d—f(g1< +~51<)
J
="vo, +E(QK +§K>+ ‘o, X(‘ZK +§K)
= RYOJ +;_t(§1<)+ R@J X(EIK +§K)
RYOK = RYQ, +;_t(§1<)+ *o, X(QK +§1<) (23)

Using body frame components of the angular velocities of the bodies, the body frame components of the velocity

of Oy the origin of body K can be written as follows.

(o =[ 7R (o, }+ 553+ 1@ 1(faic ) + {5 )

Or,

{v(’)K } _ [sudRK ] ({V'OQ(K) } + {8+ @ ] ({axc}+ {sk})) (24)

Like Equations (14) and (16), Equation (24) is a recursive relationship for finding the velocities of the origins of

the bodies in terms of the velocities of the origins of their lower numbered bodies. The starting condition is

Vo | =[R {31} (25)

Here, {vbk} represents the body K components of RL’OK , {wa} represents the body £(K) components of
Rl’ow) , and the skew symmetric matrix [67);( KJ is built using the body frame components of R@S(K). The

coefficient matrix [f FR K] converts body £(K) components into body K components.
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Mass Center Positions and Velocities in Body Frame Components

Given the positions and velocities of the body origins, the positions and velocities of the body mass centers

can be calculated as follows. First, { pk} the body frame components of p  the position vector of G the mass

center of body K can be written as follows.

(k= {Po, |+ {Paiog ) =[ "R ]({Pooge, | + i} + {55} )+ (k) (26)

Using the body frame components of the angular velocities of the bodies, the body frame components of RYK

the velocity of G the mass center of body K can be found as follows.

ik =0, }+ oo, = *© RK]({VEM } + {5 b+ @y ] (k) +{s;<}))+[a~);<][r,;]

Finally, using the vector identity chK XTIy =—Tg X RQ)K gives the following result.

it =10, + {0, | = P(K)RK}({V;M } +{sit+ [ e (L) +{s}<}))—[f1’<]{a}}<} (27)

Here, {v}<} represents the body K components of RyK, {v’OK} represents the body K components of

RyOK , {a)fK} represents the body K components of R@K, and the skew symmetric matrix [’71’<] is built using the

body K components of 7, .

Partial Velocities of the Body Origins and Mass Centers

Equations (14), (16), (19), (20), (24), and (27) can be used to find the partial velocities of the body origins
and mass centers. In a multibody system, these partial velocities depend on the interconnective structure of the
bodies of the system and the choice of generalized speeds. In this section, three choices of generalized speeds are
considered. In each case, the system generalized speed column matrix for a system of N bodies is defined and

partitioned as follows.

{y}ele = {{yl}WXl} (28)

{yZ}sle

In each case, the column matrix { yz} 3nq 18 defined to be

AT oy .y .y .y .y . .y .y . .y . g 1T
{yz}wxl—[sn S Si3 vt Sy Sy Sy3 0t Sk Ska Sks vt St S SN3] (29)

Here, $j; (i=1,2,3) are the time derivatives of the body £(B) components of the position vector of the origin
of body B relative to its reference point fixed in body £ (B) . As described below, three cases are considered for

the column matrix {y, }3 N
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The first case (Case I) uses the lower body (base frame) components of the relative angular velocity vectors

of the bodies. In this case, { yl} 3w 18 defined as follows.

A i i i il £\ £\ i i i A i i T 30
{yl}sle—[a)“ W O3 = O @Op O;3 = W WOg; Wz 0 Oy Oy sz] (30)

Here, @y, (i = 1,2,3) are the base frame components of the angular velocity of body B relative to its lower

numbered body £ (B) .

The second case (Case 2) uses the body frame components of the relative angular velocity vectors. In this case,

{ y1}3 v 18 defined as follows.

AT Ay N N N N N N N N N N ~r 1T
{yl}3le_[a)11 Wy, @F = Wy WO Wy v Oy Wgy; Wgz 0 Oy Oy a)NS] (31)

Here, @j, (i = 1,2,3) are the body B frame components of the angular velocity of body B relative to SB(B) its

lower numbered body.
The third case (Case 3) assumes that angles are used to define the orientations of the bodies relative to their

lower numbered bodies, and it uses the time derivatives of those angles as generalized speeds for the system. In

this case, {y,},,., is defined as follows.

A A~ A ~ ~ ~

A ; : X P
{yl}31vx1é[911 ‘912 013 '9J1 9J2 0J3 91{1 ‘91(2 01{3 9N1 ‘9N2 01\/3} (32)

Here, 8, (B=1,...,N;i=1,2,3) are the time derivatives of the angles that define the orientations of each of the

bodies relative to their lower numbered bodies. In this case, either base frame components or body frame

components of the relative angular velocity vectors can be used.

Partial Velocities of the Body Origins in Fixed Frame Components

Using Equation (14), the fixed frame components of the partial velocity matrices of the origins of the bodies

can be written in terms of the fixed frame components of the angular velocities of the bodies. First, rewrite {VOK }

the fixed frame components of the velocity of O, the origin of body K as follows.

{VOK}_{ O_&(K)} ( [SK ){wS(K)} [RS(K)]T {S}(}
[ Voe (k) y:| QK] ])[Ra)g(K),yJ{y} +[R£(K)}T {S}(} (33)
=|:RVOK>Y:|{y}
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Note here that {VOS(K) } and {a)f( K)} are the fixed frame components of the velocity of O, and the fixed frame

components of the angular velocity of body £(K) . They do not depend on {sk} , SO [R Vo, J the partial velocity

matrix of Oy the origin of body K using fixed frame components can be built as follows.

1. First, set

|:RVOK~)/ j|3><6N - |:RV0£(K)~)’ i|3><6N N ([qNK] + [§K ]) |: Ra)f(K),y j|3><6N (34)

2. Then, set the three columns associated with $%; (i =1,2,3) as follows.

[Soes | =[Reor ]| (121,237 =123k =3N +(K -3+ ))) (35)

ij

For body 1, only Equation (35) applies. All entries are zero except for the three columns associated with {sl'}

giving the following result.

I:RVOK’yl»k :[]]i_j (i:1’2’3; J=123k=3N+j; K 21) (36)

Note in Equation (34) that [Ra)s ). y] the partial angular velocity matrix of body £ ( K ) can be partitioned as

follows.
R =R R
[ a)s(K),nymv_[[ a)f(K)’yllst [ wS(K)’y2:|3><3N:|3><6N >

Because ‘o “(K) does not depend on sy, (B=1,...N;i=1,2,3) and their time derivatives, the entire latter half

R . .
of[ a)s(K)’y]sXéN is zero. That is,

R
[ wS(K),yzlx3N :[0]3><3N (38)

Using Equation (16), the fixed frame components of the partial velocity matrices of the origins of the bodies

can be written in terms of the body frame components of the angular velocities of the bodies. First, rewrite {VOK }

the fixed frame components of the velocity of O the origin of body K as follows.
{VOK } = {VO_\B(K) } N [RE(K)]T ([q}f ] + [§;< ]) {a)é(K) } + ':Rﬁ(K)}T {Sk}
= [RVQ@(K),J{Y} [ Rex) ]T ([ax ]+ [5%])[R“’§3(K),y]{J’} [ Rer ]T {8k} (39)
- [Rvokay}{y}

Note here that {VOS(K)} are the fixed frame components of the velocity of Og ., the origin of body £(K) and

{a);g( K)} are the body frame components of the angular velocity of body £(K). They do not depend on {S}(} ,
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SO [RVOK ’y} the partial velocity matrix of Oy the origin of body K using fixed frame components can be built

as follows.
1. First, set
[RVOK’Y i|3><6N ~ [RVOL"(K)J lst B [RS(K) ]T ([q}< ] * [§}< ])[Ra)é(K)’y i|3x6N (40)

2. Then, set the three columns associated with s}, (i = 1,2,3) as follows.

[Soes | =[Rer]}| (121,237 =123k =3N + (K -3+ ))) (41)

ij

For body 1, only Equation (41) applies. All entries are zero except for the three columns associated with {sl’ }

giving the following result.

|:RVOK’)’:|l~k:[I]ij (i:l’2=3;j:13293;k=3N+j;K=l) (42)

As noted in Equations (37) and (38) for [Ra)g( . y}, the partial angular velocity matrix [Ra)_’g( . y} of body

£ ( K ) can be partitioned as follows.

R _1 _ R 1 R _ 1 _ R _ 1
[ a’s(K),yLéN—H De(K).y, LSN [ %(K)’”LWLW_[[ De(K).y, Lw [O]MNLW (43)

Partial Velocities of the Body Mass Centers in Fixed Frame Components

Using Equation (19), the fixed frame components of the partial velocity matrices of the mass centers of the

bodies can be developed using the base frame components of the relative angular velocity vectors. First, rewrite

{vK} the fixed frame components of the velocity of Gy the mass center of body K as follows.

= "o, J ) =] “ex, [ 1) (44)

Comparing the last two lines in Equation (44) gives the fixed frame components of |:RVK, y ]3 o in terms of the

R R :
fixed frame components of [ Vo . anzv and [ O, JMN. That is,

[RVK’y :|3><6N - [RVOK’Y lxéN ~[k] [ RwK’y :|3><6N (45)
As noted in Equation (37) above, the partial angular velocity matrix can be partitioned as follows.
[Ra)K’y ]3x6N - [[ RwK’yl }3><3N [ Ra)Ksz :|3><3N lX(,N - [[ RwK’yl ]3x31v [O]MN :|3><6N (46)
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Using Equation (20), the fixed frame components of the partial velocity matrices of the mass centers of the

bodies can be developed using the body frame components of the relative angular velocity vectors. First, rewrite

{vK} the fixed frame components of the velocity of Gy the mass center of body K as follows.

{rih={vo, J=[Re] [ Hex)
:[RVOK,y]{Y}_[RK]T[FK][ka,y]{J’} (47)
=[ v, [0}
Comparing the last two lines of Equation (47) gives the fixed frame components of |:RVK, y ]MN in terms of the

R R .
fixed frame components of [ Vo . ]MN and the body frame components of [ Ok }MN . That is,

R _| R Tre R
[ VK.y :|3><6N _[ Vog.y :|3><6N _[RK] [FK][ Ok y :|3><6N (48)
As noted in Equation (43) above, the partial angular velocity matrix can be partitioned as follows.
R v _ R s R _ R v
|: a)K’y ]3X6N B [[ wK’yl j|3><3N |: a)K’yz :|3><3N }3X6N - [|: a)K’yl j|3><3N [0]3X3N}3X6N (49)

Partial Velocities of the Body Origins in Body Frame Components

Using Equation (24), the body frame components of the partial velocity matrices of the origins of the bodies

can be written in terms of the body frame components of the angular velocities of the bodies. First, rewrite {va }

the body frame components of the velocity of O, the origin of body K as follows.

{Vék}::S(K)RK:({V'OM } b+ @ (k) )
=[OR Lo [“’R Jis: +[“)R ] qu)J({qws;})
(it =R (@i ]+ 5 D @b}
&3 [MK)R }( )[ a)i(K)y}

Note here that {V'OﬂK); are the body frame components of the velocity of O, the origin of body £(K) and

- _ (50)

_Tex)yp 1| R £(K)
= RK_[ VIO;“(K)sy:| y [ R

]
‘]

{a)é( K)} are the body frame components of the angular velocity of body £(K). They do not depend on {sk} ,

SO [RV'OK ’y} the partial velocity matrix of Oy the origin of body K using body frame components can be built

as follows.
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1. First, set

[RVIOK Y :|3><6N - [S(K)RK }([ RVIOMM Lmzv B ([Qk ] * [§}< ]) [ Ra)é(KW LXGN ) )

2. Then, set the three columns associated with s}, (i = 1,2,3) as follows.

(%o ], z[‘“’”RKlj (i=1,2,3; j=1,2,3;k =3N + (3K -3+ ))) (52)

For body 1, only Equation (52) applies. All entries are zero except for the three columns associated with {sl'}

giving the following result.

[RV'OK,ylk =[R],| (i=1.23,/=123%k=3N+j;K=1) (53)

Partial Velocities of the Body Mass Centers in Body Frame Components

Using Equation (27), the body frame components of the partial velocity matrices of the mass centers of the

bodies can be developed using the body frame components of the relative angular velocity vectors as follows.

First, rewrite {vk} the fixed frame components of the velocity of Gy the mass center of body K as follows.

:[R%K,y} y}_[’jzé][Ra’k,y]{y} (54)

Comparing the last two lines in Equation (54) gives [Rv}(’yl o in body frame components in terms of
R_1 R _ 1 .
[ Vo .y ]MN and [ a)K’y]MN. That is,

[Rv}{’y ]3x6N ~ [vaK’y]3x6N - [fé][ka’y :|3><6N (55)

Choice of Generalized Speeds

The equations developed above can be used to find the velocities and partial velocity matrices of the origins
and mass centers of the bodies for each of the three choices of generalized speeds listed above.

Case 1:
Base frame (lower body) components of the relative angular velocity vectors can be used to find the fixed

frame components of the angular velocities and partial angular velocities of the bodies. These, in turn, are
used to find the fixed frame components of the velocities and partial velocities of the origins and mass centers

of the bodies.
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Case 2:
Body frame components of the relative angular velocity vectors can be used to find the body frame

components of the angular velocities and partial angular velocities of the bodies. These, in turn, are used to
find the fixed frame or body frame components of the velocities and partial velocities of the origins and mass
centers of the bodies.

Case 3:
Angles can be used to define the orientations of bodies relative to their lower numbered bodies. The time

derivatives of these angles can be used to find either the fixed frame or the body frame components of the
angular velocities and partial angular velocities of the bodies. These, in turn, are used to find the fixed frame
or body frame components of the velocities and partial velocities of the origins and mass centers of the

bodies.

Examples

Example 1

The diagram shows a two-body system with frame F and disk
D. Frame F rotates at a rate of ¢ = (rad/s) about the fixed vertical

direction (annotated by the unit vector k). Disk D is affixed to and

rotates relative to F at a rate of 6= (rad/s) about the horizontal

arm of /' (direction annotated by the rotating unit vector e, ).

Reference frames: (all frames align when ¢ =6 =0)

é—\

Frame, I

R:(i, j, k) (fixed frame)
F:(e, e, k) (rotating with frame F)
D:(n,,e,,n;) (rotating with disk D) Ii

Let {&y} and {@,} be the base frame components and let {&}} and {@},} be the body frame components of

the relative angular velocities ch r and Fa] p- Find the fixed frame components of the velocity of point P and

the partial velocity matrix associated with the relative angular velocity components using a) base frame
components, and b) body frame components. (¢) Find the body frame components of the velocity of P and the
partial velocity matrix associated with the body frame components of the relative angular velocities.

Solution:

(a) The angular velocities of the two bodies can be calculated as follows.

R = _ R _R F
@ =Qk Wp= Wp+ @p

The base frame components of the relative angular velocities are
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{op)=[0 0 Q]| [{&,}=[0 @ 0]

Using these results, the fixed frame components of the angular velocities of the bodies can be written as

{op} ={d} {wD}:{@F}+[RF]T{d’D}

Defining the column vector of generalized speeds to be |{y} = {

% AF i} , the fixed frame components of the

partial angular velocity matrices are observed to be
[RQ)FJ LX() = [[ Ra)F=é)F :| |:Ra)F’(2)D ﬂ = [[1]3><3 [0]3X3]
[Ra)D,y i|3xﬁ - [[ RwD"bF ] [Ra)D,c?)D ﬂ - |:[[]3><3 [RF ]T:

Using the concept of relative velocity, RYP the velocity of point P in R can be written as follows.

