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Summary

This unit focuses on matrix-based calculations of acceleration. The accelerations are expressed in terms of
partial velocity matrices and their time derivatives. Both base frame and body frame components of velocity and
relative angular velocity vectors are used in the calculations. Both absolute and relative coordinates are
discussed. Both orientation angle derivatives and angular velocity components can be used as generalized
speeds. Algorithms are developed for the efficient calculation of these quantities for multibody systems.

Explicit results are generated for some examples with the purpose of being clear about how the calculations

are done. However, keep in mind that the goal of developing such procedures is to implement them into computer

algorithms.
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Mass Center Accelerations Using Absolute Coordinates

The diagram shows a rigid body K whose orientation is given by a set of

three orientation angles 0. (i=1,2,3) and whose mass center G, has

Cartesian coordinates X, (i :1,2,3). Both the orientation angles and the

Cartesian coordinates are measured relative to the fixed frame R. The

Body K
components of p, the position vector of G, *v the velocity of G, and
®a . the acceleration of G, in R can be written in matrix form as follows.
XK1 X1 X1
{pK}: Xk {VK}: Xko {aK}: Xko (1)
Xk3 Xg3 Xg3

As noted in Unit 4, if {9 K} as a 3x1 matrix whose elements are the orientation angles 6, (i =1, 2,3) , and
{x K} as a 3x 1 matrix whose elements are the mass center position coordinates X, (i =1,2,3), then the velocity

component matrix {v X } can be written as

(k=] Vo, [106)+] Ve, ) @

Here, [Rv K0 } and [Rv X xk} are the partial velocity matrices associated with the time derivatives of the
Uk 5

orientation angles and the mass center position coordinates, respectively. These matrices are easily identified

by comparing Equations (1) and (2) to be

[RVK,éK } = [O]3><3 [RVK,)&K } = 3)

S O =
S = O
— O O

Accelerations of Other Points

As noted in Unit 4, the fixed frame components of the velocities of other points in body K, such as point P
in the diagram above, can be written in terms of the fixed frame components of Ry ¢ the velocity of mass center

G as follows.
e} :{VG}+[0~)K:||:RK ]T {p,P/G} 4)
(o) ={ve)+[ R ] [ @5 ){ o) (5)
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Equation (4) is written using the fixed frame components of ch x the angular velocity of body K relative to R,
and Equation (5) is written using the body frame components of ch x - The 3x1 matrix { Phric } contains the body
K components of r,, the position vector of point P relative to the mass center G.

These two equations can be differentiated to give two expressions for the fixed frame components of “a P

the acceleration of P in the fixed frame.

{arf=lac} [0 ][R ] {Pha}+[ax [ 2e] (P} ©
~fac) +[@s J[Re ] (o} +[@ J[ox [ Re ] (i)

{arf =lac}+[Re ] [ Hpno}+[Re] [ (v} .
~fac) +[Re ] [@ )pro} +[Re ] [@ [0 {Pro)

Accelerations of Body Origins and Mass Centers Using Relative Coordinates

To calculate the acceleration of the mass center
of body K using relative coordinates, consider three
bodies of a multibody system as shown in the
diagram. As presented in Unit 4, Body 1 is the
system’s reference body and bodies J, and K form a
branch off of body 1. The motion of body K is
measured relative to body J, the motion of body J is
measured relative to body 1, and the motion of body
1 is measured relative to the fixed frame R. Body J
is the lower numbered body of body K, and body 1

is the lower numbered body of body J.

Each body has a reference point, an origin, and a mass center. The reference point, origin, and mass center
for a body B are labelled Qg, Og, and G . A body’s reference point is fixed in its lower numbered body. A
body’s origin and mass center are fixed within the body itself. The reference point for body 1 is the origin of the
fixed frame.
Accelerations of the Origins of the Bodies in Fixed Frame Components

Using Fixed Frame Components of Angular Velocity

In Unit 4 the fixed frame components of the velocity of O, the origin of body K was written in terms of the
Jixed frame components of the velocity of Oy, the origin of body L£(K), the lower numbered body of body K,

and the fixed frame components of the angular velocities of the bodies as follows.
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{VOK } - {v0£(1<) } _([qK ] + [gK]){a)f(K)}_l_ [RS(K)}T {S;(} (8)

The starting condition for this result is as follows.

{Vol} = {31'} = [S{I S $f3]T ©)

In Equations (8) and (9), {VOK } and { ) } represent the fixed frame components of the velocities of the origins

vOf(K
of body K and its lower numbered body £(XK), [éK] and [§K] represent 3x3 skew symmetric matrices built

with the fixed frame components of position vectors g, and s, , {a)s( K)} represents the fixed frame components
of R(gg( ) the angular velocity of body £(K) in R, {S}(} represents the body £(K) components of the position

T
vector Sy, {Sl' } represents the fixed frame components of the position vector s, and [RS( K)} represents the

transformation matrix that converts body £(K) components into the fixed frame.

The fixed frame components of the acceleration of O,, the origin of body K can be written in terms of the
fixed frame components of the acceleration of Oy, the origin of body (K) by differentiating Equation (8).
{ao | = {io |
= {V'OS(K) } ([ ]+ [ Do | = ([ ]+ Do | +[ Rece T {s5ch +[Rage | (55
{aoe } = {ao,g(,() } _([éK]+[5K]){@£(K)}+[R£(K>]T {8k}

= (10)

B ([‘?K J+ L5« ]){%(K) $ L Bei ][ Recr ]T {8k}

In Equation (10), {aOK} and {aog(,()} represent the fixed frame components of the accelerations of O, and

Ogk, the origins of bodies K and £(K); {a')g( K)} represents the fixed frame components of the angular
acceleration of body £(K); {a)g( K)} represents the fixed frame components of the angular velocity of body
L(K); {sk} and {s}{} represent the first and second time derivatives of the body £(K) components of Sy ;
[q~ K] and [cj K} are 3x3 skew symmetric matrices built using fixed frame components of the vectors dx and

RdgK
dt

; [EK] and [5 K] are 3x3 skew symmetric matrices built using fixed frame components of the vectors

R
ds
S, and d—;K; [cbs( K)] isa 3x3 skew symmetric matrix built using the fixed frame components of chﬂ x) the

angular velocity of body £(K) in the fixed frame; and [RE( K)] represents the transformation matrix that
describes the orientation of body £(K) relative to the fixed frame.
The fixed frame components of the position vectors q, and Sy are found by transforming the body £(K)

components into fixed frame components. That is,
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{ax} :[R£<K)}T{q;<} and |{s¢} :[RS(K)JT {sk} (11)

Rd d
The fixed frame components of dc;]K and diK are found by differentiating Equations (11) as follows.
{qK} = [RS(K)]T {qk } + [RS(K)]T {qk} = |:a~)£(1()j||:R£(K)j|T {‘Ik} (12)
Z€1ro
. e, > e, re., ~ re,
18¢} :[Rsuo} {SK}{RS(K)] {5k} :[RS(K)} {SK}J’[%(K)J[RSM)} {5k} (13)

Equation (10) can be used to systematically calculate the fixed frame components of the accelerations of the

origins of all the bodies in a multibody system starting with the acceleration of O, the origin of body 1 which is

{aol} ={5} =[5, 5, 3, ]T (fixed frame components) (14)

Using Body Frame Components of Angular Velocity
In Unit 4, the fixed frame components of the velocity of O, the origin of body K were also written in terms

of the fixed frame components of the velocity of O, the origin of body £(K) and the body frame components

of the angular velocities of the bodies as follows.

T ~1 ~1 ' T !
{VOK}:{V%(K)}_[R&(K)} ([QK]+[SK]){“’£(K>}+[R£(K)] {8k} (15)
As before, the starting condition is as follows.
{Vol} = {Sll} = [Sl’l s $1'3]T (16)

In Equation (15), {VOK} and {vom()} represent the fixed frame components of the velocities of the origins of

body K and its lower numbered body £(K), [q}] and [§}<] represent 3x 3 skew symmetric matrices built with

the body £(K) frame components of position vectors gy and s, , and {a);( K)} represents the body frame

components of R(gg( x) the angular velocity of body £(K) in R.

The fixed frame components of the acceleration of O, the origin of body K can be written in terms of the

fixed frame components of the acceleration of Og, the origin of body £(K) by differentiating Equation (15).
{aOK } = {‘}OK } - {‘.}OSJ(K) } _[RE(K)]T ([q}(] + [§}<]){a)é(,<) } - I:RE(K):IT [q;(} + [5}(] {a);?(K)}
Zeto
-1 L(K)J [Sk]){""°<K>}+[R£(K)]T )+ Roy | {85}
= {ao,guo } R f(K)]T ([ ]+ {"’M)} I M)] 5 koo )
[ R JT | @i ) ([ 1+ (85 D) { @k + Rocry ]T {5)+ Recr ]T | @y ) {55}

T
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{aOK } - {aOSE(K) } _[RS(K)}T ([é}(]"' [§}< ]){d):@(K)}"_ [RS(K)T {Sk}

— ' e (17)
~[Ree) | ([[a);(,{)]([% J+[50) ]+ [gk]){a’ém b+ Roy ] [ @ 55}
The terms in this equation can be reordered and combined to give the following alternate form.
a0, | = {aOS(K) } [ Rogr ]T | e |(Laic} + (s )+ Recry ]T {8k s

+[R$(K)]T [a}f@(K) ] [&);“(K)]({q;( } + {Sk }) + 2[R£(1<) ]T I:CT);“(K) J {Sk}

In Equations (17) and (18), {aOK} and {a%(m} represent the fixed frame components of the accelerations of

Ok and Oy, the origins of bodies K and L(K); {a)é( K)} represents the body frame components of the angular
acceleration of body £(K) inR; {a);( K)} represents the body frame components of the angular velocity of body
£(K) in R; {$k} and {5} represent the first and second time derivatives of {s} [5&] is a 3x3 skew
symmetric matrices built using {sy } =[5k, Sk, Sks ]T; [c?);( K)] is a 3x3 skew symmetric matrix built using
the body frame components of R@E(K) the angular velocity of body £(K) in R; and [RE( K)] represents the

transformation matrix that describes the orientation of body £(K) relative to the fixed frame.
Equation (17) (or (18)) can be used to systematically calculate the accelerations of the origins of all the bodies

in a multibody system starting with the acceleration of O, the origin of body 1 which is

lag | =(s1} =[5 s L] (19)

Accelerations of the Mass Centers of the Bodies in Fixed Frame Components

Using Fixed Frame Components of Angular Velocity

In Unit 4, the fixed frame components of the velocity of G, the mass center of body K was written in terms
of the fixed frame components of the velocity of O, the origin of body K and the fixed frame components of

the angular velocity of body K as follows.

(v} ={vo, | [ Hox) (20)

Here, {vK} represents the fixed frame components of RyGK the velocity of G, in R, {VOK} represents the fixed

frame components of RyOK the velocity of O, in R, {a)K} represents the fixed frame components of RQ)K the
angular velocity of body K in R, and [FK] represents a 3x3 skew symmetric matrix built using the fixed frame

components of position vector 7'y . The fixed frame components of 1 can be calculated by transforming {’”1,<}

the body K components into the fixed frame as follows.

et =[Re]' {ri} 1)
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The fixed frame components of the acceleration of G, the mass center of body K can be found by

differentiating Equation (20) as follows.
{ag} =1} :{"’OK}_VK]{“"K}_[;K]{WK}
=[x} ={ao, |~ [F o} =i [{oog} (22)

Here, { a K} represents the fixed frame components of RQGK the acceleration of G, in R, {aOK } represents the
fixed frame components of RQOK the acceleration of O, in R, {a)K} represents the fixed frame components of

RQtK the angular acceleration of body K in R, and [?KJ represents a 3x3 skew symmetric matrix built using

the fixed frame components of “K . The fixed frame components of ” can be calculated by
differentiating Equation (21) as follows.
. > T ’ .1 ~ '
{FK}Z[RK] {rK}+[RK]T{l[£=[wK][RK]T {re} (23)
Z€1ro

Using Body Frame Components of Angular Velocity

In Unit 4, the fixed frame components of the velocity of G, the mass center of body K was also written in
terms of the fixed frame components of the velocity of O, the origin of body K and the body frame components

of the angular velocity of body K as follows.
{vc) = (o, | ~[Re] [k} (24)

In this result, the terms {VK} and {VOK} represent fixed frame components of the velocities of G, and O, inR,

the term {a)}<} represents the body frame components of ch x > and the 3x3 skew symmetric matrix [F,;] is built
using body K frame components of the position vector r .
The fixed frame components of the acceleration of G, the mass center of body K can be found by

differentiating Equation (24) as follows.

(g} = (o) = o, |~ [Re] [ Haone ) ~[Re ] [ 7 J{ke ) [ e T [ k)

——
Z€ro
tac} ={ao, | ~[Re] [ o) - [Re] [@ ][ Heok) (25)
The terms in this equation can be reordered and to give the following alternate form.
ta} ={ao, | +[Re] [ i} +[Re ] (@] )k ) (26)
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Here, {a K} represents the fixed frame components of RgGK the acceleration of G, in R, {aOK } represents the
fixed frame components of RQOK the acceleration of O, in R, {0)1'(} represents the body frame components of
RQtK the angular acceleration of body K in R, and [67)}(] is a 3x3 skew symmetric matrix built with the body

frame components of “w, .
Accelerations of the Origins of Bodies in Body Frame Components

In Unit 4, the body frame components of RyoK the velocity of O, the origin of body K were written in terms

of the body frame components of Ryof(K) the velocity of Oy, the origin of body £(K) as follows.

Do) =R (Do, 85 [t J(faie) + i) = [Re ] Do, @7)
Here,
0oy = 1o | 185} + [ (i} + )

=L Ry Vo | g, + 8 [0 [k} +sk))

Note that, the components of the velocity of the origin of body K are first expressed in its lower numbered body

(28)

L(K) and then converted into components in body K using the transformation matrix [S(K)RK] The

components of the velocity of the origin of body £(K) are first expressed in its lower numbered body £*(K)

and then converted into components in body £(K) using the transformation matrix [SZ(K )RS( K)} .

Using Equation (28), the fixed frame components of RyOK can be found by pre-multiplying the body £(K)

components by [RQ( K)]T as follows.

{VOK } - [RS(K)]T {VOK }s(K) - [RS(KJT ([EZ(K)R‘S(K)}{VOM) }SZ(K) Sk [%(K)]({‘lk}* {Sk})j
= |:R£2(K):|T {Vom }SZ(K) + [R_@(K)T {$k}+ [Rsuo ]T [@%m}({qk F+{sk})

(29)

The fixed frame components of Rgok the acceleration of O, in R can be found by differentiating Equation

[ o oL B o DT 5L T 1
TL[RS(K)]T [‘5§<K)]({Qk} T {Sk}) +[R£(K>]T [@ém}{sk f+ [Rf(K)]T [@E(K)}({‘I% §+{sk })
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~[Reir] (0.0} H R ] [ B fFon fgg, *[Roco ] 18 +[Recer | [@Im]{m
HRoi | [ @ | (Laic) sk +[ Reger | [ @ J 553+ R | [%(K)][wm)] +{sk})
(e ey L5000 0010 gy 7[Rt ] [ Y i)
[ J (i} + {5k )+ [ Reawr | (55} +2[ Ry ] [t J155c)

+
—
=

‘e

5

(-
=
J

,Z?\ ~

o)

[

Or,

{0, =[ R | {00, o, (R ] (B (i) +[ R ] [ [ sy | ({aic} +{5i)
HReo ] 53+ 2[ R ] [ J{55)
These components can be converted into the body K system by pre-multiplying by [Ry |.
{ao, } = [Relfao, |
=[Re][ Resg | {60, o, # LR Reir ] [0 (g} +(sic)

T T

+[RK][R£(K)] I:&'),;E(K)J[(bé(l():'({q;(}+{S;(})+[RK][R£(K):| {gk}"'z[RK][RE(K)]T[@L“(K)]{&k}

T

_[ 2wy |
{a'oK}— ( RK_{aOS(K)}gz(K)

[ OR ([ J({ai )+ (i) + [ @y [ @iy (L +{sic}) + (35} + 2[ @iy (35| 30)

[ ek _{ } [£(K) ]{ }
- R 10 fory L R J19000un S

Here, {aQ@(m} represents the components of RQOS(K) in the body £>(K) frame, and {aOK/OM)}

£2(K) £(K)

represents the components of RgOK 10uis in the body £(K) frame. Specifically,

{4010, }g(K) =[G J(laic} +sk D)+ @ [ Do J({ak) +{sich) + b+ 2 @i sk} GD

This result can also be found by reverting to vector equations and applying the derivative rule. In Unit 4,

RyoK the velocity of Oy the origin of body K was written in terms of RyOS(K) the velocity of Ok the origin of

body £(K) as follows.