R

R R R R R R
Yp= Yoot YP/Qz( @FX’SQ/O)+( @DX’SP/Q)z_(’SQ/OX @F)_(’SP/QX @D)

Using this result, the fixed frame components of “v, can be written as follows.
(e} == 700 J{@r} = Frio [{@n)
=[P L or Jr} [ Fro | "0, Ji}
[0 Jt b (7o ({60} +([R {0}
(o} = ~([Foro |+ [Frro {0} = Froio ) Re ] {0}
Observation of this result gives the following partial velocity matrices in fixed frame components.
[ “ro = =(Foo [P0 )| |[“Vrap |=~[Fro JIR]'

Recall that the skew symmetric matrices are built using fixed frame components of the indicated position

vectors. The following equations can be used to find these components.

c, s, of [c, -s, 0 0] [C, =S, O0]fo)] [-£S,
[Re] =| =S, Co 0| =|Ss Co || Hroof=[Re] 0p=[ Sy €4 0 % <y
0 0 1 0 0 1 ol 1o o 1llo 0
c, 0 -s,][c, s, o\ [c, -s, o|[c, 0 S,
[RD]T:([FRD}[RF])T: o 1 0 (-S4 ¢, 0] =[S, €, 0] 0 1 0
So 0 Cofl 0 0 1 0 0 1S, 0 G,

Copyright © James W. Kamman, 2026 Volume III — Unit 4 — Velocity and Partial Velocity: page 15/71



r T
= [RD] = S¢C9 C¢ S¢S0 {rP/Q}:[RD] 0= S¢C9 C¢ S¢S9 0+=-a S¢C9

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and "v, the velocity of P can be calculated as follows.

0 0 ‘C, 0 —-aS, —aS,C,
[RVP,@F]:—([fQ/O]Jr[fP/Q]):— 0 0 ¢S, |+ as, 0 aC,C,
—c, -tS, 0 | |aS,C, —aC,C, O
0 —a$, (Cy—aS,C,
= "o, |=-|  aS, 0 (S, +aC,C,
~(C,+aS,C, —1S,—aC,C, 0
0 —aS,  —aS,C,|[C; —S, O
| Voo, | == Fro J[Re] =-| aS, 0 aC,Cy || S, C, 0
aS,Cy —aCyCy 0 0 0 1

0 -aC, 0
{vp}:[ vaF]{c?)F}Jr[Rva }{@D}
=-— as, 0 (§,+aCyCy |y 0¢—| aC,S, —aS,S, aC,C, @
—(Cy+aS,C, —1S,-aC,C, 0 Q 0 -aC, 0 0

(¢Cy—as,C,)Q+(-aC,S, )0
=—1(£8,+aC,Cy)Q+(-aS,S, )0

(~¢C,+aS,Cp)Q+(aC,S, )0

= |{vp} = —(KS¢ +aC,C, )Q + (aS¢S9 ) w¢| (fixed frame components)

(an)a)
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b) The joints connecting the two bodies are simple revolute joints, and the bodies share a common unit vector
along the axis of the joint. Consequently, the body frame components of the relative angular velocities are

the same as the base frame components. That is,

{@p=[0 0 Q| |{@p}=[0 o o

Using these results, the body frame components of the angular velocities of the bodies can be written as

{op}={a}}] [{oh)=] "R, |{&)}+{ap)

} , the body frame components of the

Defining the column vector of generalized speeds to be |{y} = ﬁ j

b

partial angular velocity matrices are observed to be

i, ] =" @ha, | [*ora, ||=[1]. [0],.]
[“ob, ], =l["obs, ] ["@ba, J]=[["Ro] [1]]

As noted above, using the concept of relative velocity, Ryp the velocity of point P in R can be written as

follows.

Ryp = RYQ/O + RYP/Q :(R@F ><’~”Q/o)+(Rq)D % ’:P/Q) B _(’:Q/O X R@F)_(':P/Q x R@D) (56)

Using this result, the fixed frame components of “v,, can be written as follows.
ok ==[ReT (7o (@} ~[Ro] [ oo J{h)
=~[&eT [0 Jtor ~[RoT [ J(([ 720 {5} ) +{5))
(o} == (IR [P0 J+[Ro ] [Fg [ “Ro ) {5} ~[Ro ] [0 ] {00}
Observation of this result gives the following partial velocity matrices in fixed frame components.
(v = ~([Re ] [P0 [+ [Ro] [ )L Ro J)| [“vr.a J=—[Ro] [

The skew-symmetric matrix [f’Q /0] is built with position vector components in the frame F, and the skew-

symmetric matrix [F}J /Q] is built with position vector components in the D frame. That is,

0 0
Foo =€, 3[’7'@0]: 0 and |rp=-an, 3[’7;3@]: 0

S O O
S { O

—a

oS O O
S O

4

Using these results, explicit equations for the fixed frame components of the partial velocity matrices
and "v, the velocity of P can be calculated as follows.

Copyright © James W. Kamman, 2026 Volume III — Unit 4 — Velocity and Partial Velocity: page 17/71



—
Be
~
Y
1
|
—

Re] (70 |~ [Ro] [P0 ]| "Ro ]

0 o 1//[-¢ 0 0 -S, 0 c, |0 —a 0j1S, 0 C,
0 0 —(C,] |C)Cy =S, CySell 0 0 0
0 0 ||-Ss, 0 C,|0 -a O
0 0 0 aC, 0

= "vpay |=|-aC,S, aS,S, —1S,-aC,C,
0 aC, 0

R TT ~
[ VP,@,'J:_[RD] [’”P/Q]=— S,Co Cy 848,110 0 a|=|0 aS,S, -aC,
_Sg 0 C@ 0 —d 0 O aCe O

{VP}::RVP,aA)’F:|{é);7}+|:RVP,(2)'D:|{C?)'D}
| aS,S, aC,S, —(C,+aS,Col(0) [0 aC,S, aS, |(0
=|-aC,S, aS,S, —lS,—aC,Cy |30+ 0 aS,S, —-aC,|{®

! aC, 0 Q] 1o aC, 0 0
—(Cy+aS,C, aC,S,
=Q4-1S,—aC,Cyr+wqaS,S,
0 aC,

(~¢C,+aS,Cp)Q+(aC,S, )0
= |{vp} = —(£S¢ + aC¢C9)Q+<aS¢SQ)a) (fixed frame components)

(an)a)

These results are identical to those found in part (a).
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c) Using Equation (56), the body frame components of Ryp can be written as follows.
{VID}:_[ ][FQ/O]{ )= [fé/Q}{“’b}
= "Ro ][0 1@}~ 7o ([ "Ro ] {0 }+ {0})
=(["*o ][0 Jo [ 1" Ro ) 0k} [0 ) (00}
Observation of this result gives the following partial velocity matrices in body frame components.
["his J=(["Ro [P0 J+[Fro )L "o ])| [ ]= 7]

As noted above,

0 0 ¢ 0 0 0 c, 0 -S,
[7o0]=| 0 0 0f [Fg]=|0 0 a|l |[["Ry]=[0 1 0
—¢ 0 0 0 —a 0 S, 0 C,

Using these results, explicit equations for the body frame components of the partial velocity matrices

and *v, the velocity of P can be calculated as follows.

|:RV1,D,(Z)’Fi|:_([FRD][F,Q/O:'-’_[F}’/Q][FRD])

[C, 0 =S,l[0 0 ¢] [0 0o 0]C, O =S,
=0 1 o Jl0o 0 o0/-[0 0 a0 1 O
S, 0 Cy|l-¢ 0 0] |0 —a 0||S, 0 C,
[ ¢S, 0 (C, 0 0 0

=—| 0 0 0 |-|aS, 0 aC,

—(C, 0 ¢S, 0 -a 0

s, 0 —(C,
:[Rv}’@%]: -aS, 0 -aC,
C, a -IS,

0 0 O

| ooy [==[Fho ]=[0 0 —a
0 a O

el = _RV:D,@'F}{C?’%} "‘[RV;J,%]{C?’/ID}

[—¢S, 0 —C,|(0] [o 0 o]0
=-aSy, 0 -aC,|70:+/0 0 —a|jo
(C, a —(S,||Q |0 a 0][0
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—1C,0
= {vp}=1 —aC,Q
—1S,Q+aw

Comparison with Previous Results: (Volume I, Examples in Units 2-4)

In Units 2-4 of Volume I, *v, the velocity of P in R was expressed in frame F as follows.

"vp=(awSy—1Q)e,~(aQCy) e, +(awCy) k

This result can be converted into fixed frame components as follows.
Cy =S4 Ol(awS,-1Q (awS,—1Q)C,+(aQ2Cy)S,
pt=[Re] (v} =[S, C, 0 -aQC, t=1(awS,~(Q)S,~(aC,)C,
0 0 1 awC, awC,

(~¢C,+aCyS,)Q+(as,C,)o
= |{vp} =1-(£8,+aC,C,)Q+(aS,S, )0 \/
(aCy)e

These results are identical the those found in parts (a) and (b).

This result can be converted into body frame components as follows.

o) =["Rp vt =[ 0 1 0 |{ —aQC, = ~aQC,
S, 0 C, || awC, Sy(awS,~1Q)+ChanC,
—1C,Q
=pt=1 —aCQ \/
~1S,Q+aw

These results are identical the those found in part (c).
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Example 2

The diagram shows a two-body system with frame F and bar B.
Frame F rotates (¢ = Q) about a fixed vertical direction annotated by
the unit vector k, and bar B is attached to F with a joint allowing

rotations about two axes. Rotation about the first axis is measured by

the angle i , and rotation about the second axis is measured by the angle

0. The angles ¢ and w are both zero in the position shown. B is

oriented with respect to F using a 3-1 rotation sequence. Three reference

frames are defined for the system as follows.

“Frame, F
R :( i, ),k ) fixed frame rame,

F: (gl,gz, Ig) rotating with Frame, F I

B: (131,132,133) rotating with Bar, B

the relative angular velocities Rcy 7 and F(g 5 Find the fixed frame components of the velocity of point P and

the partial velocity matrix associated with the relative angular velocity components using a) base frame
components, and b) body frame components. (¢) Find the body frame components of the velocity of P and the
partial velocity matrix associated with the body frame components of the relative angular velocities.

Solution:

(a) The angular velocities of the two bodies can be calculated as follows.

R _ R . _R F
@p =0k Op= Wp+ Wp

The base frame components of the relative angular velocities can be written as follows.
R 7
{op}=[0 0 4]

F@B:9’31+‘/7]S:9(CW€1+SW€2)+V)IS 3{6‘33}:[9Cy/ QSV/ ‘//]T

Using these results, the fixed frame components of the angular velocities of the bodies can be written as

{op ) ={dp} {wB}‘:{‘?’F}Jf[RF]T{‘?’B}

{ r }} , the fixed frame components of the

Defining the column vector of generalized speeds to be |{y} = {

partial angular velocity matrices are observed to be
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[Ra)Fsy Lm - [[ Ra)Fs‘?’F :| [Ra)F’f?’B ﬂ = [[1]3><3 [0]3X3]
[RCOB’Y :|3><6 - U: RwB,c?)F J [RQ)B@B ﬂ - |:[1]3><3 [RF ]T]

Using the concept of relative velocity, RYP the velocity of point P in R can be written as follows.

R R R R R R R
Yp= Yoot YP/Qz( @FXL’Q/O)+( @BXKP/Q)z_(’SQ/OX @F)_(’ZP/QX @B)

Using this result, the fixed frame components of RyP can be written as follows.

)= _[FQ/OJ{COF} _[fP/Q]{wB}
=[7o0 ][ "o, J0} =70 | ", J 10}

(v} =~ ([Foo |+ [Frio ) e} = [Frio J[Re] ()

Observation of this result gives the following partial velocity matrices in fixed frame components.

[“vea J=Foo]-[Fro]] [["vra]=-[Fro]lRe]

Recall that the skew symmetric matrices are built using fixed frame components of the indicated position

vectors. The following equations can be used to find these components.

The angles ¢ and w are measured along the same direction so B can be oriented using a 3-1 rotation

sequence. The first angle is simply the sum ¢+ .

C¢+l//
)

g Co
Sy S,

[RB]:

S

C

Py

Py
Cy

0
So
Cy
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c, s, o] [c, =S, 0 0] [C, =S, 0](0] [-¢S,
T T
[R-] =|-S, ¢, o =S, C, {ron}=[R:] 101 =]S, €, 0|j¢p=11C,
0 0 1 0 0 of o o 1]l0 0
1 o olc, s, o] ¢, S, 0]
| "Ry ]=|0 ¢, S,|-s, ¢, o|=|-s,C, C,Cp S,
0 -S, Co|L 0 0 1| ]S85, -CS, C,




0 Corw ~SpCo SprySo | [0 —aS,,,Cy
T
{rP/Q} - [RB ] ar=|S4y  CuyCo  —CyrSoar=yaCy,Co

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and "v, the velocity of P can be calculated as follows.

[ “ro, |=~[Foro |=[Frio |==| © 0 ¢S, || asS, 0 as;,,C,
0 as, ~(¢c,+aC,,,Cy)
=\ "veo, |=| -4, 0 ~(¢8,+as,,,Cy)
(C,+aC,,,Cy 1S,+aS,,,Cy 0
~ T
[RVMB ] =—[Fppo |[Re] =| -aS, 0 ~aS;,,C, || S, C, 0
aC,,,C, aS,,,Co 0 0 0 1
= | "o, |= ~aC,S, as,S, ~aS,,, Co
aCy(CyChuy +85S4,) ~aC4(SyCyuy ~CySysy ) 0

This result can be simplified using the following trigonometric identities.

cos(¢) cos(¢ +y) +sin(g)sin($+y) = cos (¢ — (f+y)) = cos(—y) = cos(y)
sin(g) cos(§ + ) —cos(p)sin(g +y) =sin (¢~ (¢ +)) =sin(~y) = —sin(y)
as,S, aC,S, -aC,, C,
= | Voo, |=|-aCyS, aS,S, -aS,.,C,
aCy,C, aC,S, 0
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{VP}:—RVPwF]{aA)F}JF[RVPwB]{aA)B}
0 as, (1€, +aCy., ) (o
= -as, 0 ~(£8,+aS,,,Cy) 30
(Cy+aCy,, Cy 15, +aS,,C, 0 ¢
asS,S, aC,S, -aC,.C,|[6C,
+| -aC,S, aS,S, -aS,,,C,|16S,
aCeCW anSW 0 7%
—4(¢C,+aC,.,Cp)| | ab(S,C,+C,S,)S,-ayC,.,C,
=1 —§(¢S,+aS,,,C,) {+{-ab(C,C,~5,S,)S,-ayS,.,C,

0 abC,(Cy +S;)

This result can be simplified using the following trigonometric identities.

|sin(¢) cos(y) +cos(@) sin(y) = sin(¢ + 1//)| |cos(w) cos(¢) —sin(y ) sin(¢@) = cos(¢ + 1//)|

~((Cy+aCy, Co)| [ abs,., s, -ayC,,,C,
{vp}=1-4((S,+aS,,,Cp) t+4-abC,,,Sy—ayS,.,C,

0 abC,
—4(tC,+aC,,,C,)+abS,,,S,~ayC,,,Co|  |~14C,+abS,,, Sy~ (d+y)aC,,,C,
= |{vp} =4 ~4(¢S, +aS,,,C,)-abC,,,S,~ayS,.,Cy =4 ~(§S,~abC,.,S,~($+v)aS,.,C,
aé.?C(9 aéCa

(b) The angular velocities of the two bodies can be calculated as follows.