R R f(K)d 2
Yoo = Yo, T I (sx)+ %(K)X(QK +§K)

The acceleration of O, can be found by differentiating this result using the derivative rule as follows.
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Rafy, — FdTv, — Rg( Ky Rg
RQOK _ — « _ ~ £(K) +E( 7 (QK)j+E(R@£(K)x(gK+§K))

£(K)d S(K)d S,(K)d Rd
“a0,,, + r L 7 (s )J*(R@s(m XT(:‘K )j*(R%(K) *(4 +§K))+ fouk) X(E(‘!K Bl )J

(s« )j ("o % (g6 + 1))

oK) g2 oK) g

R
a +—(S )+ (O X —
~Og () dtZ (~K) L ~2(K) dt

R

R S R
T Oy % " (E]K+‘§K)+ @s(K)X(gK—'—‘SK)

Rearranging terms gives the following result.

R, _R R R R
doy = oy, "‘( Q‘s(K)X(ﬁlK+§K>)+( @S(K)x( @g(K)X(flK"‘EK)))

. S(K) g
(sk)+2| “@ex) i (sx) (32)

t

_ R
= 0y, T 2041044,

Using body frame components of the angular velocities of the bodies in Equation (32), the body frame

components of the acceleration of O, the origin of body K can be written as follows.

R £2(K) { }
20ux) _{ RK} 0.0 ) (1)

R
010y,

[ {ao, 0., }E(K) =[OR [y |({aic} + {55} + [ By [ @ ] (L} + i)
+ [,@(K)RK ]({s}< b+ 2[@(@]{3}( })

Or,

{a } = "R a0, oo, LR ([ (i} + {sich) [ @ [ @b (1} +54})
+ “OR ({55} + 2 @y J155))

This result is identical to that in Equation (30). It is a recursive relationship for finding the accelerations of the

(33)

origins of the bodies in terms of the accelerations of the origins of their lower numbered bodies. The starting

condition is
{ag | =[R]{3)

Here, {a’OK } represents the body K components of Rq O * {a

0 } represents the body £*(K) components
) (k)

of RQOQ(K) , the skew symmetric matrix [a;)fg(K)] = [07;3(1{)] is built using the body frame components of ng(K)
the angular acceleration of body £(K) in R, and the skew symmetric matrix [d)ig( K)] is built using the body

Copyright © James W. Kamman, 2026 Volume III — Unit 5 — Acceleration — page: 9/103



2
frame components of Ra)‘g( x)- The transformation matrix [“’9 (K)RK} converts body £*(K) components into

body K components, and the transformation matrix [S(K )RK} converts body £(K) components into body K

components.
Accelerations of the Mass Centers of Bodies in Body Frame Components

Given the accelerations of the body origins, the accelerations of the mass centers of the bodies can be

calculated by using the concept of relative acceleration.

R AR R R R
g = dg, ao + aGK/O ao +( Q‘KX’SGK/OK)Jr @KX( @KX’SGK/OK) (34)

Using the body frame components of the angular velocities of the bodies, the body frame components of Rg %

the acceleration of G, the mass center of body K can be written as follows.
{aic) ={ab, | +lax]{re ) +lax [ax k)
[S "R }{ om}gz(,() [ OR J([hes J(taic + s} )+ [k J[ @y J( (i} +sic))
+[ Ry ]( S +2[ (K)] ;<)+[~;<]{K}+[wK][wK]{ k) (35)
:{aof(m}K+[£(K)RK]([“;’§<K>]( i} @ [ @hy J({aic )+ {sk))
+[£<K>RK]({SK}+2[%<K>]{ )+l + [k ek (e

Accelerations of Body Origins in Terms of Partial Velocities and Their Time Derivatives

Generalized Speeds

Unit 4 presented procedures for calculating partial velocities for body origins and mass centers of the N
bodies of a multibody system. The partial velocities were defined for three choices of generalized speeds. In

each case the column vector of generalized speeds was partitioned as follows.

{y}Gle é{{yl}sml} (36)

{y2}3N><1

In each case, the column matrix { yz} sn 18 defined to be

A .y . .y .y . . . . . . g 1T
{Y2}3NX1—[311 Sz Si3 S Sy Sz 0t Sk Ska Skz St Sz SN3] (37)

Recall that {s;}=[sk, sk, s}Q]T represents the body £(K) components of the position vector s . The

column matrix { )’1} sn Contains either the base frame components of the relative angular velocity vectors, the

body frame components of the relative angular velocity vectors, or the time derivatives of the orientation angles
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of the bodies. When using time derivatives of orientation angles as generalized speeds, either base frame or body
frame components of the relative angular velocity vectors can be used.
Partial Velocities

Fixed Frame Components Using Base Frame Components of the Relative Angular Velocity Vectors

In Unit 4, {VOK} the fixed frame components of the velocity of O, the origin of body K were written using

the base frame components of the relative angular velocity vectors as follows.

{VOK } = [Rvom,y}{y} ~([ax 1+ [5x ])[R%(K)’y}{y} + [R$<K) ]T {8k}

h ([RV"M»J (@) + 5D s [+ [Rorr ] [S ]){Y}
- [RVOK,y]{y}

(38)

Matrix [R Vo, y] represents the fixed frame components of the partial velocity matrix of O, , matrix [R Vou k). y}
represents the fixed frame components of the partial velocity matrix of Oy, matrix [Ra)s( K)’y] represents the

fixed frame components of the partial angular velocity matrix for body £(K), and [SSK ] is a matrix that selects
{§%} from the state vector {y}.

[SSkLXw: [0]3><3N [0]3><3 [0]3><3 [[]3><3 [0]3><3 [0]3><3 (39)
e e TN aen

The matrix [], ., represents a 3x3 identity matrix.

The partial velocity matrix |:RVOK ’ y] is constructed using the following procedure relating the partial velocity

of O, to the partial velocity of Og( k) the origin of body £(K). See the details in Unit 4.
1. First, set

|:RVOK Y i|3><6N - |: RVO,@,(K)’)’ :|3x6N n ([qK ] + [§K ]) [ Ra)f(K),y ]3X6N (40)
2. Then, set the three columns associated with S, (i = 1,2,3) as follows.
[0y ], = [Rg(K)lTj (i=1,2,3; j=1,2,3:k =3N + 3K =3+ ))) (41)

For body 1, only Equation (41) applies. All entries are zero except for the three columns associated with {Sl' }
giving the following result.

[RVOKsy]ik :[1]11 (12132537]:1;2,3,k:3N+]’ K :1)

Copyright © James W. Kamman, 2026 Volume III — Unit 5 — Acceleration — page: 11/103



The matrices [éK] and [§ K] are 3x3 skew symmetric matrices built using the fixed frame components of the
position vectors ¢, and s, . See Equation (11).

Fixed Frame Components Using Body Frame Components of the Relative Angular Velocity Vectors

In Unit 4, {VOK} the fixed frame components of the velocity of O, the origin of body K were also written

using the body frame components of the relative angular velocity vectors as follows.
(o } =] Souer [0 =[Rec] (@i I+[5 D] *@hinn, ] 07} + [ Rery ] {55}
([RVOMK),J _[RS(K):|T ([ ]+ [5k ])[Ra’é(m,y} +[R£(K>]T [Ssk ]){Y} (42)
= "o, |1}

Matrix |:RVOK ’ y] represents the fixed frame components of the partial velocity matrix of O, , matrix [R Vou k). Y}

represents the fixed frame components of the partial velocity matrix of Oy, matrix [R(off( K),y] represents the

body frame components of the partial angular velocity matrix for body £(K), and [Ssk ] is a matrix that selects
{S}{} from the state vector { y} as defined in Equation (39).

The partial velocity matrix |:RVOK ’y] is constructed using the following procedure that relates the partial

velocity of O to the partial velocity of Oy, the origin of body £(K) the lower numbered body of body X .

See the details in Unit 4.
1. First, set

[RVOK,y ]MN = [R"O,m,y LéN _[Rs(K)}T ([7k]+ [gk])[Ra’é(m,y ]MN (43)

2. Then, set the three columns associated with s}< ; (i = 1,2,3) as follows.

[®vors | =[Reo ] | (1=1.2.3/ =123k =3N +(K -3+ ) (44)

ij

For body 1, only Equation (44) applies. All entries are zero except for the three columns associated with {sl’ }

giving the following result.

[RVOK,yl.k =[1],,| (i=12,3;j=123k=3N+/; K=1)

The matrices [é}(] and [§}<] are 3x 3 skew symmetric matrices built using the body £(K) frame components
of the position vectors q; and s .

Body Frame Components Using Body Frame Components of the Relative Angular Velocity Vectors

Finally, using Equations (27) and (28), {Vé)K} the body frame components of the velocity of O, the origin of
body K can be written using the body frame components of the relative angular velocity vectors as follows.
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{v'oK } - [S(K)RK ]({me } +{55 ) + [@g(K)]({q}(} +{sk })) _ [s(mRK ] {VOK }g(K) (45)
oy =1+ 55+ [ B J (i} +55)
= [EZ(K)R,@(K)}{VOQ(K) }SZ(K) +{sh }+ [C‘N’,%(K)]({‘Ik} +{sk})

The £(K) components of RYoK can also be written in terms of partial velocity and partial angular velocity

(46)

matrices as follows.

{
[
TR [ o0 g, ~ (15D ", ][5 1)) “n
I
{

Matrix [Rvo‘ } " is the partial velocity matrix of Oy, the origin of body £(K) expressed in body £X(K)
¢ Ez

. R~ . . . . . . . R
components. Matrix [ Vo, y} is the portion of the partial velocity matrix of Oy associated with "y, 100 )

£(K)

the velocity of Oy relative to O, and is defined as follows.
(%00 Ly, 2084 (@1 [ D[ @b ] (48)

As before, [Ss}( } 1s a matrix that selects {S}{} from the state vector { y} .

The matrix |:RV0K v L(K) represents the body £(K) components of the partial velocity matrix of O and is

constructed using the following procedure.
1. First, set

[RVOK . 1@(1@ B [SZ(K)RS(K) } [ 0, 4 :|£2(K) ~([ak]+[5% ])[ @ik } (49)

2. Then, set the three columns associated with s}< ; (i = 1,2,3) as follows.

([RVOK,y}»‘f(K))ik Z[I]ij (i=1,2,3/=1,23;k=3N+(3K -3+ )) (50)

For body 1, only Equation (50) applies. All entries are zero except for the three columns associated with {s{}

giving the following result.

([Rvol,ylvz)ik :[I]ij (1=123;j=123;k=3N+) el
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Accelerations

Fixed Frame Components

The fixed frame components of the acceleration of O, the origin of body K can be found by differentiating

the fixed frame velocity components in terms of the partial velocity of O, as follows.

{aOK} {VOK} [RVOK y]{y}_’_[R‘.}OK,y]{y} (52)

Using base frame components of the relative angular velocity vectors, the partial velocity matrix can be

calculated using the process described in Equations (40) and (41). The matrix [R\'/OK’J can be calculated by
differentiating [RVOK,J as defined in Equation (38). That is,

(o0 =] o |~ (@1 8D Dourrs ]~ ([ ]+ S D Fs0i00 ]+ [ Beci [ Recsr ] [ ]| 53)

This result can be constructed using the following procedure.
1. First, set

[R‘}OK o ]3><6N " [R‘}Of(“’y :|3><6N ~ ([QK J+[5¢ ])[ Rd)s(K)’y :|3><6N B ([qK :' * [§K ]) [ Ra)ﬁ(’{)’y}yw (54)

2. Then, set the three columns associated with s} (i =1, 2,3) as follows.

[RV-OKJ]M = [RS(K)]; = [[@(K)][RE(K)]T l,- (i=1,2,3;j=1,2,3k=3N+(3K -3+)) (55)

For body 1, all entries are zero.

2 () (56)

The matrices [(j K] and [5 KJ are 3x3 skew symmetric matrices built using the fixed frame components of

R
d R
d‘ZK and C?K . Calculation of these components is shown in Equations (12) and (13) above.
t t

Using the body frame components of the relative angular velocity vectors, the partial velocity matrix can be

calculated using the process described in Equations (43) and (44). The matrix [R\'/OK’J can be calculated by

differentiating [RVOK,J as defined in Equation (42). That is,

[RV'OK,y]:[R"’OuK)y_ [L(K)} ([ k] +[5% ])[ %(K)y} [Rs(K)]T([%] [SK])[ uK)y]

[R,a(fo [ a’i(K)y}" 2(K) [ }
:[Rvosuoy [ L(K)} [%(K)] [ a)i(K)y} [Ri”(K)]T([%] [SK])[ MKU]
L(K) [ %uoy]* S(K) )][SK}
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| "o, |= [RV'OS(K),J_[RS(KJT (([‘7}<]+ (S D] "y [+ [ @ (@5 1+ 5 )] @b, |

- (57)
#[5i J[ ko )+ Rea ] [0 [ ]
This matrix can be constructed using the following procedure.
1. First, set
[ R‘.}OK Y ]3><6N - [R‘}Omm ¥ Lst - [RE(K) ]T ([Cﬁ ] i [5}( ]) [ Rd)é(K)’y ]3X6N (58)
_[RM) JT [@(K) } ([qu 1+[5% ])[R")é<l<),y Lé N [Rfuo ]T [§}< ] [ Ra’é(m,y }M N
2. Then, set the three columns associated with S}< ; (i = 1,2,3) as follows.
[ %0y |, =[ Rewry }T - [[RE(K) 1 [@hes ﬂ | (1=123/=123k=3N+3K-3+))) (59)
ij
For body 1, all entries are zero.
[ R‘.}Ol Yy LxéN [ ]3><6N (60)

The time derivatives of the partial angular velocity matrices that appear in Equations (54) and (58) are presented
in Unit 3.

Body Frame Components

As noted in Equation (47), the body £(K) frame components of the velocity of O, the origin of body K can

be written as follows.

{VOK}E(K) ([E(K)RL(K)} ! 0<K>yl 2(K) ([qK] [ ])[Ra);“(K),y]+|:S.vk:|j{y}

"
:([SZ(K)RS(K)}[RVOM) yl - [RﬁOK’yL(K)j{y} 61)
=[ "o Lo, )

Note that, the components of the velocity of the origin of body £(K) are first expressed in its lower

numbered body £*(K) and then converted into components in body £(K) using the transformation matrix

[’& K )RL( K)} . The components of the velocity of the origin of body K are first expressed in its lower numbered
body £(K) and then converted into components in body K using the transformation matrix [E(K)RK} . The

partial velocity matrix [R‘;ok y L(K) is defined in Equation (48).

To assist in the differentiation of Equation (61) to find the body frame components of RL}OK , amore detailed
construction of the partial velocity matrix [RVOK o L(K) is warranted. First, consider calculating RyOK using the

concept of relative velocity as follows.
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R R R R R
Vo, =V + %y +o+ 0y +%y
<Ok ~Ox/O0¢(x) ~0;°,(1<)/0$2(K) ~0£”K‘1(1<)/O' =0,
Uk
_ N\ R
=2 Yo, 10, (62)
r=0 (K) ¢ (K)
U1
R
= v
"OK/O;(K Z 0ur y/0ur 1 Yo,

Recall that the integer uy is the integer value such that £“¢(K)=1. £"¢(K) refers to body 1, the system’s

reference body. Hence, Equation (62) represents the sum of the relative velocities of all the body origins from
body K to body 1 using the body connection array.

The terms in Equation (62) can be written in component forms as follows.
Body 1:

Ry 0 {vo1 }R = {s'l} fixed frame components

All other bodies:

R, {VOB/OS(B)}S(B) =|:R\;03,y:|£(3) {y}
V0,10,
o - ([SSJB }_([QN%]J“[%])[R”;B(B),y]){y}

Using this concept, Equation (61) can be rewritten as follows.

Ug
. £r+l(K) R~
{VOK }S(K)_},ZO[ RS(K)][ CAs :|£’+1(K){y}

body £(B) components

r uK_l r+l
= _R,ss(K)][Ss{]{y}+ r;) [S (K)Rg(K)}[RvQi o LHI(K) ) )
Ug-1 1
UK Ry
(e s 5L ], ] o
- _RVOK’y]g(K) &

The accelerations of the origins of the bodies can now be found by differentiating the fixed frame

components of the velocities of these points. The body £(K) components of RyOK given in Equation (63) can
be converted into fixed frame components by pre-multiplying both sides of the equation by [R oK) ]T and noting

that [R ]T SANCO) =R " Th It can then be writt foll
oK) e(k) |=| Rernig | - The result can then be written as follows.
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r=0
Ug-1 T k.
- [S.Y;]+VZZO[R£,.H(KJ [ vom),yLM(K) 3 (64)

Differentiating this result gives

{GOK} - [RVOK,y}{Y} +|:R‘>OK,y]{y}
_ ([Ss{]+ ri) [RSM(K)JT [R{;Oyrm,y LM(KJ{P}

: Tl gr: ST [ 25
+ [Ssl,]+ z |:R£r+1(K):| [ VON(K),yLM(K)+;[Rf"+l(1<)} [ vOs"(K)’yL’”(K)J{y}

oo} ={ (5125 [ [0 ] 9

+ [R e } [ % } + [R - J [c?)’ " }[ v }
—o- * &) Oer? oKy Soob * @ £TUK) Oor iy £ (K) {y}

The body frame components of © ap, can be found by pre-multiplying by [RK] .

Ug—1

T
{GIOK} z[[RK]I:SS{]+ };) [RK][R«QM(K)} [RVOE’(K)’y}_@"*I(K)J{y}
Ug-l T R A r ~ R~
+ Z [RK]|:R£”1(K):| |: VO.QV(K)’y:|£r+1(K)+;E)[RK][RSM(K)} |:w£y+l(K)J|: VOE"(K)J:LM(K) {y}
Ugp—1 .
3 £V+ (K) R;\ Y
—[[RK][SS{]+ > [ RK][ VOE,(K),JVLM(K)J{))}

r=0

U1 U1
Z "(K) R} °"H(K) 5 Ry
* |: RK :Hi vo@ r ’y:| r+l + z |: RK a)£ VH(K) vO?" 4 r+l {y}
o™ deriky 720 s ey

r=0

Rearranging terms gives the following.

Uyl
b (K Ry :
{aOK} - ([RK][SSf ] * ’g‘b [ RK}[ vOM(K)’y ls”l(K)J{y}
! £(K) R A R
+[}§)|: RK:|(|: vofr(K)ay:L,-n(K)+|:a)£r+l(K)j||: VOE"(K)’y:|£r+1(K)) {y}

(65)
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Separating out the terms associated with Oy , Equation (65) can be rewritten as follows.

-1

r=1

|

[RK][SS{ } + ui [Sﬂr*l(K)RK:|

R~

Yo
L

[ "<K>’yL"”(K)}{y}

Ug-1

z |:£,-+1(K)RK:|

r=1

RA
Vof,(K),y:l r+l +[
» £"H(K)

~1
a)s

[ [ }[}j]{}

+[£(K)RK}[R‘GOKJ L(K) o4 +[£(K)RK]([ RGOKJ L(K) " [%(K)][R%K’y L(K)j{y}
Or,
{a,OK } - {aOsf(K) }K * {a,OK/Of(K) }
~{ao,) (66)
N [ SR ] [ s L(K) {7+ [ IR ] ([ R L(K) + [CZ):@(K) J [ R, L(K) j )
Here, letting J = £(K), the terms in Equation (66) can be written as follows.
{aOJ }K - |:JRK:|{a’OJ }
u,-1
—[JRK}{[RJ][SSJ{)?}+(;) [ng(J)RJ}[RﬁOM’yLM(J)]{y-}] (67)
J{JR } uil[s"“(J)R } [R{, } +[a~)’ }[R\A/ } 3
K = J Ocr sy e () Ocr sy () Y
(a0, } = |:JRK:|(|:R‘;0K’)} L {3} +(|:R$OK,y 1} +[@3][R90K,y L){y}) (68)

Together, Equations (66)-(68) form a procedure for calculating the accelerations of the origins of the bodies of

the system recursively.

To provide further clarification to the terms in Equation (65)-(68), the fixed frame components of RQOB 100

the acceleration of the origin of a body B relative to the origin of its lower numbered body £(B) can also be

calculated from the £(B) components of RyOB 100(n) by differentiating as follows.

d T d Trpa
{aOB/Oﬂm } - E([RS(B)} {VOB/Q@(B) }s(B)j ] E([RS(B)J "0, 1@(3) {y}j ()
Expanding this result gives the following.
T . . T A
{aOB/Of(B)} :[RS(B)] |:RVOB’y:|£(B) {y}+[R£(B)] [Rvoe,y}s(l;) {y} 70)

+ [RS(BJT B R o )
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The body frame components of RQOB /0y, CANNOW be found by pre-multiplying this result by [R B] .

{0’03/0_9(3) } = [RB ] {aOB/O_@(B) }
8 : (71)
= [L(B)RB}([R\?OBJ L(B) {3} +([R‘303,y 1@(3) + [@E(B)][Rﬁog,y L(B)){y}J
Here,
| %0, L( 5 S5, |-([@]+[55])| " @, | (72)
[Réog,y ] o LSBF]J ~([a5]+ [51'9])[Ra"fss(8),y]_[%J[R%(B),y] (73)
Z€10
Using these observations, Equation (65) can also be rewritten as follows.
ug-l_
() [Relfaa )y E [ R Yoo, ] (74)
r=0 o (K)

Accelerations of Body Mass Centers in Terms of Partial Velocities and Their Time Derivatives
The accelerations of the mass centers of the bodies can be calculated in terms of their partial velocity matrices
and their time derivatives as detailed below.

Partial Velocities - Fixed Frame Components

In Unit 4, {VK} the fixed frame components of the velocity of G, the mass center of body K were written
in terms of the fixed frame components of the velocity of O, the origin of body K and the base frame

components of the relative angular velocity vectors as follows.
e} ={vo, |l {eox )
:[R"OK,y}{y}_[7K][Ra’1<,y]{J/} (75)
= ", [0

Here,

[RVK’y ]3x6N B [RVOK ’yj|3><6N ~[x] [ RwK’y ]3x6N (76)

Matrices [RVKJ] and |:RVOK ’y] represent the fixed frame components of the partial velocity matrices for G,

and O, , matrix [R(oK,y] represents the fixed frame components of the partial angular velocity matrix for body
K, and matrix [FK] represents a 3x3 skew symmetric matrix built using the fixed frame components of the

position vector 7'y . The partial velocity matrix |:RVOK ,y] is defined in Equation (38).
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In Unit 4, {VK} the fixed frame components of the velocity of G, were also written in terms of the fixed

rame components of the velocity of O, and the body frame components of the relative angular velocity vectors
14 K y D g

as follows.
vy ={vo, ) ~[Re] [ Hex)
= "o, |} ~[Re] [ "ok, |} (77)
= v, [0}
Here,
[RVKJ i|3><6N B [RVOK 5 ]3X6N [ (%] [ ‘g, }3><6N (78)

Matrices [RVKJ] and |:RVOK ’y] represent the fixed frame components of the partial velocity matrices for G,
and O, , matrix [R(o}(, y] represents the body frame components of the partial angular velocity matrix for body
K , and matrix [1712] represents a 3x3 skew symmetric matrix built using the body frame components of the

position vector 7'y . The partial velocity matrix |:RVOK ,y] is defined in Equation (42).

Partial Velocities - Body Frame Components

In Unit 4, {vk} the body frame components of the velocity of G, were also written in terms of the body

frame components of the velocity of O, and the body frame components of the relative angular velocity vectors

as follows.

Vo, ), - ok}

{
(0w e, 04 LR "k, ]}

(79)

Matrix [Rv}(, y] represents the body frame components of the partial velocity matrix for G, , matrix |:RV0K ,y ]

represents the body £(K) components of the partial velocity matrix of O, , matrix [Ra)}{, y} represents the body

frame components of the partial angular velocity matrix for body K, and matrix [’712] represents a 3x3 skew

symmetric matrix built using the body frame components of the position vector 7 . The partial velocity matrix
R . . .

[ Voe .y L(K) is defined in Equation (47).
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Accelerations — Fixed Frame Components

The fixed frame components of the acceleration of G, the mass center of body K can be found by

differentiating the fixed frame velocity components in terms of the partial velocity of G, as follows.

{aK}:{‘}K}:[RVK,y]{J"}J{R"’K,y]{J’} (81)

Using base frame components of the relative angular velocity vectors, the partial velocity matrix can be

calculated using Equation (76). That equation can be differentiated to define a process for calculating [R\'/K,y}

as follows.

[ R‘.}Kay :|3><6N - [ RVOK Y ]3><6N B [FK ] [ R@K’y ]3X6N - [fK :' [ RwK’y :|3><6N (82)

The matrix [R\)OKJ] is the time derivative of [RVOK’J the partial velocity matrix of Oy and is defined in

Equation (53), and the matrix [?K] is a 3x3 skew symmetric matrix built using the fixed frame components of

R
d—;K . Calculation of these components is shown in Equation (23).

Using body frame components of the relative angular velocity vectors, the partial velocity matrix can be

calculated using Equation (78). That equation can be differentiated to define a process for calculating [R\)K,y]

as follows.
:R‘}K’y :'3x6N - [ R“}OKJ :|3><6N _[RK]T [F’; ][Rd)}{’y :|3><6N _[RK }T [F,’(][Ra)}{,y ]3><6N B [RK ]T @[Rw}(’y :|3><6N
Zero
[R‘}K’y i|3><6N " [RvOK o j|3><6N ~[R ]T [7x] [ Rd)}(’y ]3x6N ~[R« ]T [(b}(][};’é][Ra)}{’ylxéN (83)

The matrix [R\'/ ] is the time derivative of [Rv ] the partial velocity matrix of O, and is defined in
Ok.y Ok .,y K

Equation (57). As noted above, the time derivatives of the partial angular velocity matrices that appear in
Equations (82) and (83) are presented in Unit 3.

Accelerations — Body Frame Components

In Equation (79), the body frame components of the velocity of G, the mass center of body K are written

as follows.

)= ([ £(K)RK]|:RVOKJ L(K) —[fl'{][Ra),’(,y}){y}
[ e, )

(84)
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The partial velocity matrix [Rv}(’ y] is defined by using components resolved in the bodies between body 1 and

body K, so taking the derivative of Equation (84) to find the body frame components of “a, is not a

straightforward process. The concept of relative acceleration is used here instead.

R R R
g = 4o, T 4G./0, (85)
= RQOK "'(ROJK X’SK)"‘ oy X(R@K ><’SK)
Using this result, the body frame components of RQK the acceleration of G, can be written as follows.
{aic) ={a, 1@ ] {rk ) +[ak Dk ik ) (36)

The body frame components of *q o, can be found using Equations (66)-(68). Using those results gives

(g} ={ab, | +[a@x){ri) +[ak @k {r)

- {aOg(K) }K i {a,OK/O,e(m } + [&}{]{r}{} * [5)}{][@}{ ]{r}(}

4 —
{aOB/oﬁ(B) } = [RB ] {aog/oﬂm }

:[gu”RB]([RQO&ylﬂB){y}+([Réomy1ﬂB)+[&§U”][R90&y}£gﬂ){y}j

Equations (69)-(74) show that {abK} can be calculated as the sum of the relative accelerations of all the

reference points from body K to body 1 using the body connection array. Using this result, the above equation
can be rewritten as follows.
{aic}={ap, |+ ri) +[@ [k ){ri)

U1

:[RK]{"OI}R N Z [W(K)RK}{aogrm/omm} +[&}<]{r}<}+[£)}<][d)}<]{r}<}

r:o £F+](K)

(87)

Comparison of Acceleration Results

Body Origins — Fixed Frame Components

To compare the results of the methods outlined above, the equations written in terms of the partial velocity
and partial angular velocity matrices can be expanded. The expanded results can then be compared with the earlier
equations. Equation (52) is expanded below using both, first using base frame components for the relative
angular velocities, and then using body frame components for the relative angular velocities.

Using base frame components for the relative angular velocities, the fixed frame components of the

acceleration of O, can be expanded as follows.
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{aOK} [ Yoy, y]{y}+[R‘>0Ky]{J’}
:([RVO <K>Y] ([ ] [SK])[ a)i(K)y] [R,e(K)JT[SS;(]){)?}
( OA(K)y [SK])[ Q)E(K),y}_([QLK]+[§K])[RWS(K),y}){y}

(88)
+Haw ][ wo] [ }{y}
([ Vonw ]+ oner J4) = (s 5 D[ @2t 4+ 0, 1)
R ] 55} =[x J# [ D) "oncin J00) + [ @m0 [ R ] {55}
To simplify this result, note the following.
{0ci)} =] "Ocirey, |1}] (fixed frame components of *, )
(a0} =| @iy [{7}+] "oy, |1}] (fixed frame components of Far )
(o} =] Vo0, | (7} (fixed frame components of vy, , )
{00 1= P00 | =] Vo [71+] Vo, |{3}] (fixed frame components of “a5, )
Substituting from these results into Equation (88) gives the result.
a0, | = {GOWQ } —([7x ]+ [5x ]){“"ﬂK)}*[Rs(K)T {8k}
(s J+[3c Ddweo }+[Dre0 [ Recwr ] 155 )
= {ao,e(K) } e (it + s} + [ Roe) | 55}
[ e (i) + {511+ [ Begir [ Reewr ] (57}

This result is identical to the one shown above in Equation (10).
Using body frame components for the angular velocities and relative angular velocities, the fixed frame

components of the acceleration of O, can be expanded as follows.
fao | =[ "o, o+ W Ji)
- ([‘%m y}— [RMJT ([ 1+ 156 D “ohsr, J+ [ Recr T[54 ])15)
(R o o (S S 8 ey 15
#(~[Recio ] [ (35 1+ 55D by, ]} 10}
* ([Rsuo T [k [S ][ Recr ] [ ][ "tanrs ]){y j

Or, after rearranging terms
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{aOK}:([RVO,«;(K),y]{J"}+[RV.0£<K>,J{J’})_[R£<K> ( a)_a<1<>y a);(,(),y]{y})
‘[RﬂK)T[@é<K)]([‘7k]+[§%])[ a)_&(K)y}{y} [R;(K)]T [SK][ %(K)y}{Y} (90)

+ [RS(K) ]T {8} + [RS(K)] [‘bf@(m ] {8k}

To simplify this result, note the following.

{a);g(K)} = _Ra);a(K)y]{y} (body frame components of * ¢ 4 )

{a)_@( K)} a)g( ). y] [ D), y] (body frame components of “a e(x))
{vom)} =| Vo, y} (fixed frame components of © Yook, )

{ A0¢ k) } { Vo, (K)} [R og(,()y} [ Q&(K)J{y} (fixed frame components of RQOW))

Substituting these results into Equation (90) gives the following.

(a0, } =10, | [ R | ([@k]+ 5 D)@k }+[ Rear | {55}
[ Recsr | ([ @ (@i ]+ [55) ]+ (35 I @beso )+ [ Roce ] [ @b {55}
The terms in Equation (91) can be further rearranged to produce the following result.
a0, b =10, 1~ [Rer ] ([0 ][5 ) {0k} +[ e | (5%}
[ Reo ] ([ @0 (@ 1+ 5D ]+ (55 D@+ [ R ][00 1455}
= (a0, 0} +[ Rer ] [ @y J(Laicd+ s+ [ Ry | [ @k [ @2y J({aic} + {5 )
[ Ruer | 55} +[Ruc ] [ 5+ [Regr | [0 155}

{0, } ={a0,0, |+ [ Reco ] ({50 J(Lak} +{5ic}) +[ B [ @ J(faic} + {5 )
+{5 }+ 2[@5'@(,()]{&}( })

This result is identical to the one shown above in Equation (18).

oD

Or,

(92)

Body Origins — Body Frame Components

Using body frame components for the angular velocities and relative angular velocities, the terms in

Equation (74) for the body frame components in of the acceleration of O, can be rearranged as follows.