R _ R _R F
@p =0k Wp= Wp+ Qp

As in the previous example, the base frame and body frame components of Rcy - are identical.

(o) ={ap)=[0 0 ¢]

The angular velocity of B relative to F' (3-1 rotation sequence) can be written in the body frame as follows.

F

@B:9721+‘/7]S:9’31+‘/7(S0’12+C0’23) :{031’9}:[9 v, Wca]T

Using these results, the body frame components of the angular velocities of the bodies can be written as

{of ) ={ap}] {eh)=] "Ry {0} }+{ap)
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}} , the body frame components of the

Defining the column vector of generalized speeds to be |{y} = {{ i

partial angular velocity matrices are observed to be
[RQ)IFJ LX() = [[ Ra)’FﬁJ'F :| [Ra)’F’f?Jb ﬂ = [[1]3><3 [0]3X3]
["n ]y (@b ] [“oha J=[["R] 1) ]

As noted above, using the concept of relative velocity, Ryp the velocity of point P in R can be written as

follows.

R

R R R R R R
Yp= Yoot YP/Q:( @FX’SQ/O)+( @BX’SP/Q):_(':Q/OX @F)_(’:P/QX @3) 57

Using this result, the fixed frame components of v, can be written as follows.
(p} == [Re T [Fo JHor} = [Re] [Fio J{})
=~[&eT [Foo Jtr} [R5 T [ )((["Rs J{01}) + (5}
(o} == ([ReT [P0 J+[ReT [Fovg | "Ra )15}~ [Ra] [0 {5}
Observation of this result gives the following partial velocity matrices in fixed frame components.
(o |==[Re] [Foro |- [Rs) [Frio [ “Rs || |[*vry |=—[Rs] [Frc]

The skew-symmetric matrix [7722/0] is built with position vector components in frame F, and the skew-

symmetric matrix [F}J /Q] is built with position vector components in frame B. That is,

0
and Tpig =an, :[F}/Q]z 0

0
Yoo =te; 3[’%/0]: 0
—

oS O O
S O
oS o O
S O K

—a

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and *v, the velocity of P can be calculated as follows.
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R Tl [ F
[ VP,J)’F:|_ [ F] [”Q/o] [ ] I:rP/Q_[ RB]
C, =S5 0o o0 /]
=-1S, C4 0[O0 0 0
0 0 1| =t 0 0]
Cov SpCo SpnySe [0 0 a C, Sy 0
0 S, C, —a 0 0} 55, -C,8, C,
¢ 0 0 | 0 S, C, -aC,  —aS, 0
00 ¢, |9S0(SyCo =CuSsu) =aSo(CyCoy +8,8,.,) aCoCy,
== 0 0 S, |-|aSy(S,Sp, +C,Cpuy) aSe(=C, 84, +S,Ch,) aCyS,.,,
0 0 0 | -aC,C, ~as,,C, 0

This result can be simplified using the following trigonometric identities.

|sin(a — ) =sin(a)cos(f) —cos(x) sin(ﬂ)| |cos(a — ) = cos(x)cos(f) +sin(x) sin(ﬂ)|

|sin(—a) = —sin(a)| |cos(—a) = cos(a)|

[ Voo [=|0 0 =18, |+|-aS,C, aS,S, -aC,S,.,
00 0 aC,Cy aS,C, 0
as,S,  aS,C, —({C,+aC,C,,, )
= "vpay |=| —aS,C,  aS,S, —(0S,+aC,S,,,)
(+aC,C, aS,C, 0
Cop SoCo SpSe [0 0 a
R TT ~
[ ray |==[Rs] [P0 |==| S CypuCo —CyuySo || 0 0 0
0 S, C, -a 0 0
R
= ", | aC¢+WS 0 -aS,,,
aC, 0 0
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{VP}::RVP,@'FJ{C?’}?}"‘[RVP,@J{QA’E}
aS,Sy  aSyCy —(1Cy+aCuCy )| (o) [ as,.,S, 0 -aC,, ][ &

=| —aS,C,  aS,S; (1S, +aCyS,., ) |{0 1+ ~aC

Pty

(+aC,C, aS,C, 0 ¢ aC, 0 0 wC,

~(tCy+aCyCy., )9 abS,,,S,~ayCyC,,,

~(£8,+aCyS,., )¢ {+1-abC,., Sy —ayC,S,.,
0 adC,

~(¢C,+aC,C,., )p+abs,.,S,-ayC,Cy,,,

oy (=39S, —abC

adC, abC,

= (v} =4 =(£8,+aC,S,., )$—abC,., S, ~ayC,S

~§C, +abS,,,S,~(p+y)aC,,,C,

¢+V/Sf’ _(¢+W)GS¢+W

Cy

As expected, these results are identical to those found in part (a).

Using Equation (57), the body frame components of “v,, can be written as follows.
Voh == "R | Foso J{@h ) = Fho [{@})
=~ "Ra 700 Jter [ Fro ([ "Ra [tz {4}
0} ==(["Ra [P0 J+ [0 [ Ra {5} ~[ 0 ] 4]
Observation of this result gives the following partial velocity matrices in body frame components.
[ J== "R [P0 ] -[Frio ) "Re ]| {[ by J=~[7io ]

As noted above,

C S 0

7 v
| "Ry |=|-s,C, C,Cp S,

oS O O
S O Q

0 0 ¢ 0
[Foo]=| 0 0 0f |[Fro]=] 0
00

—a

Using these results, the explicit forms of the partial velocity matrices and velocity vector in body frame

components are as follows.
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[har J==[ "R ][Fo0 ]-[Fro ] "R ]
C, S, O{fo o v 0 0 a C, S, 0
=-|-s,C, C,C, S,|[0 0 O|]-fO 0 0}|-5,C, C,C, S,
' S,S, —C,S, Cp|l=t 0 0] [-a 0 0) 55, -CS, C,
0 0 gcy/ aSWS,, aC Sy
=—| S, 0 —£S,Cy|-| O
—(Cy 0 (S,S, —aC,
~-aS,S, aC,S, —(ﬂCw+aC9)
[vio, =] 1S, 0 (5,C,
(Cy+aC,  aS, —(S,S,
0 0 —a
[ "oy |==[ho ]=[0 0 0
a 0 O

{vp}= :v}’,afp ]{“A’IV} +[V}’,¢a}'g ]{0323}

-as,S, aC,S, —({C,+aC,)|(0) [0 0 —d[ 6

= S, 0 (5,Co  [101+[0 0 0 |JyrS,
(C,+aC, aS, 15,5, |4) la 0 0 ]lyc,
—~(£C, +aCy)p—aCpyr
{v;?}: éSy/C9¢
—(S,,S o+ ab
Check:

These body frame components can be converted to the fixed frame components as follows.

Chw —SpuCo  SySq ||-((C, +aCy)d—aCyy
T, ;
et =[Rs] {vp}=| 840, Cp,Co —C,,, Sy (S,,Co
0 S, C, (S, yp+ab
-(¢C, +aC,)C,,,d—aC,,,Coyr —1S,,,C0S,Cop —1S,.,5,5,S yb+aS,,,S 0

=1-(¢C, +aC,)S,.,b—aS,,,Copr +1C,,,CyS,Cop+(C,,,

1S, S5C8 — 15,55 +aC,yf

oS, Syp—aCy,,S,0

P+
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~((¢c, +aC,)Cpr,, +18,.,5, (C3+53))$—aCy, Coyr +aS,., 5,0
Y . :
=1(-(¢c, +aC,))s,,, +1C,., S, (C; + 7)) $-aS,,, Cop —aC,,, S o0
aC,0
~(aCy, Co+0(Cpy G, + 54,8, ) )= aC,, Coir +aS 5., S 0
=1 (=84, Co = (S, C, = oS, )| 9= S0, C oy =aCy,, S o0
aC,0
Using trigonometric identities:
CoiyCy + 85,8, =Chryy =G4l 1840, C —Ciy Sy = Sgiyyyy =Sy
~(aC,.,Cy+1C,)$—aC,,,Coy +aS,.,S 0
{vp} =1 (-aS,,,Cp—1S,)$—aS,,,Cov —aC;,,S ,0
aC 96’
These results match with the results of parts (a) and (b).
Example 3
The figure shows a three-body system with frame F, arm AB, and slider kT
. - e
S. Frame F rotates about the fixed vertical direction with rate ¢ =, Q|552 /}\g\e /‘é
. ~r
and the arm AB rotates relative to F with rate € = . Slider S is i b B
connected to bar AB with a prismatic joint, meaning it is free to slide | x)\ 4
along AB but does not rotate relative to it. Its position relative to point 0
ol —
A is given by the variable distance x . A €,
. )
Reference frames: (all frames align when ¢ =6 =0)
R:(i, j, k) (fixed frame) <_ZF é:w
F:(e, e, k) (rotating with frame F)
AB:(e,,e,,e,) (rotating with bar AB) Ul

Let {@,} and {@,;} be the base frame components and let {&.} and {@;} be the body frame components of

the relative angular velocities chF and ch 5 - Find the fixed frame components of the velocity of slider S and

the partial velocity matrix associated with the relative angular velocity components using a) base frame
components, and b) body frame components. ¢) Find the body frame components of the velocity of S and the

partial velocity matrix associated with the body frame components of the relative angular velocities.

Copyright © James W. Kamman, 2026 Volume III — Unit 4 — Velocity and Partial Velocity: page 29/71



Solution:

a) The angular velocities of the three bodies can be calculated as follows.

R _ R R F
@ =Qk Wyp= Ot Oyp

The base frame components of the relative angular velocities are

{opf=[0 0 Q]T {05) =105} =[0@ 0 O]T

Using these results, the fixed frame components of the angular velocities of the bodies can be written as

{op} ={d} {a)s}:{wAB}:{@F}+[RF]T{@S}

Defining the column vector of generalized speeds to be |{y} 24 {ds} }|, the fixed frame components of the

partial angular velocity matrices are observed to be

[Ra)Fsy :|3><9 - [[ Ra)stf’F] [RQ)F@S] [RwFs*'ﬂ - [[1]3x3 [0]3><3 [0]3><3:|
[Ra)&y :|3><9 - [[Rw&@p } [Ra)s,a")s ] [Ra)&ff'ﬂ - [[[]m [RF ]T [0]3><3i|

The body frame components of the translation vector {x'} are as follows.

(vj=[o x of

Using the concept of points moving on bodies, RYS the velocity of point P in R can be written as follows.

R _ R AB _ R R AB _(R R .
ve = "yg+ Py =R+ Ty P = (Forxra0 )+ (Mos x g )+ (te, )

=1 Vs :_(KA/OXR@F)_(’:S/AXR@S)-’_(xgr) (58)

Using this result, the fixed frame components of RYS can be written as follows.

= {Vs} = _(I:FA/OJ +[FS/A]){&)F} _([FS/A}[RF ]T){C?)S} +[RAB ]T {x'}

Observation of this result gives the following partial velocity matrices in fixed frame components.
[ RVS,(I)F } = _([’7,4/0 ] + [FS/A ]) [ RVs,a")S } = _[’75//4 :'[RF ]T [Rvs,x'] =[Rus ]T
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Recall that the skew symmetric matrices are built using fixed frame components of the indicated vectors. The

following equations can be used to find these components.

T
T T
[R-] =|-S, C, 0| =|S, C, © {rA,O}z[RF] ar=|S, C, 0lja;={aC,
0 0 1 0 0 1 0 o0 o0 110 0
T
1 0 0f¢C S, 0 C, =S; Ofl1 o0 0
T T
[R,s] :([FRAB][RF]) =llo ¢, S,|-s, ¢, o|| =|s, ¢, o|o ¢, -S,
0 -S, C,||l 0 0 1 o o 1|0 s, C,
=\Ris] =S, C,Cp —CySy |l [{rsut=[Rus] {xt=]S5, CC —CS xb=x cc
0 S, C, 0 0

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and ®v, the velocity of S can be calculated as follows.

0 0 aC, 0 -xS,  xC,C,
s ] e[rol)=|| 0 0wl w0 s
-aCy —aS, 0 -xC,C, —x§,Cy 0
0 xS, ~(a+xCy)C,
= [Rvs’@_]— xS, 0 —(a+xC9)S¢
(a+xCy)C, (a+xC,)s, 0
0 —xS, xC,C,|[C, -S, 0
[RVS,@SJ I:FS/A:I[RF]T:_ xS, 0 xS,Co || Sy C4 O
xC,Cy —xS,Co 0 0 0 1
—xS 48 —xCySy xC,Cy
=— xC¢Sg —XS¢S9 xS C
—xCy(C;+5;) xS,C,Cp=xS,C4Cy O
x8,8, xC,S, —xC,C,
= |[ "o, |=| —xCySy  x8,8, -x8,C,
xC, 0 0

Copyright © James W. Kamman, 2026

Volume III — Unit 4 — Velocity and Partial Velocity: page 31/71



{vS}::RvSwF}{a)F}+[RvS,@J{é)S}+[RVSX}{x'}
0 xSy —(a+xC9)C¢ 0 x8,8, xCuSy —xCyCy | (@
= xS, 0 ~(a+xC,)S, {0+ —xC,S, x5,5, -x5,C, |10
_(a+xC9)C¢ (a+xC9)S¢ 0 Q xCy 0 0 0

+8, C,Cp, —CuS, |{x
0o S, c, |0

~(a+xC,)QC, +(x0S,-1C,)S,
= |{v,} ={-(a+xC,)QS, -(xaS,-iC,)C,

xS, +xwC,

b) The joints connecting the two bodies are simple revolute joints, and the bodies share a common unit vector
along the axis of the joint. Consequently, the body frame components of the relative angular velocities are

the same as the base frame components. That is,

~t T Y Y T
{ap}=[0 0 O] | |{@s}={as}=[0 0 0]
Using these results, the body frame components of the angular velocities of the bodies can be written as

{of ) ={ap}] [{oh}={00} =] "Ry [{0p}+{0%)

, the fixed frame components of

[I>
—~—
1SN
——

Defining the column vector of generalized speeds to be |{y}

the partial angular velocity matrices are observed to be

op, ] =[[Fobs ] ["obs ] [fobe]]=[[. [0}, [0].]