Copyright © James W. Kamman, 2026 Volume III — Unit 5 — Acceleration — page: 24/103



Uyl
_ e"(K)
{a’OK} - [RK]{aol }R + = |: RK}{an;-(K)/OSHI(K) }AS‘BHI(K)
S ey e(K)
:[RK]{aOI}R+ Z |: RK}{aOmK)/Os"H(K) }g"+1(K)+|:A RKJ{aOK/OS(K)}g(K) (93)

r=1

_ £(K)
_{aowo}K +[ RK}{aOK/OmK)}g(K)

_ ’
- {aos(K) }K + {aOK/OS(K) }

Expanding the expression in Equation (71), {a'OK 10c ) } can be written as follows.

' _[e)
{aoK/oﬂK)} = Ry

_ f(K)R

_[=p

£<K) Ry

f(K)R

[ e,]

Or, rearranging terms gives

I
oo
s

[ “OOR |

(2R ]

£(K)R ]

_ [f(K)R ] oot

_ ([R%K yl&(K) ) +([R‘§OKJ L(K) +[%(K)J[R‘A’Ox,y}s(K)){y}j
( 0” co OK’y]ﬁ(K){y}+[d):g(K):|[R{}OK’yi|£(K){y}j

( ~([ax ]+ R“’i@(K)y]){y'}
CIK] Sk ] %uo y %(K) y })

]([ ] J+15; ])[ wi(K)y]){y}
(AL sKl)([ i, [+ i |0})
i ] ki J+ [ I[85 1))

(

+ "‘“(K)RK_

1
i
s
1
1
S
E
1
—_—~
—~—
<9
=
——
+
——
o)
>§
——
N—

{ OK/0;<K>} [ OR ([ @ | (g} + sk )+ Doy N[ @y J({aic }+ {5k })

(94)
+{§’K} + 2[&);3(,()]{&}(})
Substituting this result into Equation (93) gives
v | £2(K)
{aOK}_[ RKji{aOg(K)}sz(K) (95)

+[ R J([Frir J({ak b+ 53 )+[ Frer J[ B J({a +s5)) + {35+ 2 B J 55

This result is identical to the one shown above in Equation (30).
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Body Mass Centers

To compare the results of the methods used for fixed frame components, Equation (81) is expanded using
results for the partial velocity matrix and its time derivative. Using base frame components for the relative

angular velocities, the fixed frame components of the acceleration of G, can be expanded as follows.

{aK} :[RVK,y]{y} +[R‘>K,y]{y}
- [[RVOK»J/]_[fK][Ra)K,yﬂ{y} +[[R‘>0K,y]_[~K][R0)K,y]_[;K:I[RwK,yﬂ{y} (96)
=([ o Jak+ [ Mo Jt) (R ([P Jd [ Mo, JO1) [ ][ o Ji)

To simplify this result, note the following.

{wK} = [RCOK,y ] {y} (fixed frame components of “@, )

O { =10 { = Ra)K yi+ Ré)K yi| (fixed frame components of RQtK)
Y Y

{VOK} [ Vox. yJ{J’} (fixed frame components of v, )

{aO } {VO } [RVOK yJ{y}+[R\>OK’y]{y} (fixed frame components of RqOK )

Substituting these results into Equation (96) gives the following.

{ax} :{QOK}_[FK]{@K}_[;KJ{QK} Z{QOK}_[FK]{“K}_[;K}{‘UK} 97)

This result is identical to the one shown above in Equation (22).

Using body frame components for the relative angular velocities, the fixed frame components of the

acceleration of G, can be expanded as follows.
fat =] "vie, 04+ "o, {0}
=[[ "o, ][RI T "k, ] |13}
[ Mo, ][R (7] ", ] - [ReT T 107 ] "ok, ]] ) ©8)
= ([ ®voeo JA+] oe, o)~ TR D[ ek, ik +[ "k, J04)
(R T [@ ] ok, )i}

To simplify this result, note the following.

{op} = [RCOIKJ ] {»}| (body frame components of “@y)

{lag}={ay} = [ Ra)}(’y}{y} + [ Rd)}(,y] {»}| (body frame components of *a )

{VOK} :[RVOK ,y]{y} (fixed frame components of v, )
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{aOK } = {‘}OK } = [RvOK,y]{y} +[R"’0K,y ] {¥}| (fixed frame components of “a,, )

Substituting these results into Equation (98) gives the following.
{a) ={ao, | ~[Re] [ Mo} = [Re] [ @[] {0k} 09)
={a0, |~ [Re] [Fcl{eic} - [Re] [ ][]

This result is identical to the one shown above in Equation (25).

To compare the results of the methods used for body frame components, Equation (87) is expanded as

follows.

gl +1
{ai)=[R]{ag ) + [k }{aorm/o | i)+ ok @ )
r=0 e(K)
Ugl +1
—[RK]{GOI}R+;)[£' (K)RK}{aOS 0 H(K)}W(K)JF[L(K)RK}{ OK/Of(K)}g(K)
Hag){rich+ax)lax i)
Or,

(100)

[ FOR ({875 + 2 @or JUsic )+l i+ [k @k )i}

This result is identical to that in Equation (35).

Examples

Example 1

The diagram shows a two-body system with frame F and disk
D. Frame F rotates at a rate of ¢ = Q (rad/s) about the fixed vertical

direction (annotated by the unit vector k). Disk D is affixed to and

rotates relative to F at a rate of 8 = @ (rad/s) about the horizontal

arm of F (direction annotated by the rotating unit vector e, ).

Reference frames: (all frames align when ¢ =6=0)

4—\

R:(i, j, k) (fixed frame) Framic. &

F (e, e, k) (rotating with frame F)
D:(n,,e,,ny) (rotating with disk D) 1]

Let {c?)F} and {c?)D} be the base frame components and let {c?)},} and {c?)b} be the body frame components of

the relative angular velocities "o r and ) p - Find the fixed frame components of the time derivatives of the
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partial velocity matrices and acceleration of point P a) using base frame components and b) using body frame
components of the relative angular velocity vectors. ¢) Find the body frame components of the time derivatives
of the partial velocity matrices and acceleration of point P associated with the body frame components of the
relative angular velocity vectors. Use results from Example 1 of Unit 4 for the angular velocities, partial angular
velocity matrices, velocities, and partial velocity matrices.

Solution:

a) Results from Unit 4:

The base frame components of the relative angular velocities are

(a}=[0 0 o

(an}=[0 o Of

Using these results, the fixed frame components of the angular velocities of the bodies are
{op } ={op} {WD}:{‘?’F}JF[RF]T{GA)D}

Defining the column vector of generalized speeds to be

{ F} } , the fixed frame components of the

partial angular velocity matrices are

[RCOFJ ]3% - H RwFﬁ’F ] [RCOF’@D ﬂ - [[l]m [0]3><3:
[Ra)D’y ]3><6 - [[RCOD,@F ] |:Ra)D>a3D :H = |:[]]3><3 [RF ]T |

The fixed frame components of Ryp and the partial velocity matrices are

e} = [RVP,a”)F ]{C‘A)F} +[RVP,£JD}{0A)D}
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["ea, 1=~ ([Fo0 ]+ Fro]) (101)
[ %oy | == Frro J[R] (102)
c, -S, 0 0] [-£S, 0 0 (C,
T T ~
[Re] =S, €, O|[{{ron)=[Re] 1 £p=4C, t||[Foo]=| © 0 s, (103)
0 0 1 0 0 -(C, —tS, 0
C,C, =S, CyS, —a C,C,
T T
[Ro] =|8,Co Cy 8,8y || [{rro}=[Rp] {0 t=-a{5,C, (104)
S, 0 Gy -s,
0 -aS, —a$S,C,
[Foio |=| aSy 0 aC,C, (105)
as,C, —aC,C, 0



0 as, ~(C,+aS,C,

[ “veo, |=|  —aS, 0 —(¢8,+aC,C,) (106)
' aS,S, aC,S, aS,C,
[ “vpo, |=|-aCySy aSyS, -aC,C, (107)
0 aC, 0
Acceleration:

The fixed frame components of "a » can be calculated by differentiating the fixed frame components of “v,,

as follows.

The

The

{ap}=[ "o, | 0r [ "pa, @+ Fmo, e} +] Bps, [{00) (108)

time derivatives of the partial velocity matrices are found by differentiating Equations (101) and (102).

[, 1= ~([Foro ]+ [Frio ) (109)

|:R‘.}P,c?)D J = _I:;P/Q][RF]T _[FP/Q][RF]T = _[;P/Q][RF]T _[FP/Q][&)F][RF]T (110)

time derivatives of the two skew symmetric matrices are built using the time derivatives of the fixed frame

components of the position vectors 1, and 1 p,, . Differentiating the results presented in Equations (103) and

(104) gives

0 0] [o - 0]|Cs =S, 0ff0] [0S, -QC; 0ffo
{r'Q/O}z[RF]T tt=[@ )R] 1 eb=[Q 0 ofs, Cc, 0jcp=|QCc, -Qs, 0|1¢
0 0 0 0 Ol o 0 1110 0 0 0ll0

-1QC, 0 0 -lQs,
:{fg/o}: 108, :»[?Q/O]z 0 0 e, (111)

0 Qs, -1aC, 0

0] [C, -S, 0](0] [-S,

{op)={op ) +[Rp] {ap) =101+ S, €, 0|{or=1 wC,

Q 0o o0 10 Q
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—a ) | 0 0 ec,|c,c, =S, CySyl(-a
. . T - T
(oo} =[Ro ] 10 t=[@]Ro 10 t=| @ 0 w80, ¢ 58,0
QS,Cy+0C,S,
= |} =a]-QC,C, +wS,S,
oC,

Substituting these results into Equations (109) and (110)

gives the following.

for the time derivatives of the partial velocity matrices

0o 0 s, 0 oC, QC,Cy - 08,8,
["po, [=¢| 0 0 -QC,|+a ~oC, 0 QS,C, +0C,S,
-QS, QC, 0 ~QC,C,+ 05,8, —(QS,C,+nC,S,) 0
0 anC, (QS, +a(QC,C,—0S,S,)
[ %50, |= —aC, 0 —1QC, +a(QS,Cy+aC,S,) || (112)
~0S,-a(QC,Cp-wS,S,) 1QC,-a(QS,C,+aC,S,) 0
"R . 2 T ~ ~ T
_RVP,@D}:_[VP/Q][RF] _[”P/Q][C‘)F][RF]
i 0 ~wC, —QC,Cp+08,8, |[c, -5, 0
=-a oC, 0 -(QS,Cy+0C,S,)|| S, €, 0
[0 ~aS, -aS,Cyl[0 - 0][C, -S, 0
aS,C, —aC,Cy 0 0 0 0 0 1
—wC,S, -0C,C, -QC,C,+wS,S, —aQs, 0 ol[c, -s, 0
=-a| oC,C, -0C,S, —(QS,Co+aC,S,)|-| 0 -aQs, 0||S, C, 0
| Qc, oS, 0 ~aQC,Cy —aQS,Cy 0| 0 0 1
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awC,S,
-aQC,

0

awC,C,
awC,S,

awC,S,+aQC,S,
—awC,C,+aQlS S,

a(QC¢C9_a)S¢S9) aQC,S, -aQs,S, 0
a(QS,Cp+0C,S, ) |+| aQS,S, aQC,S, 0

0 aQC, 0 0
awC,C,-aQS,S, a(QC,C,-wS,S,)

awC,S,+aQC,S, a(QS,C,+aC,S,)

[R

(0CyS,+QC,S,) (0C,C,-QS,S,) (QC,C,-wS,S,)

=a|(-0C,C,+QS,5,) (0C,5,+QC,S,) (QS,C,+aC,S,)

(113)

Vp.ap |

0

0

Substituting from Equations (106), (107), (112), and (113) into Equation (108) gives the fixed frame

components of *a, the acceleration of point P.

{aP}:_RVP,a”)F:|{£)F}+|:RVP,@D]{£)D}+|:R‘>P,a3F:|{é)F}+|:R‘>P,JJD:|{C?)D}
0 asy —(Cy+aS,Cy |1 aSyS, aCyS, aS,Cy |(0
=  -as, 0 —(£8,+aCyCy) |10 t+| —aC,S, aS,S, -aC,C, 3o
(Cy-aS,Cy 1S, +aC,C, 0 Q o ac, 0 |0
I 0 aaC, 198, +a(QC,C,~S,5,) |4
- ~aaC, 0 ~(QC, +a(QS,Cy+aC,S,) 1 0
~(0S,—a(QC,Cp-08,S,) 1QC,-a(QS,C,+aC,S,) 0 @
(0C,S,+QC,S,) (@C,C,—0S,S,) (QC,Co-wS,5,)|(,
+a| (-0C,Cy +QS,5,) (0C,S,+QC,S,) (QS,C,p+0C,S,)| 0
0 ~wS, 0 0
—1C, +aS,C, aC,S, 1978, +a(Q°C,C, - QS S, ) +a(0’C,C, ~QwS,S, |
={=(£8,+aC,C,) 1 Q+1aS,S, to+{~1Q°Cy+a(Q*S,C,p+QaC,S, ) +a(@’CyS, +QaC,S, )
0 aCy —aw’S,
—1C, +aS,C, aC,S, (Q°S,+aC,Co(Q” +0°)-2aQ08,S,
=1=(£8,+aC,C,) Q41 aS,S, to+{—1Q°Cy+aS,C,p (O + 0" )+ 2aQ0C,S,
0 aCy —aw’S,
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—1C, +aS,C, aC,S, 10%S, +aC,Cy (O + ) -2a008,S,
= {ap} =1=(£S,+aCyC, ) {Q+1aS,S, i+ ~1Q'C,+aS,Co (D +07)+2aQaC S, (114)
0 aCy —aw’S,

b) Results from Unit 4:

The body frame components of the relative angular velocities are

tarj=[0 0 | |{ap}=[0 o of

Using these results, the body frame components of the angular velocities of the bodies are

(i ={ah)| |lh)=| "Ry [{ar) +{a))

Defining the column vector of generalized speeds to be

partial angular velocity matrices are observed to be

[

} , the body frame components of the

[Ra)%,y on - H Ra)lrp,c?)'p ] [Ra);’,c?)b ﬂ - [[l]m [0]3><3:

[on, ], =l @b ] [Fons, J]=[["Ro] [1),,]

The fixed frame components of Ryp and the partial velocity matrices are

{VP} = [RVP,@; ]{é’%} "‘[RVP,%}{‘?)/')}

Vpap | = Fl |Too p] | TpPio Ry (115)

["vnas J= (% T+ 8o T30 %0 )

ey |==[Ro] [7ho ] (116)
as,S, aCyS, —LC,+aS,C, 0 aC,S, aS,

| “Voap |=| —aCyS, aSyS, —18,-aC,Cy || | *vpay |=|0 aS,S, -aC, (117)
¢ aC, 0 0 aCy 0

The transformation matrices [R ]T and [RD] are given in Equations (103) and (104), and [F R ] is as follows.

c, 0 =S,
["Ry|=| 0 1 0
S, 0 C,

Using this result, {w},} the body frame components of ®®, can be written as follows.

{0} =| "R, [{@}} +{ap} =

Cy
0
So

I 0
0o C,

0
0
Q

+

0
w
0

(118)
=! (119)
QCQ
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The 3x3 skew symmetric matrices are

0 0
[P ]=| 0 0
0

(120)

S O O
S Q O

0 0
O |[Fro]=]0
0 0

—a

Acceleration:

The fixed frame components of "a » can be calculated by differentiating the fixed frame components of “v,,

as follows.
{ap}={vp}= [RVP,@'J{C?)}}+[RVP,@,5]{C%} +[R"’P,@; ]{@fw} +[R‘>p,@b]{d)b} (121)

The time derivatives of the partial velocity matrices are found by differentiating Equations (115) and (116).

Differentiating Equation (115) gives the following.

[“na J==[2 ] [P0 ][R0 ] [P0 ][ "Ro ] ~[Ro] [Frio ][ "o ]

(122)
~ ~r ~ ~1 ~r ~ r
=~[&:T [ ][ Foo ][] (@] P [ "B ]-[Ro] [ ][ @ ] ["Ro ]
The first term on the right side can be simplified as follows.
C, =S, 0)f[o - o]0 0 ¢ C, =S, 0jf[o 0 0
~[Re) (@) Foo |=—| S, C, 0of|@ 0 o0]l0 0 0|=-|S, C, 0[0 0 (Q
o o 110 0 o0f-¢ 0 0 o o 11//0 0 o0
00 (S,
= |-[Re] [@7][ oo ]=| 0 0 —tQC,
00 0
The second term on the right side can be simplified as follows.
C,Cy =S, CS, 0 —QC, o [0 o o]C, 0 =S,
~[Ro ] [@p ][ oo || "Ro |=-| SsC0 Cp S,SyQC, 0 QS0 0 a0 1 0
S, 0 C, || -0 -QS, 0 |0 —a 0)S, 0 C,

-S, 0 C, ||[0 0 -aQs, ||Se 0 C,

C,Cy —S; C,Sy| —-aQS,C, —aw  —aQC;
=-18,C, C, 8,8, 0 -aQs, 0
Sy 0 Co || -aQs, 0 -aQS,C,

=—| —aQS,S, —awS,C,—-aQC,S, -aQs,C,
0 amsS, 0
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aQC,S, awC,C,—aQS,S, aQC,C,
= |-[Ro] [@p][ oo || "Rp | =| aQ28,S, awS,Co+aQC,S, aQS,C,
0 —aws, 0
The third term on the right side can be simplified as follows.
_C¢C9 =S, C¢S9__0 0 0J][0 0 -w]|Cs O =S,
~[Ry] [ ]| " }[FR] S,Co Cy S8, (10 0 alfo 0 0] 0 0
-S, 0 C, 10 —a O0jl@ O O ]|S, 0 C,
C,C, =S, CySyf0 0 0][Cy O LT
==18,Cq C,4 S§,S,|law 0 0} 0O 0
_—Sg 0 C, __O 0 0__S9 0 9
—awS, 0 0|[C, 0 -5,
=—| awC;, 0 Ol 0 1 O
0 0o ollS, 0 C,
awvS,C, 0 —aws,S,
= |- [Ro] [0 ][ " | ["Ry | =|~aeC,C, 0 awC,s,
0 0 0
Substituting these results into Equation (122) gives the following.
[“ea =~ (R 105 )[For0 ]=[Ro] [b)[7h0 L "Ro J-[Ro] [ ]| @5 | "R ]
0 0 (QS, aQC,S, awC,C,-aQS,S, aQC,C,
=[0 0 —QC, |+|aQS,S, awS,C,+aQC,S, aQs,C, (123)
0 0 0 0 —ans, 0
awS,C, 0 —awS,S,
+|—awC,Cy 0 awC,S,
0 0 0
Differentiating Equation (116) gives the following.
iy == [Ro] [Prio]=~[Ro] [@][ 0]
C,Cy =S, CuSyll 0 -QC, @ |[O 0
== §,Cp C, S48, QC, 0 QS,[l0 0 a
-S, 0 C, || -0 -QS, 0 |0 —a O
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0 aws, 0
0 awC,Cy-aQS,S, aQC,
=|[ " |=|0 awS,C,+aQC,S, aQs, (124)
0 —awS, 0

Substituting from Equations (117), (123), and (124) into Equation (121) gives the fixed frame components

of *a, the acceleration of P in R.

{ap} = |:RVP,a")'F ]{d)}} +|:RVP,(Z)’D J{Cz’b} +[R‘>P,@'F ]{U‘A’Iv} +[R"’P,asb ]{é’b}

as,S, aC,S, —LC,+aS,Cy (0 0 aC,S, aS, |0
=|—-aC,S, aS,S, —{S;-aC,C, O +10 aS,S, -aC, |
4 aC, 0 Q 0 aC, 0 0
0 0 QS, 10 aQC,S, awC,C,—aQs,S, aQC¢C9 0
+0 0 —QC, |10 -+|aQS,S, awS,C,+aQC,S, aQS,Cy |10
10 0 0 Q 0 -ams, 0 Q
- avS,Cp 0 —awS,S, |0 0 awC,C,—-aQdS,S, aQC¢
+|—awC,Cy 0 awC,S, |10:+/0 awS,C,+aQC,S, aQS, |jo
0 0 0 Q 0 —ams, 0 0
—EC¢+aS c, aC,S, 49 S¢+aQ2C¢C9 aaXdS ;S , aw C¢C9 aaXdS ;S ,
0 0 —a®’S
—(C4+aS,C, aC,S, (7S, +aCyCo (@ +07 ) ~2a002S .5,

{ap}=1-

0

aC,

(£8,+aC,C,) 1 Q+1aS,S, (+{~1Q'Cy+aS,Co(Q + )+2aa)QC¢S9

(125)

2

As expected, this result is identical to that of part (a) in Equation (114).

c) Results from Unit 4:

The body frame components of the relative angular velocities are

=l 0 of

{&

b=l o of

{&
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Using these results, the body frame components of the angular velocities of the bodies are

{op} =] "Ry, |{@p} +{ap)

10y =

Defining the column vector of generalized speeds to be

, the body frame components of the

partial angular velocity matrices are observed to be

[Rw;”,y ]3x6 - [[ Rwll”’f?"F ] [Rw;’,@b ﬂ = [[1]3><3 [0]3><3:
["ob, L =[["0bas ] ["obas ]]=[["Ro] 1]

The body frame components of the velocity of P are

o} ==(["Ro | 70 |+ [ T [ "Ro | (@5}~ g} )

=[S [{@r )+ Voa, [{(0h)

Here,

0 0 ¢ 0 0 0 c, 0 =S,
[Foo]=[ 0 0 0| [Fro]=[0 0 a| ["Ry]=|0 1 0
— 0 0 0 —a 0 S, 0 C,
—(S, 0 —-(C, 00 0 —1C,Q
[ Vioy [=|=aSy 0 =aCy || ["Vha, |=—[Fro]=|0 0 —a|| |[(vp}=] -aC,Q
(C, a -IS, 0 a 0 —18,Q+aw
Acceleration:

The body frame components of Rg p can be found by appl

(*v)=

d
dt

Ra

R
ap =—
e =

R R R
( YP)"‘ WpX Vp

ying the derivative rule as follows.

Using the body frame components of the angular velocity components, the scalar form of this equation is

tap) = {vp} +[a) [{vi)

R_1 R_r R_r

(126)

!/

=[ "y {1+ Voo 1@} +][ "hay J{05) [ "y [0} +[@5] ()
Here,
[ s, |=~[Fro]=10],.4
C, 0 =S,1(0 0 -QS§,
{op) =] "Ry ok} +{apt=| 0 1 0 J0t+iot={ o
_ s, 0 C,|lQ |o] |ac,
[—tS, 0 —(C,] |-t6C, 0 168, —(C, 0 (S,
[RV}’@,F]:% -aS, 0 -aC,|= —aéCa 0 aé’sg =w|-aC, 0 a$,
| (C, a IS, | |-16S, 0 -(6C, —S, 0 —(C,
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This final can also be calculated by differentiating the general equation for [Rv},, o } as follows.

[ (ol b0l 80]){[36] [0l0)o [5 6] [ ')

Expanding this equation gives the same result.

Substituting into Equation (126) and simplifying gives the following.

{ap) =] ®hap {81+ Voo, {01+ oo o)+ ", J{ap) +[@p]{05)

ZEro

~(S, 0 —(C,1(0) [0 0 070 —(C, 0 ¢S, (0
=|-aS, 0 -aCy,|K0¢+|0 0 —-a|fo;+w|/-aC, 0 aS, |10
C, a —1S,[|Q] |0 a 0|0 —1S, 0 —(C,||Q

-0 -QS, 0 [0S, QQ+aw

—(C, 0 (S, aQ’Cp —1S,Qo+ aw’
=1-aC, (Q+{0rd+1 aS, (Q+{-1Q°(C +5;)+aS,Qw
~(Sy aj G 1C, Q0+ aS,C,0°
~(C, 0 (S, ~(S, aC; a
=1-aC, tQ+0r@+{ aS, t@Q+1 aS, toQ+{ — O’ +10t0°
~(C, 0 0 aC; a
{ap} =1-aCy tQ+10t@+{2aS, t@Q+] —( Q7 +{0 0’ (127)

Comparison with Previous Results: (Volume I, Examples in Units 2-4)

In Units 2-4 of Volume I, *a, the acceleration of P in R was expressed in frame F as follows.

*a,=a6S,~1Q+aC, (0’ + Q)| ¢, +[-aQC, +2a0Q5, - 10 ¢, +[ a0 C, —aa’S, |k

This previous result can be converted into fixed frame components as follows.

c, -S, 0 aiS,~1Q+aC,(” +Q’)
la,)=[R:] {ap}, =| S, €4 O —aQC,+2a0Q8, 1O
0 0 1 aC,-aw’S,
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aiC,yS,~1CQ+aCyC,y(07 +Q7)+aQS,C)~2a Q8,8 +(S,Q°
=1ad$,S,~18,0+aS,Cy(0 +Q*)-aQC,C,+2a0QC,S, 1 C,0F

. 2

~1C,+a 5,C, aC,S, (8, +aC,Cy(0 +Q ) =20 0Q5,S,
=118, -aC,C, tQ+1aS8,S, to+1—LC,Q" +aS,C,(07 +Q7)+2a0QC,S,
0 aC, —aa)zSg
—1C,+a 5,C, aC,s, (8,9 +aC,C, (0" +Q7)-2a Q35,8
= {ap} =418, -aCyCp 1 Q+1aS,S, to+{—1C, Q7 +aS,C,)(" +Q7)+2a0QC,S, \/
0 aCy —aa’S,

These results are identical the those found above.
The previous result can also be converted into body frame components as follows.
c, 0 —s,]|a@S—1Q+aC,(0* +Q7)
{ap}=[ "Ry [{ap}, =| 0 1 0 |{ —aQC,+2a008, -2’
Se 0 C awCy—awS,
a®S,Cy—1CyQ+aCy(0’ +Q’)-ad$,C, +aw’s,
= —aQC,+2a0QS, (O’
aiS; —18,Q+aS,Cy(0* +Q°)+aidrC) —aw’S,C,

—LCy 0 0 aC, a
= |{ap} =1-aC, tQ+:0td+42aS, t@Q+] L O’ +{0;0° \/

This result is identical to that in Equation (127).
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Example 2
The diagram shows a two-body system with frame F and bar B.

Frame F rotates (¢ = Q) about a fixed vertical direction annotated by
the unit vector k, and bar B is attached to F' with a joint allowing
rotations about fwo axes. Rotation about the first axis is measured by
the angle y , and rotation about the second axis is measured by the angle
0. The angles ¢ and w are both zero in the position shown. B is
oriented with respect to F'using a 3-1 rotation sequence. Three reference

frames are defined for the system as follows.

R:( i, ], ]g) fixed frame

F: (gl,gz, Ig) rotating with Frame, F

B:(lgl,lgz,l~13) rotating with Bar, B

Let {c?)F} and {C?)B} be the base frame components and let {c?)},} and {c?)l;} be the body frame components of

the relative angular velocities “o . and " @ ,. a) Find the fixed frame components of the time derivatives of the

partial velocity matrices and of the acceleration of point P using base frame components or the relative angular
velocity vectors. b) Find the body frame components of the time derivatives of the partial velocity matrices and
acceleration of point P associated with the body frame components of the relative angular velocity vectors. Use

results from Example 2 of Unit 4 for the angular velocities, partial angular velocity matrices, velocities, and partial

velocity matrices.

Published results of the derivations of the results of this example using the Symbolic Math Toolbox of

MATLAB are shown in Addendum A.

Solution:

a) Results from Unit 4:

The base frame components of the relative angular velocities can be written as follows.

(ar)=[0 0 4]

)
Frame, F

F@B:‘9731""/.’@:9((?;1/?1"‘*9.//?2)""/'/& :{@B}:[écy/ ‘QSW ‘/’]T

Using these results, the fixed frame components of the angular velocities of the bodies can be written as

{op} = {0 {‘UB}:{‘?)F}“L[RF]T{“A)B}

Copyright © James W. Kamman, 2026 Volume IIT — Unit 5 — Acceleration — page: 39/103




Defining the column vector of generalized speeds to be

partial angular velocity matrices are observed to be

o0 (s ) Cors (1L, D

[Ra)B’y }3><6 - [[RQ)B’@F ] [RQ)B’“A’B ﬂ ~ [[[]3X3 [RF ]T:

The fixed frame components of RyP and the partial velocity matrices are

e} = [RVP,a”)F ]{C‘A’F} +[RVP,&JB}{C?)B}

Copyright © James W. Kamman, 2026

|:RVP,&)F: = _I:FQ/O:' _[FP/Q]
[RVP,@B : = _[FP/Q][RF ]T
[c, -S, 0 0] [,
T T
[R:] =[S, C, 0| [roo}=[R:] {¢{=11(C,
0 0 1 0 0
Cory —SpeyCo S40ySo 0 —aS,,,Cy
T T
[RB] - S¢+'// C¢+V/C9 _C¢+V/S6 {”P/Q}:[RB] ar= aC¢+WC9
0 S, C, 0 as,
0 0 (C, 0 -aS,  aC,,,C,
[Fo0]=| 0 0 08, || ([Frol=| a5, 0 aS,,,Co
~(C, —tS, 0 ~aC,,,Cy —aS,,,Cy 0
0] [c, -s, o]féc,] [0(CsC,=S4S5,) oc,,,
(@) = {0} +[Rp] {dy) = 014/, €, 0]96S, 1=10(S,C, +C,S, ) =165,
¢ 0 0 1| v by b+
0 as, ~(¢c, +aC,,,C,)
[ “vr, | = —~a$, 0 —(¢8,+as,,,C,)
(C,+aC,,,Cy 1S,+aS,,,C, 0
[ aS,S, aC,S, -aC,.,C, ~(§Cy+ab5,,,S,~($+y )aC,,,C,
[ "vpo, |=|-aCySy  aSyS, =aS,,Cp || [{vp}=1-14S,-abC,,,S,~(p+y)as,,,C,
| aC,C,  aCyS, 0 abC,

, the fixed frame components of the

(128)
(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)
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Acceleration:

The fixed frame components of Rg p the acceleration of P can be calculated by differentiating the fixed

R
frame components of “v, as follows.

The

{ap} = {‘.}P} = [RVP,&)F}{QA)F}”L[RVP,@B]{CA‘)B} +[R‘>P,&;F]{03F} +[R‘>P,&)B ]{&)B}

(137)

time derivatives of the partial velocity matrices are found by differentiating Equations (129) and (130).

[ “ra, J=[Fo0]-|7ro]

|:R‘.}P,a"13 J = _[’;”P/QJ[RF]T _[FP/Q][RF j|T = _[;P/Q][RF]T _[FP/QJ[CDF][RF ]T

(138)

(139)

The time derivatives of the two skew symmetric matrices are built using the time derivatives of the fixed frame

components of the position vectors Iy, and I p; . Differentiating the results presented in Equations (131) and

(132) gives
0 o) [o -4 ol|[Cc, —S, 0](0) |-4S, —4C, 0]f0
. -7 ~ T . . .
oo} = Re ] {01 =[aF][Re] {tt=]4 0 0|lS, C, 0|itp=|gC, —4S, 0|/
0 0 0 0 Of]o 0o 110 0 0 0/0
~(¢C, 0 0 —(gS,
= Fon}=1-08S,¢ |[Fo0]=| © 0 ¢4C, (140)
0 14s, —tgc, 0
0 0 0 _(¢ + ‘//) QS¢+V/ C¢+W _S¢+1// CH S¢+t//S¢9 0
. S ~ T C :
{Fpo)=[Rs | {at=[@5][Rs] {at=|(d+¥) 0 —0C,, || Sy  CpyCo  —Cy.,Sq | a
0 of |-és,, 6c,,, 0 0 \p Cy |10
0 _(¢+V/) 9S¢+W —aS,,,Cp
=|(¢+y) 0  -6C,, |3 aC,,,C,
-0S,,, 6C,,, 0 as,
~aCy,,Cy(p+y)+aS,S,.,0
= {Frio} =1-0S,., Co (d+17)—aS,C,., 0
aC ,0
0 ~aC,0 ~aS,,,Cq(9+v)-aS,C,,,0
(70 |= aCy0 0 aCy,, Co(d+v)-aS,S,.,0 | (141)
aS,,,Co(d+v)+aS,C,, 0 —aC,,,C,(+y)+asS,S,.,0 0
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Substituting the results from Equations (140) and (141) into Equation (138) and simplifying gives the

following.
0 0 rgs, 0 aCof |7 ],
[ %p.0, 1=~ Foro |-[Fro ] = 0 0 ~0gCy |+| ~aC,f 0 o],
_£¢S¢ £¢C¢ 0 I:FLP/QJB I:;P/QJ23
Here,

[Frio |, ==Sp0, Co(9+17)-aS5Cy,, 0| and |[Fng | =aCy., Cy(d+17)—aS,S;,,0

(142)

(143)

Substituting from Equation (141) with other results from Unit 4 give the time derivative of the second partial

velocity matrix.