[t Ly =[["okar ] ["oba] [“obe]]=[["Ru] [ [0]]

Using this result, the fixed frame components of v, can be written as follows.

vy ==[Re] [P0 [{or ) ~[Res] [FS/A]{ i) +H[Ris] ()

=—[Re] [P ]| " e, |10} =[Ros [rS/A][RwSy] ]T{fc'}
=—[RF]T[f;/0]{a>;}—[RAB [ ([ " Raa {0 )

= (v} ==([Re T [Pao )+ [Ras ] [ 7o ][ Ras ]) (6 }([RAB] [rS/A]){ }[AB]T{x'}

Observation of this result gives the following partial velocity matrices in fixed frame components.
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|:RVS,J)'F ] = _([RF ]T [’7;1/0] + [RAB ]T I:Fé/AJ[FRAB}) [Rvs,cbg ] = _[RAB]T I:’:.'S/A] [R"s,x'} = [RAB]T

The skew-symmetric matrix [F;l /0] is built with components in frame F, and the skew-symmetric matrix

[77'5 / AJ is built with components in the 4B frame. That is,

0
~!
and |rg,, =xe, :[FS/A]: 0

0
~1
Lao =a€; 3[’”,4/0]: 0

—a

oS O O
S O
S O O
S O =

—X

Using these results, explicit equations for the fixed frame components of the partial velocity matrices

and “v; the velocity of S can be calculated as follows.

[Rvs,c?); ] = _[RF ]T [’7/’1/0] - [RAB ]T I:’;.;‘/A J [ FRAB]

Cy =S5 00 0 a Cy =S,Co S48, 0 0 x|l O 0
0 0 1|l—« 0 0f 0 &, c, [L=> 0 0jjo -s, C,
[0 0 -aC,] [-x8,8, 0 xC,|[1 o o
a0 0 || -xc, 0 0 |0 =-S5, C,
[0 0 -aC,] | x8,8, xC,S, -xC,C,
a0 0 || xc, 0 0
a+xC, 0 0
T ~
[RVS,@;]:_[RAB] I:rS/A]:_ Sy CyCp —CySp|l 0 0 0)=—| xC,S, 0 xS,

= | "o, |=| xCySy 0 xS
xCy 00
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{vs}::Rvs’d,ﬂ{c?)}}+[RvS’QA)J{c?);}+[Rvs,xi{5c’}
x8,8,  xCyS, —(a+xCy)Cy |1y x8,8, 0 —xCy|(w
=|—xC,S, x5,8, —(a+xCy)S, |10 t+|-xC,S, 0 —xS, |10
a+xC, 0 0 Q xC, 0 0 0
C, -S,Co S48, |f0
+S, C,Cp —C,S, 1%
0o S, c, |0

~(a+xC,)QC, +(x0S,-1C,)S,
= |{v,} ={-(a+xC,)QS, -(xaS,-iC,)C,

xS, +xwC,

As expected, these results are identical to those found in part (a).

c) Using Equation (58), the body frame components of Rys can be written as follows.

{vs}= _[FRABJ[’:Q/O]{“’}} ~[75a[{eos} +13'}

Here,
0 0 a 0 0 x 1 0 0
[f;w]: 0 0 0 [f’w] 0 00 [FRAB]— 0o ¢, S,
—a 00 -x 0 0 0 -, C,

Substituting and expanding,

(V%) =—[FRAB}[6§/O]{0)}} —[fsf/A]{G’éH{fC'}

(I:FRAB:| ”A/o [’”S/A [ RAB:'){ 2 {Aé}+{x,}
10 00 0 a 0 x||1 0 0 0 0
=—110 C, Syl 0 0 0|+ 0 0|0 C, 0 0;—| 0
() -S, C,l|l-@a 0 0 —X 0jlo -s, C,||< —X

0
0
0
[0 0 a 0 x5, xC,
=—||-aS, 0 0+ 0 0 0
0
X

|—aCy 0 0] [-x O 0
0 xS, —(a—i—xCa) 0
=| aS, 0 0 0+
aCy+x 0 0 Q X@
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From the above equation, the following results can be observed and calculated.

0 xS, —(a+xC9) 0 0 —x 1 00
[Vew |=| aSy 0 0 [via [=[0 0 0| [[ve]=[0 1 0
aCy+x 0 0 x 0 0 00 1
—(a+xC,)Q
{vs}= i
xXa

Comparison with Previous Results: (Volume I, Unit 4, Exercise 4)

In Unit 4 of Volume 1, *v, the velocity of S in R is calculated in Exercise 4. The results are given to be

vy =-Q(a+xCy e, +(¥Cp —x0S, )¢, + (5, +x0C, ) k

Converting this result to the fixed frame can be done as follows.
c, =S, 0]|-Q(a+xC,)
T .
st =[Re] {vs},=]S, C, 0§ xCy—xw0S,
0 0 1| xS,+x0C,

-QC,(a+xCy)-8,(iC, - xaS,)

= |{vs} ={-QS, (a+xC,)+(iC, - x0S,)C, \/

xS, +x0C,

Converting this result to the S (or AB) frame can be done as follows.

1 0 0 —Q(a+xC9) —Q(a+xC9)
=R [}, =0 Cp Sy |4 5C, —xwS, (=1 (¥C, xS, )C, + (1S, +x0C,)S,
0 =8, Cp|| X5y +x0C, —()'cCg—xa)Sg)SgJr(J'cLS‘9+xa)C(9)C(9
—(a+xC9)Q
=3 %(c5+55)
xo(Cj+S; )
—(a+xC9)Q
:>{v;}: X \/
Xaw
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Example 4

The diagram shows three bodies which are part of a
larger multibody system. The lower numbered body

array for the three bodies is as follows.

£(B,=1,J,K)=(£1),£(),£(K))=(0,1,7)

Calculate {VK} the fixed frame components of the

velocity of Gy the mass center of body K using the

concept of relative velocities. Using that result, determine

|:RVK’y:| the matrix of fixed frame components of the

partial velocity of G with respect to the system matrix of generalized speeds as defined in Case 1 above which

utilizes the lower body (base frame) components of the relative angular velocity vectors as generalized speeds.

Solution:
Using the concept of relative velocity, v the velocity of G can be written as follows.

R. _R R R R R R
Yk = Yo T Yoo T Yo,0, T Yoo+ Yoo, T Y60,

_ Rd§1

ot +("oixg, )+

R
ds, *d Sk

+(R@JX‘ZK>+ +(R@KX’SK)

The derivatives of the position vectors s, (B=1,J,K) can be expanded to give

1

vk = R;Ifl +(RQ)1X€J)+[ iij "'(R@lX:VJ)]"‘(R@JX‘ZK)"'[JC;?K +(R@JX§K)J+(R@KX’:K)

Changing the order of all the cross products and rearranging terms gives the following.

1 J

fyg = RZfl _(ZJ x R@1)+( Ci,ij _(§J x R@l)]_(@( XRQ)J)"'( ‘j{f[{ _(§K x RQ)J)]_(’:K x R@K)

=—((gs +5 )< "@1)~((gx + s )% "0 )~ (i < o) +

Finally, using the summation rule tor angular velocities gives
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Using this result, the fixed frame components of Ry x can be written in terms of the base frame components

of the angular velocities of the bodies relative to their lower numbered bodies as follows.
ek ==([a,1+[5, Mo} - ([ax ]+ [5 ])({“A’l} +[R] {‘?’J})
(o) +[RT (@) +[RT () + {30) +[RT4) +[R ] {55

(59)

Here, fixed frame components are used to build the skew symmetric matrices [q~ ; ], [§ J], [C]K] , [§K] , and [FK],
the column matrices {@;} (B=1,J,K) hold the base frame components of the angular velocities of the bodies

relative to their lower numbered bodies, and the column matrices {s}} (B=1,J,K) are as defined in Equation
(29).
By rearranging terms, Equation (59) can be rewritten as follows.
)= —([é,]+[§J]+[q~K]+[§K]+[fK]){031} _([qK]+[§K]+[fK])[R1]T it
_[FK][RJ]T {0} +1{31} +[R1]T {s)} +[RJ]T {Sk}

The generalized speeds for Case 1 are defined in Equations (29) and (30). Using those generalized speeds, the

(60)

following partial velocity matrices can be identified from the above result.

e L = (@] 4[5, 1+ (0] + [5] + [ )) 1)
:RvK,aa, }m :_([qK]”L[gK]JF[FK])[Rl]T [R"K,aak an =-[7 ][R, T (62)
:RVK’S'I' }3><3 B [1]3x3 [RVKJ'} :|3><3 - [Rl ]T [RVK’S} :|3><3 - [RJ ]T (63)

These results can be put in terms of the generalized speed matrix of Equations (28)-(30) to give the following.

R R R R
Ve Jyon =L o b Lo Ly [k ]
[ K.y laen [ Koy |3, K.0; 3,3 Ko 1343
R R R
|: K5 3x3 K5 3x3 K8k 3x3 36N

The matrices [RVK’@J (B=1,J,K) fill columns 3(B—1)+; (j=1,2,3), and the matrices [RVK’%} fill the

(64)

columns 3(N+B—1) +J (j =1, 2,3) . All other entries are zero.
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Example 5
Using the approach described in Equations (34)-(36) and Equation (45) which utilize the base frame

components of the relative angular velocity components, find [R Vi, yJ the matrix of fixed frame components of

the partial velocity of G, the mass center of body K of the three body system of Example 4. Compare the results.
Solution:

Partial Angular Velocities of the Bodies

Body 1: [Rwl>y]3x61v=[[]]3x3 [O]m [0]3x3:|3><6N

Body J: [Ra)J,y]3x6N=[[1]3x3 [O]M [0]3x3 [RI]T [0]3x3 [0]3><3:|

The matrix [R, ]T fills the columns 3J -2, 3J -1, and 3J .

3x6N

Body K:

[Ra)K,yLXw:[[I]sxs [0]3><3 [0]3><3 [RI]T [0]3><3 [0]3x3 [RJ]T [0]3><3 [O]3x3j|

The matrix [Rl]T fills the columns 3J -2, 3J-1, and 3J, and the matrix [RJ]T fills the columns
3K-2,3K—-1,and 3K .

3x6 N

Partial Velocity of Body Origins

The process presented in Equations (34)-(36) is repeated here for convenience.

1. First, set
|:RVOK Y :|3><6N - |:Rv0$(K)’y :|3><6N B ([qK ] + [§K ]) |: Ra)‘g(K)’y :|3><6N

2. Then, set the three columns associated with $%; (i =1,2,3) as follows.

[Moer ], =[Reao | | (1=1.23/ =123k =3N +(3K =3+ j))

ij

For body 1, only Equation (35) applies. All entries are zero except for the three columns associated with

{sl'} giving the following result.

[RVOK,y] =[1],,| (i=12,3;j=123k=3N+; K=1)

ik

Applying these results to the three bodies gives the following.

Body 1: _Rvol’y] =[1],,| for (i=1,2,3; j=1,2,3;k =3N + j). All other entries are zero.  (65)

ik

Body J: || RVOJ >y :|3><6N - |:RVOI Wy :|3><6N —([@,] + [§J])[Ra)1,y ]3x6N (66)

o, | =[RT] (=123 =123k =3N+(3J =3+ ))) (67)

ij
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Body K:

[ RVOKJ :|3><6N - [ RVOJJ :|3><6N - ([qK ] * [gK ]) [ RwJ’y ]3X6N

[RVOK Y :|ik - [RJ ]ITJ

(i=1,2,3;j=1,2,3k =3N + 3K =3+ ))

The results in Equations (65)-(69) can be expanded to give the following.

Body I: || "vg 4, . =[0],] (B=L....N)
:“aﬁlﬁzvkﬁ [ﬂhﬁlﬁzﬁmg (B=2,...,N)
Body || “vo, 5 |, =~(@1+[5,])] [[*v,4, ], =[0, (B#1)
:RWLﬁ]y3:[”y3 [RWy@]kSZ[RJig
Body K: ([ v, |, , =~([@,]+[5, ]+ @]+ [5])
Vogin )y, = (00| (B2LB=J)
:RVOK,s'; }m =[1],, [RVOK,s'J ]M =[R ], [R Ok 5k ]M =&,

Partial Velocity of the Mass Center of Body K (Gy)

(68)

(69)

(70)

(71)

(72)

Equation (45) repeated below provides the partial velocity matrix for G, in terms of the partial velocity

matrix of Oy .

R R ~ 1R
Ve Lo =L o Lo ~U ] x|
[ K.y Iawen Ok-Y I3 N [K] K.y Isen

Using the results in Equations (70)-(72), the above equation can be expanded into the following results.

R

e JM :_([éJ]"'[§J]+[9~K]+[§K]+[FK])

:RVK"?’J }3><3 - _([q~K]+ [gK]"'[FK])[Rl]T

R __[~
[VK,@K]M— Tk

7]

) =[]
L VOK»S"{ :|3><3 - [ 3x3

[RVOK ) :|3><3 - [Rl ]T

[RVOK Sk :|3><3 - [RJ ]T

- =[0]
L VGKJA)B :|3><3 =10 3x3

(B#1l;B#J;B#K)

[RVGK Sp :|3><3 B [O]3x3

These results are identical to those found in Example 4.
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Example 6

The diagram again shows three bodies which are
part of a larger multibody system. The lower numbered

body array for the three bodies is as follows.

£(B,=1,J,K)=(£1),£(),£(K))=(0,1,7)

Calculate {vK} the fixed frame components of the

velocity of G, using the concept of relative velocities.

Using that result, determine |:RVK, y] the matrix of fixed

Sframe components of the partial velocity of G, with

respect to the system matrix of generalized speeds as defined in Case 2 above which utilizes the body frame
components of the relative angular velocity vectors as generalized speeds.

Solution:

In example 1, “v, the velocity of Gy 1n R was written as follows.

R

e

Rd§1 n 1d§J + Jd§1<
dt dt dt

=—((¢s +5, )< @1 )~((ax + 8¢ )< "1+ '@, )~ (2 % (P21 + '@, + T2 ) )+

Using this result, the fixed frame components of Ry x can be written in terms of the body frame components of

the angular velocities of the bodies relative to their lower numbered bodies as follows.
(e} ==[RT (@] +[5 @0} - (R, T (@ ]+ [5 D) ([ 'R J{ai}+{a0})
~[Re T I([ R J{t) [ R s} + i)+ (51} + [R5+ IR, {57
Reorganizing terms gives the following result.
(et = R (@ 1+[5)+([R 1 (@] + 5D R )+ ([ReT (7R ) 1)
(R T (@[5 D)+ ([ReT T 1L R ]) [0 b= TR T (7] k) ()
s+ RIS R ] {55
Observation of this result gives the following partial velocity matrices.

[vea ] == [R] (@ 1+ 5D |- [R T (@) + 5 D[ R ] = [Re) 7] 'Re ]| 79)
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[“vear == [[R T (@ )+ 5D ][R TRIUR] ([ vean = [R5 ]] (19)
[RVK""'I’ :|3><3 - [1]3X3 [RVK’S'5 i|3><3 - [Rl ]T [RVK’S} i|3><3 - [RJ ]T (80)

These results can be put in terms of the generalized speed matrix of Equations (28)-(30) to give the following.

R - R oo R oo R
[ VKJJbéN-_[[ VKAX] [ vKﬂﬁ} [ VKM&J
R R R
[‘k@] . [‘k@] ... [‘%&] WLMN

The matrices [RVK’@[;} (B=1,J,K) fill columns 3(B-1)+; (j=12,3), and the matrices [RVK’S.J fill the

81

columns 3(N+B—-1)+, (j=12,3). All other entries are zero.

Example 7
Using the approach described in Equations (40)-(42) and Equation (48) which utilize the body frame

components of the relative angular velocity components, find [R Vi, yJ the matrix of fixed frame components of

the partial velocity of G, the mass center of body K of the three body system of Example 6. Compare the results.