[V, |=~[Feo IR ~[ 0 L@ )R]

0 aCHH _[ Q]13 S¢ 0
= —ané 0 [ ]23 0
[;P/Q:'B [;P/Q]zz 0 0 0 1
0 -as, aCy,,Cyll0o —¢ 0||Cy =S, 0
- asS, 0 aS;,,Coll¢ O 0)S, C, O
-aC,,,C, -aS,,,C, 0 00 0o o 1
aS¢C€9 aC¢C99 _[;P/Q]B
= —aC¢C96" aS¢C99 _[;P/Q:I%
[;P/Q]B Cy +[’&P/Q ]23 S _[;P/Q 13 Sgt [;P/Q]% C 0
—~aS o 0 ofc, -S, 0
- 0 —aSqy¢ 0|l S, C, O
—aS;,,Cop aC,, ,Cop 0|0 0 1
aS¢C€9 aC¢C99 _[;P/Q]n
= —aC¢C96’ aS¢C99 _[;P/QjIzB
[;P/Q]B Cy +[;P/Q ]23 S _[;P/Q 13 Syt [;P/Q]ﬁ Cy 0
aC ;S o ~aS ,Sof 0
+ as S o aCyS o 0

aC,S,.,Cop—aS,C,,,Cop —aS,S,.,Cop—aC,C,,,Cop O

Simplifying terms in the two matrices gives the following.
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[Frio ] Cot[Frio ], S = (-84, Co (+17) = aS4Cy,,, 0) Cp+(aCy,, Co (+17) -aS,S,,,0) S,
= (04841, Co+aS,Cpuy Co (947 ) ~(aSCyCry + 505,55, )0
=-aC,(CyS,.,, = S,Cpoy )(B+¥7)=aS,(CyCpry +5,5,., )0

= [ Frio ), Co+|Fro ], Ss==aCyS, (#+v)-aS,C,0

~[Frio )y So+[Fro |, Co = (0S40, Co (417 )+aS,Cy,, 0) S, +(aC,, Co(+7)—aS,8,,,0) C,
=aCy (8,8, +Cy, C,p)($+17)+aS,(Cprpy Sy =S4, C, )0
=aC,C, (+y)-aS,s,0

= |~ Frig ], s+ Frio ], Co =aCyC, (9 +v7)-aS,S, 0

aC,S,., Cop—aS,Cp., Cop=aCy(CySy.,, —S,Cyu, )$=aC,S,

—aS,S,,, Cobp—aCyC,.,Cop=—aCy(S,S

Pty Pty

+CyC,., )$=—aC,C, 4

Substituting into the two matrices gives the following result.

| a(8,C,0+C,S,9)  a(C,Cob-5,508) a8, Co(d+1)+S,Cy,0)]
[%py |=| a(SsS08-CoCoB)  a(S,Co0+CySup) a(S4S4,,0-Cp, Co(+v7)) (144)
—a(C,S,4+8,C,0) a(C,Cy=5,8,0) 0 |

Substituting from Equations (135), (136), (142), (143), and (144) into Equation (137) gives the fixed frame

components of *a, the acceleration of P in R.

{aP}:[RVP,@F:'{(?)F}+|:RVP,(ZJB:|{aA)B}+|:R‘>P,(ZJF:|{OA)F}+[R‘>P,(Z)B:'{(‘A)B}
Each of the terms is expanded and simplified below.
0 as, ~(£Cs+aCpCo) | (o) [~tC,-aC,.,C,
[“pa, {0 )= —a$, 0 ~(¢8,+aS,,,C,) 01=1 18, ~aS,,,Cy (¢
(C,+aCy,,Cy (S,+aS,,,C, 0 ¢ 0
| aS,S, aC,S, -aC,,,C,|[dC,-bys,
[ e, [ @s}=|—aCyS, aS,S, -aS,,,C, |{0S, +6yC,
aCQCW anSW 0 W
| aS,S, aC,S, -aC,,C,|[(éC,)| [ aS,s, aC,S, -aC,,,C,|[-0vS,
=|-aC,S, aS,S, -aS,,,Cy|{6S, +|-aC,S, aS,S, =-aS,,C, |1 0yC,
aCyC, aC,S, 0 y aCyC, aC,S, 0 0
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aS,(8,C, +C,S, )0-aC,,, Coii | | aS,(-S,5,+C,C,)

={aS,(-C,C, +5,S,)0-aS,,, Coi -+ aS,(C,S, +S,C,) 16y

aC,(C,C,+5,5,)0 aC,(-C,S, +S,C, )
aC,0 0
=|[ Voo, | @n} =1 -S4, Co (97 +1-0S,Cp, 1 G+1aS,S,,, OV
0 aC, 0
0 0 ¢S, [0
R.- A ;
[ “po, [{0}=| 0 0 ~£4C, |50
—(¢S, (¢C, O |¥
0 aCy0 aS,.,Co(d+v)+aS,Cp 0 | (o
+ ~aC,0 0 ~aCy,,Cy(p+y)+aS,S,.,, 030
Sy, Cy($+1)~aSyCyo, 0 aC,.,Co(h+v)-aS,S,.,0 0 ¢
‘s, aS;.,, Co(4+v)+aS,C,.,0
= —(Cy 1§ +1-aC,,,Cy(h+y)+aS,S,,, 0
0 0
(S, +as,,,C, aS;,,C, aSyCy,,
= [ "o, {Or} ={—1C,=aCy.,Cy t° +{-aC,,, C, (B4 +4 aS,S,., 40
0 0 0
R A
[ VP,JJB]{C"B}

a($,Co0+CySyp)  a(CiCol=S,S,8) (4, Co(d+)+S5,Cp,0) | (¢
=| a($,8,8-C,C0)  a(S,Co0+CyS,B) a($,8,.,0-Cp,Co(d+v))|16S

14

14

~a(C,S, ¥ +8,C,0) a(C,C, ¥ —5,8,0) 0 4
a($,Co0+CyS$)0C, +a(CuCo0-S,8,$)0S,, +a(S,,, Co(d+17)+5,Cy,, 0)v
=1a(8,8,$-C,Co0)0C, +a(S,Cof0+CyS,$)0S, +a(SyS,.,0-Cp, Co($+7))y

74
~a(CyS, ¥ +5,C,0)0C, +a(C,C,y -5,S,0)6S,
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Cp(S,C, +CyS, )07 +(Sy, Co )0 +(Syy Co ) b7 +(S4C,,, )0+ S, (CyC, = S,S, ) $6

=aiC,(-C,C, +5,8, )07 +(~C,,, Co J0* +(=Cy,, Cy ) ¥ +(S4S,,,, )0 +5,(5,C, +C,S,, ) $0
~S,(Cp +5;, )6

(CoSpy )07 +(S,0 Co )0 +(Sp1y, Co ) Y +(SCyo, )10 +(S,4C,.,, ) 90

=a3(=CyCpuy )0 +(=Cyuyy Cp J¥” +(=Cyy Co ) B +(S S0y, )00 +(54S,., )90

(=54)6"
aCpSy., aS.,Co aSy,,Co asyCy,, asyCy.,
= | "po, {0} =1-aC,Cy,, 107 +{-aCy,, Cy pyi” +{-aC,., Cp (B +1aS,yS,,,, 11i0+4aS,S,., 40
—a$, 0 0 0 0
Combining results for the four terms gives the result.
{ap} = [RVP,@F J{C‘A’F } +[RVP,0‘)B :I{d)B } +|:R‘>P,a3F ]{C‘A)F} +[RVP,@B J{@B}

=3 —(S,-aS,,,Cy t+1-aS,,,Cq 1V +3-aS,Cy,, 10+4aS,S,,, Oy

0 0 aC, 0
(8, +asS,,,Cq aS,,,C aS,Cy.,

+1—(C,—aC,,,Cy t§* +1-aC,,,Cy 1y +1 aS,S,,, 90

0 0 0
aCpSy., aSy.,Coy aS,.,Co asyCy., aSyCy
+1-aCyC,.,, 16> +{-aC,.,Cytyr* +1-aCy,,Cp 19y +4aS,S,,, 10+ aS,S,., 40
~as, 0 0 0 0
{aP} = [RVP,&)F }{QA)F} + [ RVP,@B ] {C?)B } + [ R‘}P,(Z)F :|{C?)F} + [ R‘}P,&)B J {QA)B}
= =< (S, -aS,,,Cy t$+1-aS,.,Cy i +1-aS,C,,, t0+1—-LC,—aC,,,Cy 4 (145)
0 0 aC, 0
aS,.,Cy aC,yS,., 2aS,.,C, 2a8,C,., 2a8,C,.,
+4-aC,,,Cyty* +4-aC,Cy,,, 167 +3-2aC,, ,C, r 9y +142aS,S,,, +#60+124S,S,,, 1y

0 —a$, 0 0 0

This result agrees with results generated using the concept of relative motion. It can also be verified using the
concept of direct differentiation.
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b) Results from Unit 4:

As in the previous example, the base frame and body frame components of “@ p are identical.

(o) ={ap)=[0 0 ¢]

The angular velocity of B relative to F' (3-1 rotation sequence) can be written in the body frame as follows.

Fwy=0n,+yk=0n,+y(Syn, +Cons )| =|lay}=[0 ys, vc,]

Using these results, the body frame components of the angular velocities of the bodies can be written as

(o)) ={ap}| {@h}=] "Ry [{d}+{ap)

}} , the body frame components of the

Defining the column vector of generalized speeds to be |{y} é{

partial angular velocity matrices are observed to be

[0k, Jyo =\ 0k ] ["oban ][] (0]
["an ]y =[["har] ["ebas]]=[["s] [7]s]
The body frame components of RYP and the partial velocity matrices are

vod = ([ Ro o0 ]+ [Prro JL "R )15} ~[ o J{)

—~——

[y ]= =L "Ra [P0 - [P0 )L "Rs ]| [ "ha J=[ o] (146)
0 0 ¢ [0 0 a C, s, 0
(70 ]=[ 0 0 0f [Fo]=[ 0 0 of ["Ry]=|-s,C, C,Cp S,
£ 0 0 —a 0 0 S,S, -C,S, C,
-as,S, aC,S, —((C,+aC,) 0 0 —a
[vio =] 1S, 0 (8,C, [ oy |==[Fro]=]0 0 0
(Cy+aC,  aS, 15,8, a 0 0
~(£C, +aC,)p—aCpyr
{vp}= (8,,Cyp
~(S,,S yp+ab
Acceleration:

The body frame components of R ap can be found by applying the derivative rule as follows.

Ra Pd
“ap Z_(RYP) __(RYP)+ *o % v

dt dt
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Using the body frame components of the angular velocity components, the scalar form of this equation is

{ap} ={V'}a}+[a3;]‘{v;} |
SR A R A R (A R R (A R A TN

(147)

[

R-r
VP,al

] = [O]3><3

Here,
~a(C, Sy +5,C,0) a(=S,Syr+C,Cob)  ((S,y+aS,0)
Vhay |= 1C,0 0 (¢, Cor—5,8,0)
~(£8,6+aS,y) aC,y ~((C, Sy +8,C,0)

C, S, 0 (o 2] 0
{op) = "Ry Jl} +{dy}=| -5,C, C,Cp S, H+ WSy =150 (4+v)

Substituting into Equation (147) gives the body frame components of Rg P

{ap) =[ "oy J{r b+ Voo, n [ "y J05 )+ "o, J{@n)+[@5 105}

-as,S, aC,S, —({C,+aC,){(0) [0 0 —-a P
=| 8, 0 (8,C, 0¢+0 0 0 |47, +y0C,
(Cy+aC, S, —(S,S, ¢] la 0 0 ]|yC,-yoS,

—a(C, S +5,C40) a(=S,S+C,Ch0) (¢S, +aS,0) {0%
)

+ 0C,0 0 ((C,Coyr—5,8,0) |30
(rs,0+a5,0) aC, ~0(C, S +5,C,60) |9
I 0 —C9(¢5+1//) Sa(é“/’) —(wa+aC6,);/5—aC91//

+ C9(¢+W) 0 -0 fSWCM
_—S9(¢+vi) 0 0 ~(S,,S g+ ab
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Sy/Se _CWSH Cy ¢ wC, C9(¢3+l/'/)
0 —Cpdrv) S,(d+v)
[&}]= c9(¢5+y)) 0 -0
=S, (d+v) 0 0

+[Rv';,@b ]{aa,;}
H_J

ZE€ro
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(¢C, +aC,) —a(yC,—y0S,) 1S,y +aS,0
(5,Cy 1o+ 0 +20(C,Cor =S, 5,0)
l 15,8, ad (€, S +5,C,0)
o(8+1)0S,Copp+ Sy (h+y7) (1S, S+ abd)
o(#+9)((£C, +aC,y)p+aCoyr)-0(~1S,S 4+ ad)
So(d+yr ((zcw+ac9)¢+acgy))+zswcg¢39

—(tC, +aGy)|  (-ac, 0 8, (C5+55) 0 .

(8,Co (1 0 Hi+d 0 18+1-Cy((C, +aC,)§ +{ -aC} 1y +1-a 0’

-8 Sg 0 a6 SQ(KCW+(ZC9) aSQCH 0

2
(Cz +5 ) 2aS$, 2a§,
+ KCWCg—aCfg—Cg (ZC,/, +acg) ¢l//+ _ESV/SG +KSWS9 ¢0+ 0 (//6’
~(C,, S, +aS,Cy+S,(1C, +aC,) —(S,Cy+18,C, 0
Simplifying further gives the result.
—(rc, +aC,) —aC, 0 ~(S, 0 0
{a;’}: gSy/Cg é"’ 0 rw+40 0+ —CQ(ECW+aC9) ¢2+ _acé V'/2_|_ _a\@?
—(S. S 0 a S.C 0
w0 Sy((C, +aC,) aS,C, (148)
0 2aS9 2aS9
+32aCh tdy+1 0 (g0+1 0 tyb
2aS,C, 0 0

This result agrees with results generated using the concept of relative motion.
Note that the time derivative of the partial velocity matrix Rv}g, o J can also be calculated by differentiating

the expression in Equation (146). That is,
[ 1=~ R [P0 ][0 ] 2]
=] ["RalFoo Lo ][ "@ ] ["Rs]

(149)

Here,

0 —vC, vS,
|fay]=| ve, 0 -0
S, @ 0

Expanding Equation (149) gives the same result as that found above by directly differentiating its elements.
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Example 3

Write MATLAB scripts to numerically evaluate the matrix equations you derived above in Example 2 using the
data below. First calculate the partial angular velocity matrices and the angular velocity components. Then
calculate the partial velocity matrices and the velocity components of point P. Use the results of Unit 4 as a basis
for these calculations. Finally, calculate the time derivatives of the partial velocity matrices and the acceleration

components of point P.

Data:
(=19 (in) a =11 (in)
$=0 y=20(deg)  6=30(deg)

$=1.5 (rad/s)  w =2 (rad/s) 0 =—-0.5 (rad/s)
$=3(rad/s’)  y=5(radls’) OH=-1.5 (rad/s?)
Solution:
The MATLAB scripts are shown in the highlighted sections below. The scripts use procedures presented in
Units 2, 4, and 5. They calculate some results twice using different methods to provide a check on those results.

The scripts use the following three functions

1. calculateTransformationMatrixFromAnglex
2. calculateTransformationMatrixFromAnglez
3. buildTildeMatrix

The first two functions construct transformation matrices associated with single angle rotations about the X and
Z axes, respectively. The matrices were first presented in Unit 5 of Volume I. The third function accepts a 3x1
vector and constructs a 3x3 skew-symmetric matrix for computing vector cross products. This function was first
discussed in Exercise 1.1 of Unit 1 of this volume. The contents of the three functions are shown in
Addendum B.