Solution:

Partial Angular Velocities of the Bodies

Body 1: [Ra){,y :|3><6N " [[l]m 0], - [0]3X3}3X6N (82
Body J: [Rw},y }3><6N B [[IRJ ]3x3 (0,5 - [0k [t]s [0 - [0k :|3><6N (®9)
The matrix [I ]3X3 fills the columns 3J -2, 3J -1, and 3J .
Body K:
[Ra)frﬂy :|3><6N - [[IRK} [0]3><3 [O]sxs [JRK} [0]3><3 [0]3><3 [1]3><3 [0]3x3 [0]3x3 ]3%1\/ (84)

The matrix [JRK] fills the columns 3J -2, 3J-1, and 3J, and the matrix [I ]3X3 fills the columns
3K-2,3K-1,and 3K .

Partial Velocity of Body Origins

The process presented in Equations (40)-(42) is repeated here for convenience.

1. First, set
[RVOK’Y :|3><6N - [Rvof(m’y j|3><6N B [RS(K) ]T ([(Z{] * [5% ])[Ra):@(,{),y :|3><6N (85)

2. Then, set the three columns associated with $%; (i =1,2,3) as follows.

[Moer ], =[Reao || | (1=1.23/ =123k =3N +(3K =3+ j)) (86)

ij
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For body 1, only Equation (41). All entries are zero except for the three columns associated with {sl’}

giving the following result.

I:RVOK’Y]ik:[I]ij (12192539J:132,3,k:3N+],K:l) (87)

Applying these results to the three bodies gives the following.

Body 1: :RVOl,y lk = [[]ij for (i=1,2,3; j=1,2,3;k =3N+ j). All other entries are zero.  (88)
BOdy J: :RVOJ 24 :|3><6N - [Rvoby :|3><6N B [Rl ]T ([q‘ll ] + [5& ])[Ra)i’y :|3><6N (89)
o, | =[R| (12123 =123k =3N+ (37 -3+ ) (90)
BOdy K: :RVOK 24 :|3><6N - [RVOJ’Y :|3><6N B [RJ ]T ([ék ] + [E;( ]) [ Ra)}’y :|3><6N (91)
oo ] SIR| (=123 =123k =3N + (3K =3+ ) (92)

The results in Equations (88)-(92) can be expanded to give the following.

Body 1: || *vo | =[0],| (B=1..sN)

L Rvolajly :|3><3 - [[]3x3 [RVOI 5 j|3><3 = [0]3><3 (B = 2, cees N)

Body J: _RVOJ"Z’II:|3><3 [ ] ( ] [ ]) [Rvo.h% :|3><3 :[0]3X3 (Bil)

R [ ] [R J T
L vO.hjlr :|3><3 1 3x3 v 3><3 3><3

Body K: ([ v, 5 |, =~[R] (@ ]+[5])~[&, ] ([ax ]+ [5])[ ‘&, ] 3)
:RVOKs(I”J :|3><3 - _[RJ ]T ([ék ] + [§}< ]) ':RVOK D LX3 - [O]3><3 (B #1and B # J) (94)
:RVOK S :|3><3 = [1]3><3 [RVOK S :|3><3 = [Rl ]313 |:RVOK Sk :|3><3 - [RJ ]§><3 (95)

Partial Velocity of the Mass Center of Body K (Gy)

Equation (48) repeated below provides the partial velocity matrix for G, in terms of the partial velocity

matrix of O .

T~
[RVKJ :|3><6N - [RVOK 24 :|3><6N - [RK] [7’,2 ] [ Ra)k’y :|3><6N

Using the results in Equations (93)-(95), the above equation can be expanded into the following results.
[ iear |y == IRT (@15 (& T ([a]+ (5 D] 'R J-[Re ] [7]]'Re ] (96)
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ey o, =R (@) - [ReD T R | | v | =—[Re] [5] (97)
:RVK’S'I' }3><3 B [1]3><3 [RVKJ'J :|3><3 =[R ]T [RVK,S% :|3><3 =[R, ]T ©8)
ey | =[00a| | e |, =[0],| (B#1and B=J and B#K) (99)

These results are identical to those found in Example 6.

Example 8

The diagram again shows three bodies which are
part of a larger multibody system. The lower numbered

body array for the three bodies is as follows.

£(B;=1,J,K)=(£1),£(),£(K))=(0,1,7)

Calculate {vk} the body frame components of the
velocity of Gy using the concept of relative velocities.

Using that result, determine [Rv}(’ y} the matrix of body

Sframe components of the partial velocity of G, with

respect to the system matrix of generalized speeds as defined in Case 2 above which utilizes the body frame
components of the relative angular velocity vectors as generalized speeds.

Solution:

In example 1, “v, the velocity of G, in R was written as follows.

e L

Rd§1 n 1d§J + Jd§1<
dt dt dt

=—((¢s +5, )< @1 )~((ax + 8¢ )< "1+ '@, )~ (2 % (P21 + '@, + T2 ) )+

Using this result, the body frame components of *y x can be written in terms of the body frame components of

the angular velocities of the bodies relative to their lower numbered bodies as follows.
e} == "Re J([25 1+ (55 Dt} [ " Re (@i D+ 5[ R {0} +{ar))
([ Re JHaly+[ R @y + ke } )+ [Re D40} +[ ' Re I3} +[ VRe J{35)

Reorganizing terms gives the following.
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ik == ['Re JA@ 1[5 D+ [ Re (@i 1[5 D[ 'R ]+ 17D Re ] {00}
([ Re @1+ D) + [ 0] Re ] - Dok} (100)
F[R( | 'R {801+ 7R [ {35}

Observation of this result gives the following partial velocity matrices.

i )= [Re JU@ 1+ D)+ [ Re (@ 1+ 5D 'Ry J+ (7] 'R ]| (101)

Vea | =R (@ I+ S D+ E DR | s ] =1 (102)

i Lo =R [ Lo =URe )] e Lo =R (103)

These results can be put in terms of the generalized speed matrix of Equations (28)-(30) to give the following.

[R"}ﬂylm - [[RV%@;] [RV%@;] [RV%,@J

[Mea] - [ea] = [a] Ly

The matrices [Rv}(’@é} (B=1,J,K) fill columns 3(B-1)+; (j=12,3), and the matrices [Rv}(’s.é] fill the

(104)

columns 3(N+B—-1)+; (j=12,3). All other entries are zero.

Example 9
Using the approach described in Equations (51)-(53) and Equation (55) which utilize the body frame

components of the relative angular velocity components, find [Rv}(, J the matrix of body frame components of

the partial velocity of G, the mass center of body K of the three body system of Example 8. Compare the results.

Solution:

Partial Angular Velocities of the Bodies

Body 1: [Rwl',ylxwv:[[lhw 0],y - [0]3X3:|3><6N (109

Body J: [Rw},y}3x6N:|:|:1RJ:|3X3 [0]3><3 [0]3><3 [1]3><3 [0]3><3 [O]3><3j| (106)

3x6 N

The matrix [/], . fills the columns 3J -2, 3/ -1, and 3. .
Body K:

[kaay}sst:[[lRK] [0]3><3 [0]3x3 [JRK] [O]M [0]3x3 [1]3x3 [O]M [O]MJ (107)

3x6 N

The matrix [JRK] fills the columns 3J -2, 3J-1, and 3J, and the matrix [I ]3X3 fills the columns
3K-2,3K-1,and 3K .
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Partial Velocity of Body Origins

The process presented in Equations (51)-(53) is repeated here for convenience.

1. First, set

R I I (A A (78 2 9 IR (108)

2. Then, set the three columns associated with $%; (i =1,2,3) as follows.

o], =L R ] | (=123 721,23k =38 + (K -3+ ) (109)

Og.y |:

For body 1, only Equation (109) applies. All entries are zero except for the three columns associated with

{5/} giving the following result.

| v, ]k =[R],| (i=123,/=123%k=3N+j;K=1) (1o

Og.y |:

Applying these results to the three bodies gives the following.

Body 1: [Rvg,l,y]'k =[R],| for (i=1,2,3; j=1,2,3;k =3N+ j). All other entries are zero. (111)
Body J: [RVIOJ’Y :'3><6N - |:1RJ:(|:Rvé)l’y]3X6N —([q~",]+[§",])[Ra)l’y :|3><6N) (112)
[RV'OJ’ylk :[IRJL (i=1,2,3;j=1,23;k=3N+(3J -3+))) (113)
Body K [vax 4 :|3><6N - [JRK:([R%J Y ]3><6N —([q} ] +[§}<])[Ra)~”’y :|3><6N) (114)
[%K’yl-k :[JRK]U (i=1,2,3,=123k=3N+(3K-3+))) (115)

The results in Equations (111)-(115) can be expanded to give the following.
Body I: || "4, ] =[0],] (B=L....N)

o =Rl Mo L, =[0)s] (B=2...N)

Body J: i VOJQJ3X3 [ ] C]J] [SJ]) [vaj,é),glx3:[0]3x3 (Bil)

_va S :|3><3 [ ] [RJ] [RV,OJS'J j|3><3 :[IRJ]

Body K: || "o, i | == "Re J([@) 1415 ])~| "Re |([@k ]+ [55]) 'R | (116)
R LS [ ] 1+ 15]) [RVOK,% ]M =[0],,| (B#landB=J)  (117)
L VOK $i :|3><3 [RVOK 8y ]3 3 [IRK] [RVOK’S% :|3><3 - [JRK] (118)
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Partial Velocity of the Mass Center of Body K (GK)

Equation (55) (repeated below) provides the partial velocity matrix for G, in terms of the partial velocity

matrix of Oy .

R_ v R_ v ~r R
Vo Jyow =L Vorr gy U1 ks ]
[ K.y Isen Ok-Y I3 N [K] K.y Isen

Using the results in Equations (93)-(95), the above equation can be expanded into the following results.

v Ly =1L Re J(0@ 1415 0) + [V Re Y[k ]+

(S D[R J+ [ 'R ]|

iy Ly = LR (@[5 + 7[R

[RVIK,@,'( szs = _[’712]

:Rv}mi :|3><3 - [RK] [RVKS'J :|3><3 - [1RK] [RVK""'k i|3><3 - [ RK]

_RVOK,cbjg i|3x3 - [0]3><3 [RVOK Sp i|3x3 - [0]3><3 (B a

These results are identical to those found in Example 8.

Example 10

The figure shows an eight-body system numbered
using the numbering scheme presented in Unit 1. Body
1 is the system reference body, and the rest of the bodies
are numbered in ascending progression outward along
the branches. As structured, the lower numbered body

array for the system is as follows.
53(1,...,8) = (0,1,2,2,1,1,1,7)
The orientation of body 1 is defined relative to the fixed

frame R ;(zy LN N 3), and the orientations of all the

other bodies are defined relative to their adjacent, lower

1 and B#J and B#K)

(119)
(120)
(121)

(122)

R, Ny, Ny

numbered bodies. Using base frame components of the relative angular velocities of the bodies, the system

generalized speed matrix is defined as follows.

(V) 2 { {yl}m}

{y2}24><1
AT A A A A A A A A A A A A T
{y1}24><1 = [a’n Wy W3 Oy Gy Wy -+ W Op O Ay Wy ‘Us3]
{ } ATy .y .y .y .y .y .y .y . .y .y g 1T
Y2 fou —[Sn S S1iz S Sy 83 S71 872 S;3 Sg1 Sg S83]
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a) For each body B in the system, find the fixed frame components of the partial velocity matrix of its origin
Oy and its mass center G,. Follow the procedures outlined in Equations (34)-(36) and Equation (45). Use the
results presented in Unit 2 for the fixed frame components of the partial angular velocity matrices of the bodies.

b) Use direct differentiation to find the fixed frame components of the velocity of G in terms of the base frame
components of the relative angular velocity vectors, identify the partial velocity matrix [R Ve ]3 i’ and compare

the results with those obtained in part (a).
Results from Unit 2:

o ] =[O 10, [0, (0] [0, [0, [0],.]

_Rw2,yl_3xz4: [I]3><3 [Rl]zxs [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3x3 [0]3><3:|

_Ra)3,yl_3xz4: [I]3><3 [R1]§x3 [R2]§x3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3:|

_Ra)4,yl_3xz4: [I]3><3 [R1]§x3 [0]3><3 [R2]€x3 [0]3><3 [0]3><3 [0]3><3 [0]3x3:|

_Ra)S,yl 13x04 = [1] 3x3 [0] 3x3 [O] 3x3 [0] 3x3 [R1]13:><3 [0] 3x3 [0] 3x3 [O] 3><3i|
_Ra)6,yl 30a — [1] 33 [0] 33 [0] 333 [0] 33 [0]3x3 [R1]7;x3 [O] 3x3 [O] 3><3:|
_Rwlyl 13x04 = [1] 3x3 [0] 3x3 [O] 3x3 [0] 3x3 [0] 3x3 [0] 3x3 [Rl ]T3x3 [O] 3><3:|

T

_Ra)&yl_3x24: [I]3><3 [0]3><3 [0]3><3 [0]3><3 [O]3x3 [O]3><3 [R1]3><3 [R7]Z;x3:|

_Ra)B’yz]3X24 :[0]3><24 (le,,8)

For each body, the system partial angular velocity matrix is partitioned as follows.