MATLAB Script and Results for Example 3(a): (Equations of Example 2(a))

%
% solution for volume III, Unit 5, Example 3(a) - Rotating Arm with 2 DOF
% joint
%
% Calculation of fixed frame components of partial angular velocity,
% angular velocity, partial velocity, velocity,
% partial velocity derivatives, acceleration of point P
%
% These calculations follow the equations developed in Unit 5, Example 2
% which uses base frame components of relative angular velocity vectors
%
clearvars

% Lengths and Position Vvectors

TengthoQ = 19/12; % (feet)
Tengthqr = 11/12; % (feet)
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%

%

%

%

%

%
%
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Position vectors in local coordinates
positionvectorqQwrtoPrime = [0; lengthoQ; 0]; % Coordinates in frame F
positionvectorPwrtQPrime = [0; lengthQP; 0]; % Coordinates in frame B

Angles and their derivatives

phibeg = 0.0; % angle phi in degrees

psiDeg = 20.0; % angle psi in degrees

thetabeg = 30.0; % angle theta in degrees

phibot = 1.5; % phi dot in rad/s

psiDot = 2.0; % psi dot in rad/s

thetabot = -0.5; % theta dot in rad/s

phiboubleDot .0; % phi double dot in rad/sA2

Il
1w

psiDoubleDot .0; % psi double dot in rad/sA2
thetaboubleDot -1.5; % theta double dot in rad/sA2

convert to radians and calculate trigonometric functions
phiRad = deg2rad(phiDeg);

psiRad = deg2rad(psiDeg);

thetaRad = deg2rad(thetabeg);

sinPhi = sin(phiRad); cosPhi = cos(phiRrRad);
sinPsi = sin(psiRad); cosPsi = cos(psiRad);
sinTheta = sin(thetaRad); cosTheta = cos(thetaRad);
sinPhiPlusPsi = sin(phiRad+psiRad);

cosPhiPlusPsi = cos(phiRad+psiRad);

Transformation matrices - FF is the fixed frame
transformationMatrixFwrtFF =
calculateTransformationMatrixFromAnglez(phiRad);
transformationMatrixBwrtF =
calculateTransformationMatrixFromAnglex(thetaRad)*
calculateTransformationMatrixFromAnglez(psiRad);
transformationMatrixBwrtFF =
transformationMatrixBwrtF*transformationMatrixFwrtFF;

Check of transformation matrix of B with respect to F
transformationMatrixBwrtFCheck =
[cosPsi, sinPsi, 0;
-sinPsi*cosTheta, cosPsi*cosTheta, sinTheta;
sinPsi*sinTheta, -cosPsi*sinTheta, cosTheta];

transformationMatrixBwrtFFCheck =
[cosPhiPlusPsi, sinPhiPlusPsi, O0;
-sinPhiPlusPsi*cosTheta, cosPhiPlusPsi*cosTheta, sinTheta;
sinPhiPlusPsi*sinTheta, -cosPhiPlusPsi*sinTheta, cosTheta];

Using base frame components of relative angular velocity vectors
build the state vector y.

omegaHatF [0; O; phiDot];

omegaHatB = [thetaDot*cosPsi; thetaDot*sinPsi; psiDot];

y = [omegaHatF;omegaHatB]; % 6x1 state vector
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Build yDot, the time derivative of the state vector y
omegaHatFDot = [0; O; phiDoubleDot];
omegaHatBDot = ...
[(thetaDoubleDot*cosPsi) - (thetaDot*sinPsi*psiDot);
(thetaboubleDot*sinPsi) + (thetabDot*cosPsi*psiDot);
psibDoubleDot];

yDot = [omegaHatFDot;omegaHatBDot];

Partial Angular Velocity Matrices - Fixed frame components
(as given in Example 2 of uUnit 4)

partialomegaFwrtY = zeros(3,6);

partialomegaBwrtY = zeros(3,6);

partialomegaFwrtY(:,1:3) eye(3,3);

partialomegaBwrtY(:,1:3)
partialomegaBwrtY(:,4:6)

eye(3,3);
transpose(transformationMatrixFwrtFF) ;

Display header

dispC' ")
disp( == m e 09)
disp(’ Results for Example 3(a) D)
disp( == m e 09)
dispC' ")

Display the partial angular velocity matrices of the bodies
disp(" ");

disp('Partial angular velocity matrix of body F with respect to')
disp(' state vector y (unitless) - Fixed frame components')
disp(" ");

disp(partialomegaFwrty);

disp(" ");

disp('Partial angular velocity matrix of body B with respect to')
disp(' state vector y (unitless) - Fixed frame components')
disp(" ");

disp(partialomegaBwrtY);

Angular Velocity Vectors - Fixed Frame Components
omegaF = partialOmegaFwrtY*y;
omegaB = partialOmegaBwrtY*y;

Check for omegaB
omegaBCheck = omegaHatF + ...
(transpose(transformationMatrixFwrtFF)*omegaHatB);

Display fixed frame components of the angular velocities of the bodies
disp(" ");

disp('Angular velocity of body F (rad/s) - Fixed frame components')
disp(" ");

disp(omegaF);

disp(" ");

disp('Angular velocity of body B (rad/s) - Fixed frame components')
disp(" ");

disp(omegaB) ;
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% Display the fixed frame components of the angular velocity of body B - Check
disp(" ");
disp('Fixed frame components of the angular velocity of body B (rad/s) - Check')
disp(" ");
disp(omegaBCheck) ;

% Partial velocity Matrix of Point P - Fixed frame Components
% (as calculated in Example 2 of unit 4)
partialvelocityPwrtY = zeros(3,6);

% Fixed frame components of relative position vectors
positionvectorQwrto = ...
transpose(transformationMatrixFwrtFF)*positionvectorQwrtoPrime;
positionvectorPwrtQ = ...
transpose(transformationMatrixBwrtFF)*positionvectorPwrtQPrime;

% Build skew symmetric matrices using fixed frame components
rTildeQwrt0 = buildTildeMatrix(positionvectorQwrto);
rTildePwrtQ = buildTildeMatrix(positionvectorPwrtQ);

% cCalculate fixed frame components of partial velocity matrix
partialvelocityPwrtY(:,1:3) = -rTildeQwrtO0 - rTildePwrtQ;
partialvelocityPwrtY(:,4:6) = ...

-rTildePwrtQ*transpose(transformationMatrixFwrtFF) ;

% Display the partial velocity matrix for Point P
% (Fixed frame components)
disp(" ");
disp('Fixed frame components of the partial velocity matrix of point P')
disp(' with respect to state vector y (ft)')
disp(" ");
disp(partialvelocityPwrtY);

% Vvelocity of Point P - Fixed Frame Components
velocityP = partialvelocityPwrtY*y;

% Display the velocity of Point P - Fixed frame Components
disp(C' ");
disp('Fixed frame components of the velocity of point P (ft/s)')
disp(C' ");
disp(velocityP);

% Vvelocity of Point P - Fixed frame components - Check
vl (-1engthoQ*phibDot*cosPhi) + ...
( lengthqQP*thetabDot*sinPhiPlusPsi*sinTheta) + ...
(-(phiDot+psibot) *1engthQP*cosPhiPlusPsi*cosTheta);

v2 (-1engthoQ*phiDot*sinPhi) + ...
(-lengthQP*thetabot*cosPhiPlusPsi*sinTheta) + ...
(-(phiDot+psibot) *1engthQP*sinPhiPlusPsi*cosTheta);

v3 lengthQP*thetaDot*cosTheta;

velocityPCheck = [vl; v2; v3];
% Display the velocity of point P - Fixed frame components - Check

disp(" ");
disp('velocity of point P (ft/s) - Fixed frame components - Check')
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%
%

%
%

%

%

%
%
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disp(" ");
disp(velocityPCheck);

Time Derivatives of Partial Velocity Matrix of Point P

(Fixed Frame Components - as calculated in Example 2 of uUnit 5)
omegaTildeFwrtFF buildTildemMatrix(omegaF) ;
positionvectorQwrtODot = omegaTildeFwrtFF*positionvectorQwrto;
rTildeQwrtobDot buildTildeMatrix(positionvectorQwrtobot) ;

buildTildemMatrix(omegaB);
omegaTildeBwrtFF*positionvectorPwrtQ;
buildTildeMatrix(positionvectorPwrtQbDot);

omegaTildeBwrtFF
positionvectorPwrtQDot
rTildePwrtQDot

timeDerivativePartialvelocityPwrtY(:,1:3) = ...
-rTildeQwrtobot - rTildePwrtQDot;
timeDerivativePartialvelocityPwrtY(:,4:6) = ...
-(rTildePwrtQDot+(rTildePwrtQ*omegaTildeFwrtFF))*
transpose(transformationMatrixFwrtFF) ;

Display the Time Derivative of Partial velocity Matrix of Point P
(Fixed Frame Components)

disp(" ");

disp('Time derivative of the partial velocity matrix of point P with')

disp(' respect to state vector y (ft/s) - Fixed frame components')

disp(" ");

disp(timeDerivativePartialvelocityPwrtY);

Acceleration of Point P - Fixed Frame Components
accelerationP = (partialvelocityPwrtY*yDot) +

(timeDerivativePartialvelocityPwrtY*y);

Display the Acceleration of Point P - Fixed Frame Components

disp(" ");
disp('Acceleration of point P (ft/sA2) - Fixed frame components')
disp(" ");

disp(accelerationP);

Acceleration of Point P - Fixed Frame Components - Check
(results from a relative motion analysis)
tempvector = zeros(3,1);

tempvector(l,1) -(TengthoQ*cosPhi) - (lengthQP*cosTheta*cosPhiPlusPsi);
tempvector(2,1) -(TengthoQ*sinpPhi) - (lengthQP*cosTheta*sinPhiPlusPsi);
tempvector(3,1) = 0;

accelerationPCheck = tempVvector.*phiDoubleDot;

tempvector(l,1) -TengthQP*cosPhiPlusPsi*cosTheta;
tempvector(2,1) -TengthQP*sinPhiPlusPsi*cosTheta;
tempvector(3,1) 0;

accelerationPCheck = accelerationPCheck + (tempvector.*psiDoubleDot);

tempvector(l,1) TengthQP*sinPhiPlusPsi*sinTheta;
tempvector(2,1) -TengthQP*cosPhiPlusPsi*sinTheta;
tempvector(3,1) TengthQP*cosTheta;

accelerationPCheck = accelerationPCheck + (tempvector.*thetaDoubleDot);

tempvector(l,1)
tempvector(2,1)

( TengthoQ*sinPhi) + (lengthQP*sinPhiPlusPsi*cosTheta);
(-1engthoQ*cosPhi) - (lengthQP*cosPhiPlusPsi*cosTheta);
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tempvector(3,1) = 0;
accelerationPCheck = accelerationPCheck + (tempvector.*(phiDot*phiDot));

tempvector(l,1) TengthQP*sinPhiPlusPsi*cosTheta;
tempvector(2,1) -TengthQP*cosPhiPlusPsi*cosTheta;
tempvector(3,1) 0;

accelerationPCheck = accelerationPCheck + (tempvector.*(psiDot*psiDot));

tempvector(l,1) TengthQP*sinPhiPlusPsi*cosTheta;
tempvector(2,1) -TengthQP*cosPhiPlusPsi*cosTheta;
tempvector(3,1) -TengthQP*sinTheta;

accelerationPCheck = accelerationPCheck + (tempvector.*(thetabDot*thetabot));

tempvector(l,1) 2*1engthQP*sinPhiPlusPsi*cosTheta;
tempvector(2,1) -2*TengthQP*cosPhiPlusPsi*cosTheta;
tempvector(3,1) 0;

accelerationPCheck = accelerationPCheck + (tempvector.*(phiDot*psiDot));

tempvector(l,1) 2*1engthQP*cosPhiPlusPsi*sinTheta;

tempvector(2,1) 2*1engthQP*sinPhiPlusPsi*sinTheta;

tempvector(3,1) = O0;

accelerationPCheck = accelerationPCheck + (tempvector.*(phiDot*thetabDot));

tempvector(l,1) 2*1engthQP*cosPhiPlusPsi*sinTheta;

tempvector(2,1) 2*1engthQP*sinPhiPlusPsi*sinTheta;

tempvector(3,1) = O0;

accelerationPCheck = accelerationPCheck + (tempvector.*(psiDot*thetaDot));

% Display the Acceleration of Point P - Fixed Frame Components - Check

% (results from relative motion analysis)
disp(" ");
disp('Acceleration of point P (ft/sA2) - Fixed frame Components - Check')
disp(" ");

disp(accelerationPCheck);

Partial angular velocity matrix of body F with respect to
state vector y (unitless) - Fixed frame components
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

Partial angular velocity matrix of body B with respect to
state vector y (unitless) - Fixed frame components

1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1

Angular velocity of body F (rad/s) - Fixed frame components
0
0
1.500000000000000

Angular velocity of body B (rad/s) - Fixed frame components
-0.469846310392954
-0.171010071662834
3.500000000000000
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Fixed frame components of the angular velocity of body B (rad/s) - cCheck
-0.469846310392954
-0.171010071662834
3.500000000000000

Fixed frame components of the partial velocity matrix of point P
with respect to state vector y (ft)
Ccolumns 1 through 3
0 0.458333333333333 -2.329314541236926
-0.458333333333333 0 -0.271514954998855
2.329314541236926  0.271514954998855 0
Ccolumns 4 through 6
0 0.458333333333333 -0.745981207903593
-0.458333333333333 0 -0.271514954998855
0.745981207903593  0.271514954998855 0

Fixed frame components of the velocity of point P (ft/s)
-5.064313843841372
-0.734956116899223
-0.396928310067868

velocity of point P (ft/s) - Fixed frame components - Check
-5.064313843841373
-0.734956116899222
-0.396928310067868

Time derivative of the partial velocity matrix of point P with

respect to state vector y (ft/s) - Fixed frame components
columns 1 through 3

0 -0.396928310067868 0.734956116899223

0.396928310067868 0 -5.064313843841373

-0.734956116899223  5.064313843841373 0
Ccolumns 4 through 6

0.687500000000000 -0.396928310067868 0.734956116899223

0.396928310067868 0.687500000000000 -2.689313843841373

-0.327683684400940 1.570342031985984 0

Acceleration of point P (ft/sA2) - Fixed frame components
-9.066475153456842
-14.962003375247033
-1.305368263536937

Acceleration of point P (ft/sA2) - Fixed frame Components - Check
-9.066475153456842

-14.962003375247029
-1.305368263536936

Published with MATLAB® R2026a
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MATLAB Script and Results for Example 3(b): (Equations of Example 2(b))

R R R

joint

R R X R R R R RN

clearvars

% Lengths and Position Vectors

lengthoQ =
lengthQP

19/12; % (L, feet)
11/12; % (a, feet)

% Position vectors in local coordinates

positionvectorQwrtOPrime
positionvectorPwrtQPrime

% Angles and

their derivatives

phibeg = 0.0; % angle phi in degrees

psiDeg = 20.0; % angle psi in degrees

thetabeg = 30.0; % angle theta in degrees

phibot = 1.5; % phi dot in rad/s

psiDot = 2.0; % psi dot in rad/s

thetabot = -0.5; % theta dot in rad/s

phiDoubleDot = 3.0; % phi double dot in rad/sA2
psiDoubleDot = 5.0; % psi double dot in rad/sA2
thetaboublebDot = -1.5; % theta double dot in rad/sA2

% Convert to
phiRad =
psiRad =
thetaRad =

sinPhi =
sinPsi =
sinTheta =

sinPhiPlusPsi

radians and calculate trigonometric functions

deg2rad(phibDeg);

deg2rad(psiDeg);

deg2rad(thetabDeg) ;

sin(phiRad); cosPhi = cos(phiRrad);
sin(psiRad); cosPsi = cos(psiRad);

sin(thetaRad); cosTheta = cos(thetaRad);

sin(phiRad+psiRad);

cosPhiPlusPsi = cos(phiRad+psiRad);

% Transformation matrices - Bar B w.r.t. Frame F
transformationMatrixBwrtF = ...

calculateTransformationMatrixFromAnglex(thetaRad)
calculateTransformationMatrixFromAnglez(psiRad);

% Check of transformation matrix of B with respect to F
transformationMatrixBwrtFCheck = ...

[cosPsi,
-sinPsi*®

sinPsi, 0;

*cosTheta, cosPsi*cosTheta, sinTheta;

sinPsi*sinTheta, -cosPsi*sinTheta, cosTheta];
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Solution for volume III, Unit 5, Example 3(b) - Rotating Arm with 2 DOF

Calculation of body frame components of partial angular velocity,
angular velocity, partial velocity, velocity,
partial velocity derivatives, acceleration of point P

These calculations follow the equations developed in unit 5, Example 2
which uses body frame components of relative angular velocity vectors;

[0; TlengthoqQ; 0]; % Coordinates in frame F
[0; TlengthqQP; 0]; % Coordinates in frame B

o
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% Using body frame components of relative angular velocity
% components build the state vector y.
omegaHatFPrime [0; O; phiDot];
omegaHatBPrime = [thetaDot; psiDot*sinTheta; psiDot*cosTheta];

yPrime = [omegaHatFPrime;omegaHatBPrime]; % 6x1 state vector

% Build ybot, the time derivative of the state vector y
omegaHatFPrimebot = [0; O0; phiDoubleDot];
omegaHatBPrimeDot = ...