[Ra)B’nym; - l:[Ra)B’yl :|3><24 [Ra)BJz LQJ - I:[ RwB,yl ]3X24 [0] 3><24i| (B =1,....8)

Solution:

a) Body Origins:
The process presented in Equations (34)-(36) is repeated here for convenience.
1. First, set

|:RVOK’y ]3x6N - [RVOy(K)’y lX(JN _([qK ] + [EK ])[wa(’{)’y :|3><6N

2. Then, set the three columns associated with sy, (i =1,2,3) as follows.

(%o | =[Rer || | (1=1.2.3/=1.23k=3N+(K -3+ )

b ij
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For body 1, only the equation in item (2) applies. All entries are zero except for the three columns

associated with {s{} giving the following result.

|:Rv01<a)’:|,-k :[[][j (i=1’2,3;j=1,2,3;k=3]\7+j; K:])

Body 1:
[Rvol’yl :|3><24 [0]3><24

[RVOI,yzLX%:[[]]ys [0]3><3 [0]3><3 [O]3x3 [0]3><3 [0]3><3 [0]3><3 [0]3X3J

Body 2:

L Rvoz Sy }3><48 - [ Rvolyy }3><48 B ([q~2 ] + [52 ]) [ Ra)l’y :|3><48

_R"Oz,ylk :[RI]T< (i=1,2,3;j=1,23k=27+)

rj

_RVOZ,yl I3x04 = H:RVOZ,@ ]3X3 [0]3><3 [0]3><3 [0]3><3 [O] 3x3 [0] 3x3 [O] 3x3 [O] 3><3:|
_RVOZ,C:)I:3X3 = _[[52]"‘[52]]
_RVOZ,yz 13x04 = [[l]ys [Rl ]§x3 [0]3x3 [O]3><3 [0]3><3 [0]3><3 [0]3><3 [O]3><3i|

Body 3:

:Rv03 2y ]3><48 - [RVOZJ ]3x48 B ([63 ] * [53 ]) [ Ra)z,y ]3x48

_Rvos,Y]ik :[RZ]I'T]' (i:172a3;j:1,2,3;k=30+j)

:Rv03,y1:|3xz4:H:RVOMJILQ [Rvog,cbz]3x3 [O]3x3 [0]3><3 [0]3><3 [0]3x3 [O]3><3 [0]3><3:|
:RV03,@| ]M = _[[52]+[§2]+[53]+[§3]] [RVOS,@Z }M = _[[53]+[§3]][R1]T

_RV03,y2LX24:[[1]3x3 [Rl]sz3 [R2]3Tx3 [0]3><3 [O]3><3 [0]3x3 [0]3><3 [0]3><3:|

Body 4:

L RVOM :|3><48 - [ RVOzsy :'3><48 B ([q~4 ] + [54 ]) [ Ra)z,y ]3><48

[P ], =R, (=123 /=1,23,k=33+ )

:RV04,y1:3X24:[[Rv04,6?>1]3x3 [Rv04,cﬁz}3x3 [0]3><3 [0]3x3 [0]3x3 [0]3><3 [0]3><3 [0]3><3j|
:RV04,C:)1:3X3 = _[[52]"'[52]"'[@4]"'[54]} |:RV04,(Z)2 ]M :_[[54]+[§4]:|[R1]T

(oo s = [T [RYs [0[RI [0] [0)s [0) [0]]
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Body 5:

05 y :|3><48 |: Vo,.y :|3><48 + [55 ]) |: Ra)l’y :|3><48

o, ), =[BT (—1231—1,2,3;k=36+j)

:RVOS’YI]3x24:[[Rvos’“"ﬁLﬁ [O]3><3 [0]3><3 [0]3><3 [0]3><3 [O]3><3 [O]3><3 [O]3x3J
:Rvos"z’l Lxs - [[q~5 ] + [§5 ]]

_Rvos’y2]3x24:[[l]3x3 [0]3x3 [O]3><3 [0]3><3 [Rl];s [O]3><3 [0]3><3 [O]MJ

Body 6:

06 y]3 48 |: Vo, yi|3 48 +[§6])[Ra)l’y}3x48
R

_RV06,ylk [ ] (1=1,2,3;j=12,3k=39+)

_RVO(,,yl_3X24:[[Rv06,d11]3x3 [O]3><3 [0]3><3 [0]3><3 [0]3x3 [0]3><3 [O]3x3 [O]st

| o5 |,y =~ [[3]+[5]]

o Ly = s [0 [0L [0 [0, [RT, [0 [0],]

Body 7:

L RV07 ¥ ]3x48 - [Rvol y ]3x48 B ([q~7 ] + [57 ]) [ Ra)l’y ]3x48

07y] [] (i=1,2,3; j=1,2,3; k =42+ )

R

L Vo, 304 |: 07601 33 3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3:|

: v07>“31:3x3=_[[677 +[57]]

_Rv07,yz_3xz4:[[[]3x3 [0]3><3 [O]3><3 [0]3><3 [0]3x3 [0]3><3 [Rl];j, [O]3><3j|

Body 8:

L RVOW :|3><48 - [ Rv07 ¥ :|3><48 B ([68 ] * [58 ]) [ Ra)7=y :|3><48
B T

_RVO8’y:|ik :[R7]ij (i:1,2,3;j=1,2,3;k:45+j)

_RVOS,y1:|3X24:U:RvOg,dJllxz, [0]3><3 [O]3x3 [O]3><3 [0]3><3 [O]3x3 I:RVOS,c?)7}3X3 [0]3><3:|
:R"Og,az }M =_[[‘77]+[§7]+[4~8]+[§8H [RVOX,@ }M :_([‘58]+[§8])[R1]T

_RVOS,yZLX%:[[IL@ [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [Rl]sz3 [R7]§><3:|

Copyright © James W. Kamman, 2026 Volume III — Unit 4 — Velocity and Partial Velocity: page 49/71



Body Mass Centers:

Equation (45) repeated below provides the partial velocity matrices for the mass centers of the bodies.

[ RVKJ :|3><6N - [RVOK’Y :|3><6N - [FK ] [ RwK’«V ]3><6N
Body 1:

L =L 00 | A o

v L= ], 0L, [0, (0L, (0], [0L, [0],, [0],.]
i it oy = 1]
i | =l [0L, 0L, [0, [0], [0, [0],. [0],.]

i

Body 2:

2 L =L o L [B] e
v L =0 Ly [ Ly (0 100, [0, [01, [0),, [0, ]
o | = la]+ 5]+ [A]] [ |, =-[BIRT
) = [RE. 0L, (0], [0, [0L, [0l [0],.]

Body 3:

R R ~ 1R
Vs Ly =L Vo Ly ~[B] "1, ]
L 73¥ lsxag 05,9 J3ag L3 3.5 13xas

_RV3,y1]3X24:HRV3,@1]3X3 [Rv3,c?>z]3x3 [RV3,42>3]3X3 [0]3><3 [0]3x3 [0]3x3 [0]3><3 [0]3><3j|

=

o ), =@ 1@ E1HAT] ([P L, =@+ B+ BRT

v | = BIR]

[ o= e [RL, [RI, [0, (0], [0, [0L, [0],.]
Body 4:

i Lo =00 Ly —[f41[1*w4,ylx48

v L = [a L (sl [0 [ ], [0 D0l 0] [0, ]
Yo Ly = [0]+[5]+[4] s41+[r41] (i, |, =-[la]+[5. ]+ IR
o ), =[BRS

_Rv4’YZ_3x24:[[1]3x3 [R1]3Tx3 [O] [R ]3><3 [O]3><3 [0]3><3 [0]3x3 [0]3><3:|
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Body 5:

R R ~ 1R
V53 Ly =L Vo g (B s, ]
L "3 l3uag Os.y I3uag L3 59 I3xag

:RVS,yl :3X24 - [[ RVS,f?h }M [O] 3x3 [0] 3x3 [O] 3x3 |:Rv5,62>5 ]M [O] 3x3 [0] 3x3 [0]3><3J
_R"s,a")l :3X3 =[] +[5]+[7]] [Rvs,a“)s ]M =-[B][R]
_RVS,yz :3X24 - [[l]m [O]m [0]3><3 [0]3><3 [Rl ]3Tx3 [0]3><3 [0]3><3 [0]3st

Body 6:

[ Rv(”y :|3x48 - [ Rvos’y :|3><48 h [’76 ] [ Ra)é’y :|3><48
:Rv6ay1 :3X24 - [ Rv@ﬁa ]M [0] 33 [0] 33 [O] 33 [O] 33 :Rv@f?’e :|3><3 [0] 33 [O] 3><3J
oo Ly =L@l SR (v ], =-[BIRT

i ooy = [ [0 [0 [0], [0], [RI, [0, [0),]

Body 7:

[0 L = o L 131 "on ],
v L= [0 [0 [0 [0 [0 [Ma ], [0],]
v | =@ 1B ([P ], =-[EIRT
i ] = s [0) [0), [0], (0] [0, [R5, [0],]

Body 8:

R R T
s Jyuas =L Voun Jys ~IR I "0 ]
[ 8.5 I3xas O8:¥ I3xa8 [8] 8.7 I3xas

v Lo M s 00 10 [0, 0] [0 [0 ]y [ ]
v ) = a1 S @ IR [P |, =@+ 5]+ EDIR T,
s, |, =[RIR TS,
ey ] = [0 DL [0, [0, [0L. [RI. [®T..]

b) To calculate the velocity of G, using direct differentiation, first write the position vector of G, as follows.

Ps=811tq;+8;+qg+Sg+13g (126)

Differentiating this equation gives the following.
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B I L P P TP T -
S dt dr - ar DT )T T s )T

1
:%+(dcj(q7+s7)+ @y % (%+§7)J+(%(g8+§3)+RC~07X(@8+‘SS)]+(R@8XKS)
Rds, ds,

o) (o o) g s s)) (o e+ o)

R 1 7
ds, ‘ds ds
R 1 7 2 R R
mL R VR A | B A e

Vs =_((§7 *8 +§8+§8+’Ss)x R@l)_((gg +§8+l’8)x 1@7)_(’:8x76~08)+ R:;fl + lcj§7 + 73;58 (127)

Using the base frame components of the relative angular velocities, the fixed frame components of the

velocities of the mass center of the body 8§ can be written as follows.

fd ==& 4[5, +{a]+ [ ]+ RTTa (@] + [+ RIIRT (o -[RIR ] (@)
+Hsi} +[R] {39} + [ ]{ 3

Using this result, the partial velocity matrix for the mass center of body 8 is observed to be as follows.

(128)

M L= oy 00 (01 D01 D00 (010 [™s ]y [™ea L]
v | = la )+ 51+ @)+ G AT [P, ), == (@] 5]+ RDIRT
s, = [RIRT
e oo = Ul 0L [0L, [0], [0L. [0L, [RE. [RI.]

These are the same results as presented above. Recall that the matrices [G;] (B=1,...,8), [§;] (B=L...,8),

and [FB] (B = 1,...,8) are skew symmetric matrices built with the fixed frame components of the vectors

g5 (B=1,...8), 55 (B=L....,8),and ry (B=1....8).
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Exercises

4.1 The antenna system shown has two components, the base B
and the antenna dish D. Base B rotates relative to the ground
about the fixed z (or Z) axis, and dish D rotates relative to

B about the rotating x-axis annotated by the unit vector e, .

At any instant, the angle between the y-axis annotated by

the unit vector e, and the fixed Y-axis is €, and the angle
between line segment OA and the rotating y-axis is ¢. The
0 rotation is about the —k direction, and the ¢ rotation is

about the e, direction. Let the distance between O and 4 be

a,andlet 20 and Q2 ¢

Reference frames: (all frames align when 8 =¢=0)

R:(i, j, k) (fixed frame)
B:(e;, e, k) (rotating with base B)
D:(e,n,,ny) (rotating with disk D)

Let {@;} and {&,} be the base frame components and let {@,} and {&),} be the body frame components

of the relative angular velocities R(gB and © @, . Following the process of Example 1, find the fixed frame

components of the velocity of point 4 and the partial velocity matrices associated with the relative angular
velocity components using a) base frame components, and b) body frame components. ¢) Find the body

frame components of the velocity of point A and the partial velocity matrix associated with the relative

angular velocity components using body firame components.

Answers:

a) Wp

_ R B —
Op="Wz+ @p=-0k+Qe

"o, ], = [ "o
[“on, ], =[["@va,]
v = faa ] [
[ o
=|| -as,

aC,C, —a$S,C,

A
as, aC,C,
0 aS,C,
0

11 [Fuolird ]

—aC,S, —aS,S,
aC 0

¢

as,C,
0
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aQC,

b [tas}=[0 0 —of] [tap}=[2 o of

[ = [[aa ] [vass 1) =|[TRoT [Fuo ) R0 ]| [~Ro] [0 ]]]
[-as,8, aC,s, -aC,C,]| [-aS,S, 0 -aC,
=||—aCyS,; —aS,S, aS,C, —aCyS, 0 a$,
aC 0 0 aC, 0 0

¢

aQC,

o fan=[0 0 o] [{@p}=[2 o of

(V)= [ ] [Vaa 1] =[[Fo [ *Ro]) [H[Fuo]]]
[0 aS, -aC,] [0 0 —-d]]
=10 0 0 00 0
@ 0 0 la 0 0 |
aC¢a)
=i 0
a

4.2 Write a MATLAB script to numerically evaluate the matrix equations you derived in Exercise 4.1 using
the data below. First calculate the partial angular velocity matrices and the angular velocity components.
Then calculate the partial velocity matrices and the velocity components of point A.

a=>5 (ft)
6 =-30(deg) ¢=060 (deg)
0=3(rad/s)  §="7(radss)
Recall that, as shown in the diagram, the angle € is negative.

Answers:

a) [{apt=[0 0 3] @ws)| {ap)=[7 0 0] s)

I 00
[Ra)B’y ]3><6 - [[RCOB@B J [RCOB,@D ﬂ =10 1 0
0 0 1
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0.50000 0.86603 0

0.86603 0.50000 O
0

0 1

o] o J=[[Treol] [Teolitl ]
T 0 43301 -2.1651] [ 2.1651 3.7500 -2.1651
=|[-43301 0  -12500| |-3.7500 2.1651 =-1.2500
| 2.1651 125 0 | 25000 0 0
{v,}=[21.6506 —22.5000 17.5000] (ft's)
b) [{@pl=[0 0 3] @ws)| {apl=[7 0 0] (ws)
100|000
[Fh, ] =[[F@ha, | ["@ha,]]=||0 1 0] [0 0 0
001|000
0 0

@b, ], =[[ "o ] [wa,@ﬂ—Hé

—-0.8660 0.5000

0.5000 0.8660

I3

[ 2.1651 3.7500 -2.1651
37500 2.1651 -1.2500
| 25000 0 0

|

= _:RVA,@J [RVA,cbb ﬂ - |:|:_[RD ]T [F;I/O:H:BRD]J [_[RD]T [ﬂl/o]ﬂ

2.1651 0 -4.3301
-3.7500 0 -2.5000
2.5000 O 0

E

{v,}=[21.6506 -22.5000 17.5000]" (ft/s)

0) 0 4.3301 -2.5000 0 0 -5.0000
= 0 0 0 0 0 0
| [5-0000 0 0 5.0000 0 0

)=o) "®o]] [~[7uo]]]

V,1=[7.5000 0 35.000] (ft/s)
A
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4.3 The system shown has three bodies, the vertical column C,
the horizontal arm M , and the disk D. Disk D has radius r

and is oriented relative to M using angle 6,. Arm M has

length L and is oriented relative to C using angle 6,.

Column C is oriented relative to the fixed frame (X Y, Z )

' L X
using angle 6, . @ PE= —/\>/
Reference Frames: (all frames align when 6, =6, =6, =0) ( 0]“1\'/11 3) R, A ~1

R:(N,,N,,N,) (fixed frame)

C:(e,N,,e;) (rotating with base B) <~ Column. C
M :(e,m,,m;) (rotating with the arm M) |

D:(n,,n,,m;) (rotating with disk D)

Let {@c}, {®y,},and {@,} be the base frame components and let {@}, {@},}, and {@)} be the body

frame components of the relative angular velocities chc, chM, and @, . Following the process of

Example 1, find the fixed frame components of the velocity of point P and the partial velocity matrices
associated with the relative angular velocity components using a) base firame components, and b) body
firame components. c) Following the process of Example 1, find the body frame components of the velocity

of point P and the partial velocity matrices associated with the body frame components of the relative

angular velocities.

Answers:

a) R@c = N, R@M :R@c"‘C@M =0, N,+m, e
R

R c M
Op="Oc+ O+ Op=0N,+w,e, +wym;

(o) =[@, 0 0]

{op)=[0 0 ]

:| [RCOCJ?’M] [RQ)CJ?)D }}:[[1]3@ [0]3><3 [0]3x3:|

[0],., ]

[
:RwM’y i|3><9 - [[ RwM’@C ] [RwM’@M ] [RCOM@D ﬂ - |:[[]3><3 [RC ]3TX3
[[ @ ] [RC"D,@M } [RC"D,@D H = [[l]m [RC];G

[RM ]§><3 a

o J [RVP,@D ﬂ
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0 LS, -7(5,C; = C,S,S;) —rC,S8,
[ Voo |=| LS +7(8,C5 = C18,85) 0 LC,+7(C,C5 +5,8,S5)
rC,S, ~LC, -r(C,Cy +5,8,5;) 0

$1C,8;5 _(S1C3 _C1S2S3) —C,C,8;5
[ “pa, |=7| =555, 0 C,
C,CyS; —(CiC3+5,5,8;)  $,C,85

_51C2S3 —C,8,C5 §,5,C;-C,S;
[RVP,@D ] =7 =5,5; §,C5 C, G
cc,s, -CcC,c, S§,5,+CS,C,

Sl S1C3 _C1S2S3 S1C2S3 SlS2C3 _C1S3
{vp}=—Layq 0 r—rey 0 +ro,| —S,S; t+ro, C,C,
¢ C,C53+85,5,5, Cc,C,S, S,8,+C,S,C,

R R R
b) |"oc=o,N,| | 0y = @c+C@M=0)1]y2+w2§1

R

wp="0c+ 0+ op =0 N, +o, ¢ +a;m,

[0 o Oof| [{@)=[e 0 of] |[{ép}j=[0 0 a]
oy | =t ] [P0k | [F@bs ||=[1Ls 0], [0],]
Can, o = [ @ina ] [, ] [ ])=[[ R ], [T [0]]
"o, ], =[["oba] ["oba] ["oba])=|[Ro],, [“Bol,, [
:R"P,ylxgz[[%ﬂ@e} [RVP,%} [RVP@’DH

rS,C,Sy  —LS;+7(=8,C5+C,S,8;) —rC\C,S,
RVPw ]

=| —rS,S, 0 L+rC,

rC,C,S; —-LC,-r(C,C;+S5,5,5 rS,C,S
1-293 1 143 TR0 1-203

-rS,S; rS,Cy rC,C,

R _
[ Vp.a), } =

rC,C,S; —rC\C,Cy 7(8,85+C,8,Cs)

{rslczsg 1S,C,Cy (=018, +8,8,C5)
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0 —r8,C, r(-CS5+5,5,C5)
[“vpay [=[0 78, rC,C,
0 —rC,C, 7(8,8,+C,5,C5)
S, S5,C,—C,S,S, S,C,S, ~C,S,+8,5,C,
vp}=—Lo3 0 p—roy 0 +rw, 3 —S,8, t+ro, C,C,
¢, C\C5+8,5,5; C,C,S, S,8;+C,S,C,
c) R@c =i N, R@M :R@C"'C@M =N, +w,e

R . _R c M
Op= O+ Oyt Op=0a0

N, +o,e +wym,

()=

~(L+rC5)C,

~(r+LCy)S, toy +

|

0
rS

1

p
0

-
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{o}=[0 @ of| [{&}=[e 0 o] [{ap}=[0 0 &
:Rw’C,ylxgzﬂRa)’C,ﬁc] [RCO'C,%} [Ra)é,@b]] [[]33 [033 33}
oty ]y =[["obea ] [Foia ] ["obs ]]=[ Rl ks [0L]
:Ra)IIJ,yLXg:[[wa,@] [Ra)b’%] [Ra)flj"?’bﬂ:[[cRDlxs [MRDlxs [1]3X3}
(oo Lo =[] ["han ] ["ras ]]

0 ~LS,S, LC,S,
[ho [=] 0 =(r+LCy)s, (r+LCy)C,

Sy —(L+rC5)C, —(L+rCy)S,

0 0 0 0 0 0
[Rv;,,%J: 0 r [Rvab]zo 0 r

rS; —-rC; 0 0 -r 0

~LS,S, 0 0




4.4 Write a MATLAB script to numerically evaluate the equations you derived in Exercise 4.3 using the data
below. First calculate the partial angular velocity matrices and the angular velocity components. Then

calculate the partial velocity matrices and the velocity components of point P.

L=0.5(m) r=0.25 (m)
6, =20 (deg) 6, =40 (deg) 6, =60 (deg)
o, =0,=2 (rad/s) @, =6,=-3 (rad/s) w, =0, =5 (rad/s)
Answers:
a) |{&c)=[0 2 0] @) |{oy)=[3 0 o] ws)| |{&p}=[0 0 5] (s)
1 0 0| (OO0 O |0 OO
o, ] =[foco | ["@ca, ] [F@cs,]]=|[0 1 0] |0 0 0] fo 0 0
0 0 1] |0 0 0] [0 O O
[Rsty :|3><9 L a)M “’C] [ wM’“A’M} [Rst‘f’D ﬂ
1 00 0.9397 0 0.3420 |0 0 O
=10 1 0 0 1 0 0 00
[0 0 1] [-0.3420 0 0.9397] |0 0 O
[Ra)D’y]sw___ wD“’c} [ a)D"‘A’M] [RwD’%ﬂ
M1 0 0 0.9397 0 0.3420 0.9397 0.2198 0.2620
=0 1 0 0 1 0 0 0.7660 —0.6428
1[0 0 1] [-0.3420 0 0.9397] |-0.3420 0.6040 0.7198

[radg (["vra] [rsn] [ ]

0  -0.0830 —-0.1659 0.0567 0.0880 —0.1559
[ “vpo |=[00830 0 0.6349 || || v, |=[-0.1392 0 0.1250
% M|
101659 -0.6349 0 0.1559 —-0.1651 0.0567
[0.0567 —-0.0328 —0.1760 ~1.2160
[Rvp,%}z ~0.1392  0.0803  0.0958 || |{v,}=1 0.8963 ¢ (m/s)
| 01559 -0.0900 0.1496 ~0.9896

b |[{ar}=[0 2 0] ws)| [{@,)1=[-3 0 0] @s) L=[0 0 5] (s)

1
[Rw'cﬂgxg_[[%'a@e] | “oca, ] [Ra)'c,@bﬂ: 8

(@)
0 0
10
0 1

oS O O
oS O O
oS O O
o O O
oS O O
oS O O
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R R R 1 R
[ "’Mylxgz__ “’M@z} [ wM,%] [ “’M@bﬂ
1 0 0 ][t o o] [oo0o0O
={|0 07660 0.6428| |0 1 0| [0 0 0
[0 —0.6428 0.7660] [0 0 1| [0 0 0
R 1 B TR R R 1 ]
[foh, ] =[["ona ] ["ohar] ["@har]]
705000 0.6634 0.5567] [ 0.5000 0.8660 0] [1 0 0
—|| -0.8660 0.3830 0.3214| |-0.8660 0.5000 0| |0 1 0
0 06428 0.7660] | 0 0 1|10 0 1
R _ R R R ]
M ch vP,dJM:| [ VP,%_}
0.0567 —0.0830 —0.1559 0.0567 —-0.0328 —0.1760
~0.1392 0.6250 || |[ “vpz, |=|-0.1392 0.0803  0.0958
0.1559 —0.6349 0.0567 0.1559  —0.0900 0.1496
~0.0655 —0.1760 ~1.2160
s, |50 01607 0.0958 || |{v,} =1 0.8963 | (m/s)
~0.1800  0.1496 ~0.9896
©) Py 3><9_ P“’ [ v;’w}w] _RVP,%_}
0  —027834 033171 0 0 0
oo |=| 0 032139 038302 || [*vig =] 0 0 0.25000
L Pec L “Pou
1021651 —0.47878 —0.40174 021651 —0.12500 0
0 0 0 ~0.55667
[ oy [=10 0 025000 || |{vj} =1 0.60721 { (mis)
(0 —025000 0 ~1.6071
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4.5 The figure shows an eight-body system numbered
using the numbering scheme presented in Unit 1.
Body 1 is the system reference body, and the rest
of the bodies are numbered in ascending
progression outward along the branches. As
structured, the lower numbered body array for the

system is as follows.
£(1,...,8) :(0,1,2,2,1,1,1,7)

The orientation of body 1 is defined relative to the

fixed frame R :(zy NN 3) , and the orientations

R, Mo )

of all the other bodies are defined relative to their

adjacent, lower numbered bodies. Using body frame components of the relative angular velocities of the

bodies, the system generalized speed matrix is defined as follows.

(P 2 {{yl}m }

{y2}24><1
{ } A[A, Ay Ay Ay N N N N N N N N ]T
NSoag =191 P @3 Gy Oy Dy W7 Wy W3 Wy Wy gy
{ } A[" .y .y .y .y .y . .y . .y .y .y ]T
Vofong =111 S12 Si3 Sa1 S 83 S71 S S73 Sg1 Ssn Sg3

a) For each body B in the system, find the fixed frame components of the partial velocity matrix of its

origin O, and its mass center G,. Follow the procedures outlined in Equations (40)-(42) and

Equation (48). Use the results presented in Unit 2 for the body frame components of the partial angular
velocity matrices of the bodies. b) Use direct differentiation to find the fixed frame components of the

velocity of G, in terms of the body frame components of the relative angular velocity vectors, identify the
partial velocity matrix [Rv&y ]3 45’ and compare the results with those obtained in part (a).

Answers:
Body Origins:
Body 1:

[RVOI N :|3><24 - [O]3><24
[Rvol’yzlxz“ [[I]3X3 [0]3X3 [O]3x3 [O]3x3 [0]3><3 [0]3><3 [0]3><3 [O]3x3]

Body 2:

[RV02,y1]3X24:[[RVOz,f?)i]3x3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3:|
("o, ], = IR ([@)+[5])]
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[MVor Lo =1l [RT [0L,, 0] [0), [0 [0], [0,,]

:RV03,y1]3X24:[[RVO3,&,{]3X3 [RVO3,@]3X3 [0]3><3 [O]3><3 [0]3><3 [0]3><3 [O]3x3 [O]st
Vo), = IR ([@]+[8])-[R] ([@]+[ED['R] || [ Mo ], =—[R] (@]+[5:))

:Rvos’yZ]3x24::[l]3x3 [Rl]T [R2]T [0]3><3 [O]3><3 [0]3x3 [0]3><3 [O]3><3i|

Body 4:

:RVO4,y1 ]3X24::|:Rv04,6){]3x3 [RVO4,@:|3X3 [0]3><3 [O]3><3 [0]3><3 [0]3><3 [O]3><3 [0]3><3J
(Vo L = - [RT (@14 (8D (R (@ 1+ 8D R || |[ Mo )y, =~[R] ([@]+[5:))
:RV04,yz szé‘z[[l]sxa [RI]T [0]3><3 [R2]T [0]3><3 [0]3x3 [0]3><3 [0]3X3:|

Body 5:

=<
&)
<
L1
(98]
[\)
=
Il
—
—
<>a
L
X
L
(98]
X
(9%)
—
e
(9%)
X
W
——
S
eed
(98]
X
W
—
()
e
(98]
X
W
—
(@)
| S
(98]
X
(98]
—
(e}
e
(9%)
X
W
—
(e}
e
(98]
X
W
—
(en)
| S
(98]
X
(98]
[

[ “ouss Loy = [ [0) [0)ys [0] [RI [0), [0],, [0,]

:RVOG,y1:|3X24:[[Rv06ﬁ>[:|3x3 [O]3><3 [0]3><3 [O]3><3 [O]3><3 [O]3><3 [0]3><3 [0]3><3:|
sl = [RT (@] +[5])]
Yoy = s [0hs (0] [0], [0 [R] [0 [0,

Body 7:

:RV07,y1 ]3X24 - “: RVOM?)I' ]3X3 [0] 33 [O] 3x3 [O] 3x3 [0] 3x3 [0] 33 [0] 33 [0] 3><3:|
"o ), =[TRT ([@+[5)]
:Rv07 V2 :|3><24 - [[[]ys [0]3><3 [O]3><3 [0]3><3 [0]3x3 [O]3><3 [Rl ]T [O]3><3:|

|:RV08,y1 ]3X24 - H: RVOs,t?'l' ]M [0] 3x3 [O]3x3 [O] 3x3 [0] 3x3 [O] 33 |:RV08,6?)9 ]M [O] 3><3:|
[Rvos”f’f :|3><3 - [_[Rl ]T ([q; ] + [§; ]) - [R7 ]T ([%] + [§é])[1R7 ﬂ [RVOSs‘f’? :|3><3 - _[R7 ]T ([Qé ] + [§é ])
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Vo Jyme =l [0) [0 [0]s [0)s [0}, [R] [R]]

Body Mass Centers:
Body 1:
L va,yl 1 H va,c?){ :|3><3 [O]3x3 [O]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [O]3><3:|
[}y, =-[RT [7]
:va,y2 :3><24 = |:[]]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3x3 [0]3><3 [0]3><3 [0]3><3:|
Body 2:
_RVZ,yl s = |:|:RV2,5?)1' ]M |:RV2,@ ]M [0] 3x3 [O] 3x3 [O] 33 [0] 33 [O] 3x3 [O] 3><3:|

s ]y = SR (@] 8D -[R] FIL R ]| ["2i ], =-[R] (7]
:sz’y2i|3x24:[[[]3x3 [RI]T [O]3><3 [O]3><3 [0]3><3 [0]3><3 [0]3><3 [O]st

:RV3, J3x24:[[Rv3"7J3x3 [RVL&;;]M [RV3,@3']3X3 [O]3><3 [0]3><3 [O]3x3 [O]3x3 [O]3><3:|

v ], = FIRT (@)+[8])-[R] ([@]+[$])[ '] -[&] [F]['®,]]

i )= RS (@[3 -[RT EIPR] | ([P ], =R [7]
—

=

[faay ], = R (@ 1+ D) -[RT IR ([ v ], =R [7]
[Rv4’y2i|3x24:[[[]3x3 [RI]T [O]3><3 [RZ ! [0]3><3 [0]3><3 [0]3><3 [0]3><3:|

el =R (@ ED-RI LR (v ], =[BT (7]
:Rv5,yz]3xz4:[[l]3x3 [O]3><3 [0]3><3 [O]3><3 [RI]T [0]3><3 [O]3><3 [0]3><3j|
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Body 6:

|:RV6,y1 :|3X24 - [[ Rv&fb{ ]3><3 [O] 3x3 [0] 3x3 [O] 33 [O] 33 [RV6 % :|3X3 [0] 3x3 [O] 3><3:|
(Vo Lo = [RT (@] 5D -[RI [FICR)| | Vet )y, =~ (R [7]
[Rvé,yz ]3X24 - [[I]m [0]3><3 [0]3><3 [0]3><3 [0]3><3 [Rl ]T [O]3x3 [0]3><3:|

Body 7:

v L= L [0, [0, (00, 01, [0]. [Mna
[ =[FRT (@1 5D -[RT LR [ ], =[BT 7]
[RV7’)’2:|3X24:|:[1]3><3 [0]3><3 [O]3><3 [0]3><3 [0]3><3 [0]3><3 [RI]T [0]3><3:|

Body &:

v Loy =1 % ]M 0], (01,0 [0, [0, [0 [ o [l ]
_%@13[ T ([@]+[5)-[R] ([@]+ 5[ R ][R R ]
_%st[ @1+ [8)- (8T RIR | [ ), = (R []

s Ly =L [3@ 0Ly [0], [0, [0], [0], [R] [R]]

4.6 For the eight-body system described in Exercise 4.5, complete the following. a) For each body B in the
system, find the body frame components of the partial velocity matrix of its origin O, and its mass center
G, . Follow the procedures outlined in Equations (51)-(53) and Equation (55). Use the results presented in

Unit 2 for the body frame components of the partial angular velocity matrices of the bodies. b) Use direct

differentiation to find the body frame components of the velocity of Gy in terms of the body frame

components of the relative angular velocity vectors, identify the partial velocity matrix [Rvé,y ]3 e and

compare the results with those obtained in part (a).
Answers:
Body Origins:
Body 1:

(R _[ ]
L Youn ]3X24 =10 3x24

Vo o =R [0), [0), [0], [0], [0), [0], [0].]

Body 2:
:R"é)z,y1]3xz4:[[vaoz,c?){]3x3 [0]3><3 [0]3x3 [0]3><3 [0]3x3 [0]3><3 [0]3><3 [0]3><3:|
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_RVIOSsYI:3X24:|:|:Rvé)3’é){:|3x3 [Rvés,tﬁé ]3X3 [0]3><3 [0]3x3 [0]3x3 [0]3x3 [0]3x3 [0]3x3:|
Youar s =L RJ(@BIHED) PR (@1 D R ]| ([ Vo |y, =R ([@]+[%])
:vas’Y2:3X24:[[R3] [1R3] [ZRSJ [0]3><3 [0]3><3 [0]3x3 [0]3><3 [0]3><3:|

:RVZ)4,y1:3X24:[[RV’04,CZ>{:|3X3 [RV’04,6)§LX3 [0]3><3 [0]3x3 [0]3><3 [0]3><3 [0]3x3 [0]3x3j|
Vo |, =L R (@] [3) - R (@ D] R )| [ ouas |y, =-[R] ([@]+[5])
:va4,yz:3x24:[[R4] [1R4] [0]3><3 [2R4] [0]3><3 [0]3><3 [0]3><3 [0]3><3:|

Body 5:

oo s =\ [Vorii ]y 101 [0]5s [0] [0]ss 0]y [0]s [O]s]
| ot )y, ==L ')+ [55])
:vassyzlxmz[[RS] [0]3><3 [0]3><3 [0]3x3 [IRS] [0]3><3 [0]3><3 [0]3><3:|

_Rvé%syl :3x24 - |:|:va06,(2)1' :|3><3 [O] 3x3 [0] 33 [0]3x3 [O] 3x3 [0] 3x3 [0]3><3 [O] 3><3:|
| ooy, = 'R (@ 1)
:Rvé%,yz :3X24 = [[Ré] [0]3><3 [0]3><3 [0]3><3 [0]3><3 [IRJ [0]3><3 [0]3><3:|

:va%yl :3X24 = H RV’07,aB{ ]3X3 [0] 33 [0]3x3 [0] 3x3 [0] 33 [0] 33 [0]3><3 [O] 3><3:|
i), =R (@) 15)
:RV'OWZ :3X24 - [[R7] [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [1R7:| [0]3><3:|

Body 8:

[ Lo =| i Lo (00 [0y 1010 (0] [0]ys [®ss],, [0],s]
(Vo Ly =L R (@15 - [RGB ] Vo Ly == R J (@] +[5)
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(o Lo, =R [0), [0, 0], [0}, [0],, ['&] ['&]]

Body Mass Centers:
Body 1:
| RV{,yl LX% = |:[ RVL@; } 33 [O] 3x3 [0] 3x3 [0] 3x3 [O] 3x3 [O] 33 [O] 3x3 [O] 3x3 :|3X24
:Rv{"?’f :3><3 - [171’]
:va’,h :3><24 = :[Rl ]3><3 [O]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [O]3><3 [O]3x3]
Body 2:

:Rvé,yl:k%::[RVé,d){Lxs [Rvé,a”)gLﬁ [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [O]3><3j|
ol =R @EHR)-TRIR ] [N ), =7
i oy =[[R] ['R] [0, (0], [0 [0} [0], [0):]

_Rv;,y1:3xz4:[[Rv;@f]3x3 [0]3><3 [0]3><3 [O]3><3 [Rv;,a”)él,ﬁ [O]3x3 [0]3><3 [0]3x3:|
Vo), =R (@D -TEUR) | e, =17
[ ] =R (0L, (0L, (0], ['®] [0L, [0]. [0],]
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Body 6:
:Rvé=y1}3xz4:[[Rvé,c?>{LX3 [0]3><3 [0]3x3 [0]3x3 [0]3x3 [Rvé@é]3x3 [0]3><3 [0]3x3:|
L L@ )R] [~
[ L = (18] [0, [0}, [0, [0}, ['R] (0], [0),,]

Body 7:
[ L = [V Ly [0 [0y [00ss [0y [0 [*0),, [0]]
L, =R (@13 -] (v ], =-7]
[ ] =R Do, [0, [0, [0), [0, ['®] [0],,]

Body 8:
] =il O (0L, (0L, O (0L, [Pl [Sial,]
ot oy = B J(@ 1+ [5]) - R (@]+[S)] 'R |- [7]] ‘& ]

i ], =R (@ ED-RIUR) ([, = (7]
[ ], =R [0, [0],, [0), [0), [, ['&] ['&]]

4.7 The figure shows a thirteen-body model of the human body numbered
using the numbering scheme presented in Unit 1. Body 1 is the lower
torso, and it is the system reference body. The rest of the bodies are

numbered in ascending progression outward along the branches. As

structured, the lower numbered body array for the system is as follows.
S(l,...,l?)) = (0,1,2,3,4,3,6,3,8,1,10,1,12)

The position and orientation of body 1 is defined relative to the fixed

frame R ;(zy >N, N 3) , and the orientations of all the other bodies are

defined relative to their adjacent, lower numbered bodies. Body 1 can

translate and rotate relative to the fixed frame, but all other bodies can

only rotate relative to their lower numbered bodies, not translate. Using
base frame components of the relative angular velocities of the bodies, B, B,

the system generalized speed matrix is defined as follows.

A {yl}39><1
{y}42><l - {{yz}m }
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A A A A A A A
{yl}39><1:[a)11 Wy O3 W) Oy Oy

~ A A T
Wy O3 Wy Gpp a’12,3]

{yz }3><l é

[5, s, ]

a) Forbody 7 (lower right arm), find the fixed firame components of the partial velocity matrix of its origin

O, and its mass center G, . Follow the procedures outlined in Equations (34)-(36) and Equation (45). Use

the results presented in Unit 2 for the fixed frame components of the partial angular velocity matrices of

the bodies. b) Use direct differentiation to find the fixed frame components of the velocity of G, in terms
of the base frame components of the relative angular velocity vectors, identify the partial velocity matrix

13;i=1,2,3)

R
v, ]
[ 7.y I3x42”

and sj, (B =2,..13;i=12
Answers:
Body Origins:

,3) are all zero.

01 i :|3 39 [0]3><39

[RVOI 72 ]M = [1]3><3

voz Pl

Ofys [0]3><3i|

and compare the results with those obtained in part (a). Assume that s5, (B =2,..

[RVOZ V2 ]M = [[]3><3

[ R
R

L Vo,

R
VO3

b
|

3x39

- [[ o, Lg
("o

[0]
’Ai|3><3 [Rv03’“32]3x3 [0]3X3

R
Voy.0,

[,])

R
[ Vo, ]3><3

-[@][R]

[Rvos’yz lxz B []]3><3

L
]

R R R R
L Y061 L33 [[ voé“’llxz [ Vog.é, ]3><3 [ YOy, :|3><3 [O]M

' [O]3><3:|

o]

_([éz]"’
(

:|3><3 = ([%.]+

[6?3 ] + [qé])

R _
[ V0g.) :|3><3 N

_([53] +[4 ])[Rl ]T

[Rvoo’ffh :|3><3 - [q~6 ] [RZ ]T

[ R
L Vo

L Rvoa V2 :|3><3 = [1]3><3

R _ITR R R
I: Vor. 3><39_|:|: Vo, i :|3><3 [ v07’6b2:|3><3 [ V07“’3:|

[0]33 [0]3><3 [RV07,@J3X3 [0]3x3

) [0]3><3:|

R _
[ ‘}07"?)l :|3><3 B

—([éz]+

[63]+[36]+[q7])

R _
[ V0,6 ]3><3 -

_([‘73]+[‘76]+[‘77])[R1]T

["o,0, ]y, == (@] +[@ D[R]

R _
[ V0,5 lxs -

-[a][R,]

[RV07 2 :|3X3 = []]3><3

Mass Center G, :

R R
Vi Lo =L V7]
|: T I3x39 [ 7B 3,3

EANEN
70y |33 705 J3:3

[0]3><3 [O]3><3

I:thf’é :|3><3 |:Rv7 ay :|3 3 [0]3X3

[0],.,]

Mo | = (@) 43+ 4] @]+ [7])

R
vA] -
[7""23x3

~([@:]+[@]+[a 1+ [A])R]

_Rv7"f’3 :3><3 " _([66] i

[3:]+[5 ][]

R _
[ V1.5 j|3><3 B

~([3,)+[ADIR]

L J3x3

R"7,a37 ] .= ‘[’%][Ré

]T [RVUz :|3><3 B [I

]3x3
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4.8 The figure shows a thirteen-body model of the human body numbered
using the numbering scheme presented in Unit 1. Body 1 is the lower
torso, and it is the system reference body. The rest of the bodies are

numbered in ascending progression outward along the branches. As

structured, the lower numbered body array for the system is as follows.
S(l,...,l?)) = (0,1,2,3,4,3,6,3,8,1,10,1,12)
The position and orientation of body 1 is defined relative to the fixed

frame R : (]y N, N 3) , and the orientations of all the other bodies are

defined relative to their adjacent, lower numbered bodies. Body 1 can

translate and rotate relative to the fixed frame, but all other bodies can

only rotate relative to their lower numbered bodies, not translate. Using

body frame components of the relative angular velocities of the bodies, B, B,
the system generalized speed matrix is defined as follows.
{ } A {yl}39><l
Yigpa = { }
V2§34
AT Ay At At At N At At At Ay ~r N ~y T
{)’1}3% = [a)“ WO O3 Wy Wy Wy - WOyy W, Gz Gpp G, a’12,3:|
ATy . g 17
{y2}3x1 - [Sll S12 513]

a) Forbody 7 (lower right arm), find the fixed frame components of the partial velocity matrix of its origin

O, and its mass center G, . Follow the procedures outlined in Equations (40)-(42) and Equation (48). Use

the results presented in Unit 2 for the body frame components of the partial angular velocity matrices of

the bodies. b) Use direct differentiation to find the fixed frame components of the velocity of G, in terms
of the body frame components of the relative angular velocity vectors, identify the partial velocity matrix

[vaylm , and compare the results with those obtained in part (a). Assume that s5, (B =2,...13;i=12, 3)

and $j; (B=2,...13;i=1,2,3) are all zero.

Answers:

Body Origins:

:Rvol,yl :|3><39 =[O]3><39 [RV01,yz ]M z[[]m
:RVO2,y1 ]3X39 = H: RVO2,6?)1’ i|3x3 [0]3><3 [O]3x3:| [RV02,03[ ]3X3 - _[Rl]T [675] I:RVOZ,yz lx3 = [[]3><3
[

RV03,a31’i|3X3 |:RVO3,6)§]3X3 [0]3><3 [0]3><3J

_RV03,6?)[ }M =-[R, ]T [‘ié]_[Rz]T [‘75][11{2} [R"Og,cbg ]M =-[R, ]T [43] [R"og,y2 JM :[1]3><3
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R TR R R
L v06’y1 :|3x39_|:|: vOﬁ@{lﬁ I: v06";’§ }3><3 [ voé’“% ]3x3 [O

]

3x3

' [0]3X3J

— —
L Vog.af Lxs N

-[R] [3]-[R] (] 'R ]-[R] |

~!

‘]6][1R3]

ot )y = [RT [8)-[R] 3] % ]

[RVOG’@' :|3><3 - _[R3 ]T [éé]

[RVO(, V2 :|3X3 = [1]3><3

|:RV07 1 :|3><39 - |:|: Rv07’031' :|3 3 |:Rv07’6?)§ :|3 3 |:Rv07,03§ :|3><3 [0]3><3 [0]3><3 ':Rvohf?’é :|3><3 [0]3x3

) [0]3><3:|

Vo |y, =~ [RT [&]-[R] [#][ 'R J-[R] [3]] 'R |-[R] [35]] 'R
| Vo )y, =R [8]-[R] [ *R J-[R] [35]] °R.]
Vo ], =R ][R @] 'Re| || Vo0 ], =R [%]

[Rv07 V2 }M = [[]3><3

Body 7 Mass Center G, :

o], |

i Lo =i e [l (s ] s (0L [Ma, [fal, [0, -
v ], = [RT[@)-[R) (@] R ][R (@) 'R )[R (@] 'R J-[R] [B][ % ]
v ], =[RS [3)-[RT (@GR ][R (@] *R - [R: ] [R][ R, ]

v ], = IR [a-[R] (8] R ) -[R] [B1R

v )y = IR TB1-R T B R )| [ ], =R T [B]| [ ], =1,

4.9 For the human body model described in Exercise 4.8, complete the following. a) For body 7 (lower right

arm), find the body frame components of the partial velocity matrix of its origin O, and its mass center
G, . Follow the procedures outlined in Equations (51)-(53) and Equation (55). Use the results presented in

Unit 2 for the body frame components of the partial angular velocity matrices of the bodies. b) Use direct

differentiation to find the fixed frame components of the velocity of G, in terms of the body frame

components of the relative angular velocity vectors, identify the partial velocity matrix [Rv;,y]

compare the results with those obtained in part (a). Assume that sy, (B=2,..

3x42”

13;i=1,2,3) and

$p (B=2,...13;i=1,2,3) are all zero.
Answers:
Body Origins:
[RV'OI Y :|3><6N - [O]3x39 [RV'OI )2 :|3><3 - [Rl]
|:RV’02 Y1 :|3><39 - [[ Rv’Oz 0 :|3><3 [0]3x3 ’ [O]SXS:| |:Rv,02 a :|3><3 [IR

R_

[ V0.,

|1]

j|3><3 - [Rz]
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:RV’O3,y1 ]3x39 ~ [:vas"bl' l.xs [RV")%‘% ]3x3 [O]3X3 [O]M}
B e Y 3 N W Y R N
:RV’OG’YI :3><39 - [: vaowﬂ ]3x3 [Rvée’@ ]3><3 :vas"?’ﬁ ]3x3 [0]3X3 [O]M}

oy, = 'R (@] PR (8] R |- R g ]| 'R

I ‘]
| Voot Lo = RJBI-[R G R [ o L =R JE]] [0 Lo =[R]

[ 07 y1]3x39 [[Rv‘; j|3><3 [ 07502j|3x3 [vamé)élﬁ [0]3x3 [0]3x3 I:Rv'07,@é]3x3 [O]M

’ [0]3X3J

ouig |y = 'R (@] R 1] 'R |8, L) 'R ] R ][] &

al
B e e 0 D 0 T D G D
LR @I R BIR) [ o ]y =L R & [0 g = (8]

07 @3 :|3><3

Body 7 Mass Center G, :

R_ _ R_/ R_ R_ R_ R_ 1
|: v7,)’1 :|3><39_|:|: V7’[;)1':|3X3 I: v7s(;)i :|3><3 v7a‘?)§ :|3>< [0]3><3 [0]3x3 |: v7yf?)é :|3><3 I: v7sé)£/ :|3><3 [ ]3X3

Vil =L 3] R

i ], =R 1] °R]
%]
[

Vi Ly =8 N[ R 19 )R-
_Rv;’é)é_3><3:_ 6R7 [qé]_ ~7,]|:6R7] [Rv;’@JSHZ_[F;] [Rv;y2i|3><3 [R7]
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