[thetaDoubleDot;
(psibDoubTlebot*sinTheta) + (psiDot*thetaDot*cosTheta);
(psiboubTlebot*cosTheta) - (psiDot*thetaDot*sinTheta)];

yPrimeDot = [omegaHatFPrimeDot;omegaHatBPrimeDot];

% Partial Angular Velocity Matrices - Body frame components
% (as calculated in unit 4)
partialomegaFPrimewrtYPrime = zeros(3,6);
partialomegaBPrimewrtYPrime = zeros(3,6);

partialomegaFPrimewrtYPrime(:,1:3) eye(3,3);

partialomegaBPrimewrtYPrime(:,1:3) transformationMatrixBwrtF;

partialomegaBPrimewrtYPrime(:,4:6) = eye(3,3);

% Display header
dispC' ")
disp( == 09)
disp(' Results for Example 3(b) D)
disp( == 09)
dispC' ")

% Display the partial angular velocity matrices of the bodies
disp(C' ");
disp('Partial angular velocity matrix of body F with respect to')
disp(' state vector y (unitless) - Body frame components')
disp(C' ");
disp(partialomegaFPrimewrtYPrime);

disp(" ");

disp('Partial angular velocity matrix of body B with respect to')
disp(' state vector y (unitless) - Body frame components')
disp(" ");

disp(partialomegaBPrimewrtYPrime);

% Angular Velocity Vectors - Body Frame Components
omegaFPrime = partialOmegaFPrimewrtYPrime*yPrime;
omegaBPrime = partialOmegaBPrimewrtYPrime*yPrime;

% Check for omegaBPrime
omegaBPrimeCheck = (transformationMatrixBwrtF*omegaHatFPrime) + ...
(omegaHatBPrime) ;

% Display the body frame components of the angular velocities of the bodies

disp(" ");
disp('Angular velocity of body F (rad/s) - Body frame components')
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dispC' ");
disp(omegaFPrime) ;

disp(" ");
disp('Angular velocity of body B (rad/s) - Body frame components')
disp(" ");

disp(omegaBPrime) ;

% Display the body frame components of the angular velocity of body B - Check

disp(" ");
disp('Body frame components of the angular velocity of body B (rad/s) - Check')
disp(" ");

disp(omegaBPrimeCheck) ;

% Partial velocity Matrix of Point P - Body frame Components
% (as calculated in Example 2 of uUnit 4)
partialvelocityPPrimewrtYPrime = zeros(3,6);

r7ildeQwrtOPrime buildTildeMatrix(positionvectorQwrtOPrime);
rTildePwrtQPrime = buildTildeMatrix(positionvectorPwrtQPrime);

partialvelocityPPrimewrtYPrime(:,1:3) = ...
-(transformationMatrixBwrtF*rTildeQwrtOPrime)
-(rTildePwrtQPrime*transformationMatrixBwrtF);

partialvelocityPPrimewrtYPrime(:,4:6) = -rTildePwrtQPrime;

% Display the partial velocity matrix for Point P
% (Body frame components)
disp(" ");
disp('Body frame components of the partial velocity matrix of point P')
disp(' with respect to state vector y (ft)')
disp(" ");
disp(partialvelocityPPrimewrtYPrime) ;

% Velocity of Point P - Body Frame Components
velocityPPrime = partialvelocityPPrimewrtYPrime*yPrime;

% Display the Vvelocity of Point P - Body frame Components
disp(C' ");
disp('Body frame components of the velocity of point P (ft/s)')
disp(C' ");
disp(velocityPPrime);

% Velocity of Point P - Body frame components - Check

vl = -(TengthoQ*cosPsi*phibDot) - (lengthQP*cosTheta*phiDot)
- (lengthQP*cosTheta*psiDot);
v2 = TengthoQ*sinPsi*cosTheta*phiDot;
v3 = (-TengthoQ*sinPsi*sinTheta*phiDot) + (lengthQP*thetabot);

velocityPPrimeCheck = [vl; v2; v3];

% Display the velocity of point P - Body frame components - Check

disp(" ");
disp('velocity of point P (ft/s) - Body frame components - Check')
disp(" ");
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%

%
%
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%

%
%
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disp(velocityPPrimeCheck);

Time Derivative of Partial Vvelocity Matrix of Point P
(Body Frame Components - as calculated in Example 2 of unit 5)

timeDerivativePartialvelocityPPrimewrtYPrime = zeros(3,6);

omegaTildeBwrtFPrime = buildTildeMatrix(omegaHatBPrime);
tempMatrix = transpose(omegaTildeBwrtFPrime);

timeDerivativePartialvelocityPPrimewrtYPrime(:,1:3) = ...
- (tempMatrix*transformationMatrixBwrtF*rTildeQwrtOPrime) -
(rTildePwrtQPrime*tempMatrix*transformationMatrixBwrtF);

Display the Time Derivative of Partial velocity Matrix of Point P
(Body Frame Components)

disp(" ");

disp('Time derivative of the partial velocity matrix of point P with')

disp(' respect to state vector y (ft/s) - Body frame components')

disp(" ");

disp(timeDerivativePartialvelocityPPrimewrtYPrime);

Acceleration of Point P - Body Frame Components

omegaTildeBwrtFFPrime = buildTildeMatrix(omegaBPrime);

accelerationPPrime = (partialvelocityPPrimewrtYPrime*yPrimeDot) +
(timeDerivativePartialvelocityPPrimewrtYPrime*yPrime) +

(omegaTildeBwrtFFPrime*velocityPPrime);

Display the Acceleration of Point P - Body Frame Components

disp(" ");
disp('Acceleration of point P (ft/sA2) - Body frame components')
disp(" ");

disp(accelerationPPrime);

Acceleration of Point P - Body Frame Components - Check
(results from relative motion analysis)
tempvector = zeros(3,1);

tempvector(l,1) -(TengthoQ*cosPsi) - (lengthQP*cosTheta);
tempvector(2,1) lengthoQ*sinPsi*cosTheta;
tempvector(3,1) -lengthoQ*sinPsi*sinTheta;

accelerationPPrimeCheck = tempvector.*phiDoubleDot;

tempvector(l,1) = -TengthQP*cosTheta;
tempvector(2,1) = O0;
tempvector(3,1) = O0;

accelerationPPrimeCheck = accelerationPPrimeCheck + (tempvector.*psiDoubleDot);

tempvector(l,1) = O0;
tempvector(2,1) = O0;
tempvector(3,1) = lengthqp;

accelerationPPrimeCheck = accelerationPPrimeCheck + (tempvVector.*thetaboubleDot);

tempvector(l,1)
tempvector(2,1)
tempvector(3,1)

-TengthoQ*sinPsi;
(-1engthoQ*cosPsi*cosTheta) - (lengthQP*cosTheta*cosTheta);
( TengthoQ*cosPsi*sinTheta) + (lengthQP*sinTheta*cosTheta);
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accelerationPPrimeCheck = accelerationPPrimeCheck + (tempvector.*(phibDot*phiDot));

tempvector(l,1)
tempvector(2,1) -TengthQP*cosTheta*cosTheta;
tempvector(3,1) TengthQP*sinTheta*cosTheta;
accelerationPPrimeCheck = accelerationPPrimeCheck + (tempvector.*(psiDot*psiDot));

0;

tempvector(l,1) = O0;
tempvector(2,1) = -lengthQp;
tempvector(3,1) = O0;

accelerationPPrimeCheck = accelerationPPrimeCheck + (tempvector.*(thetabDot*thetaDot));

tempvector(l,1) = O0;
tempvector(2,1) = -2*TengthQP*cosTheta*cosTheta;
tempvector(3,1) = 2*lengthQP*sinTheta*cosTheta;

accelerationPPrimeCheck = accelerationPPrimeCheck + (tempvector.*(phiDot*psiDot));

tempvector(l,1) 2*1engthQP*sinTheta;

tempvector(2,1) 0;

tempvector(3,1) = 0;

accelerationPPrimeCheck = accelerationPPrimeCheck + (tempvector.*(phiDot*thetabot));

tempvector(l,1)
tempvector(2,1) 0;
tempvector(3,1) 0;
accelerationPPrimeCheck = accelerationPPrimeCheck + (tempvector.*(psiDot*thetabot));

2*1engthQP*sinTheta;

% Display the Acceleration of Point P - Body Frame Components - Check

% (results from relative motion analysis)
disp(" ");
disp('Acceleration of point P (ft/sA2) - Body frame Components - Check')
disp(" ");

disp(accelerationPPrimeCheck);

Partial angular velocity matrix of body F with respect to
state vector y (unitless) - Body frame components
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

Partial angular velocity matrix of body B with respect to
state vector y (unitless) - Body frame components
Ccolumns 1 through 3
0.939692620785908  0.342020143325669 0
-0.296198132726024  0.813797681349374  0.500000000000000
0.171010071662834 -0.469846310392954  0.866025403784439
Columns 4 through 6

1.000000000000000 0 0
0 1.000000000000000 0
0 0 1.000000000000000

Angular velocity of body F (rad/s) - Body frame components
0
0
1.500000000000000
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Angular velocity of body B (rad/s) - Body frame components
-0.500000000000000
1.750000000000000
3.031088913245536

Body frame components of the angular velocity of body B (rad/s) - cCheck
-0.500000000000000
1.750000000000000
3.031088913245536

Body frame components of the partial velocity matrix of point P
with respect to state vector y (ft)
Ccolumns 1 through 3
-0.156759232357598  0.430692451193541 -2.281703269713424
0.791666666666667 0 0.468980376816204
2.232591791712444  0.313518464715196 -0.270765946799488
Ccolumns 4 through 6

0 0 -0.916666666666667
0 0 0
0.916666666666667 0 0

Body frame components of the velocity of point P (ft/s)
-5.010268144841607
0.703470565224307
-0.864482253532565

velocity of point P (ft/s) - Body frame components - Check
-5.010268144841606
0.703470565224307
-0.864482253532565

Time derivative of the partial velocity matrix of point P with
respect to state vector y (ft/s) - Body frame components
Ccolumns 1 through 3
-0.725627424887655 -0.686509068666993  0.853897120531285
-0.685603444662681 0 2.712408964339427
-0.231203596097059  1.722769804774166 -1.253356461169586
Ccolumns 4 through 6

0 0 0
0 0 0
0 0 0

Acceleration of point P (ft/sA2) - Body frame components
-13.637006337083310
-10.143254776025202
4.348901438707816

Acceleration of point P (ft/sA2) - Body frame Components - Check
-13.637006337083310

-10.143254776025199
4.348901438707815

Published with MATLAB® R2026a
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Example 4

The figure shows a three-body system with frame F, arm AB, and slider h]\
S. Frame F rotates about the fixed vertical direction with rate ¢5 =Q, QPSZ ‘g\g /‘é
and the arm AB rotates relative to F with rate 0 = @ . Slider S is i b/\ B -
connected to bar AB with a prismatic joint, meaning it is free slide along | x)\ S
AB but not rotate relative to it. Its position relative to point 4 is given 8
by the variable distance X . or = —)I A _@):
Reference frames: (all frames align when ¢=60=0)
R:(i, j, k) (fixed frame) e [d=w
F:(e,e,, k) (rotating with frame F)
AB:(e,,e,,e,) (rotating with bar AB) Ul

Let {c?)F} and {c?) y B} be the base frame components of the relative angular velocities “@, and " @, . Find the

fixed frame components of the time derivatives of the partial velocity matrices and acceleration of slider S using
base frame components or the relative angular velocity vectors. Use results from Example 3 of Unit 4 for the
angular velocities, partial angular velocity matrices, velocities, and partial velocity matrices.

Solution:

Results from Unit 4:

The base frame components of the relative angular velocities can be written as follows.

{@r}=[0 0 O | |{dy)={a}=[o 0 0

The fixed frame components of the angular velocities of the bodies are

{op} = {0} {a’s}:{“’AB}:{@F}J’[RF]T{‘?’S}

The body frame components of the translation vector {x'} are

[r}=lo x of

Defining the column vector of generalized speeds to be { y} = {c?)S} , the fixed frame components of the

partial angular velocity matrices are observed to be

[Ra)F’y :|3><9 - [[ RwF’&JF:' [Rwst?’s] [RwF’*':H - [[l]m [0]3><3 [0]3x3]
[Ra)s’y]w [[ Ra)S"?'F} [Ra)s"f’S] [Rw&x'ﬂ = [[[]m [RF]T [0]3><3J

Copyright © James W. Kamman, 2026 Volume III — Unit 5 — Acceleration — page: 62/103




The fixed frame components of the velocity of S can be written as follows.

{VS} = [Rvs,a")p ]{@F} +|:Rvs,cbs ]{é)s} + [Rvs,x'}{x,} (150)
The fixed frame components of the partial velocity matrices are as follows.
:RVS,&)F:|:_(I:FA/O:I+|:77S/A:|) (151)
:Rvs,a”)s ] = _[FS/A:I[RF ]T (152)
—Rvs,x'] = [RAB]T (153)
Here,
¢, =S, O 0 —as, 0 0 aC,
[R] =|S, €y 0| {ruo}=[Re] {at=1aC, {{|[Fro]=| O 0 S,
0 0 1 0 -aC, —-aS; 0
C, —S,Cp 8,8, 0 -5,Cy
[Ris] =| S, C,Co —CuSy || [{ron}=[Rus] {xp =27 C,Cy
0o S, C, 0 Sy
0 -x8, xC,Cy
[Foa]=| xS, 0 xS,C,
-xC,Cp —x§5,Cy 0
0 C¢ _S¢ 0 ) C()C¢
(o) ={d ) +[Re] {ds) =101+ S, C, 0[{0:=1aS,
Q1o o 10 Q
The explicit forms of the partial velocity matrices are as follows.
0 xSy —(a+xC,)C,
[Rvs,@ } =| xS, 0 —(a+xC,)S, (154)
(a+xCy)C, (a+xC,)S, 0
(15,8, xC,S, -xC,C, ~(a+xC,)QC, +(x0S,-iC,)S,
| “vsa |=|=xCySy 8,8, =x8,C, || v} =1-(a+xC,)QS,—(x0S,-3C,)C, (155)
| xCy 0 0 xS, +xaC,

Acceleration:

The fixed frame components of R ag the acceleration of S can be calculated by differentiating the fixed frame
components of Ryp as follows.
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{ag}=1{vs}

[ “vea, J{0r +[ Ve, |+ v )}
{0} +

[P, e} Mo, J b+ [ M J08) o

Here,
%50, =~ ([Fuo ]+ [Fsa]) (157)
% = o IRl ~[Fora[Re] =~ Fsu R ~[Fra [0 ][ Re ] (158)
e |=[Rin] =[0:0)[Ris] (159)

The time derivatives of the two skew symmetric matrices are built using the time derivatives of the fixed frame

components of the position vectors 1 ,,, and 7', , . Differentiating these components gives

0 0 0 =0 0 C¢ —S¢ 0Ol(o —S¢Q —C¢Q 0Ol(o
{Fa0} = [R} ar=[a;|[R-] {ar=|Q 0 0||S, C, 0far=|C,Q -5,2 0a
0 0 0 O} o o 1110 0 0 0110
~aC,Q 0 0 -aS,0
{Fao}=1-aS,2¢| [Fuo]=| © 0 aC,Q
0 as,Q —aC,Q 0
0 0 0 0
{r-S/A}:[RAB]T bR it =[@us][Ras] {x t+[Ras] {5
0 0 0
0 ] S, (0] [C, =S,Co 8,5, |(0
-l O e —C¢S9 xpt+| S, C,Cy —C,S, |4
—0S, © c, |0 0o S, c, |0
I -5,0 ~C,CoQ+8,8,0  C,S,Q+8,Co0 |(0] [-S,Co
= Qc, ~8,CQ-CyS,0  S,8,0-C,Co |{x}t+1 C,Cy 1
| =5,C0+8,Cs0 Cor(S,8,+C,Cy) ~wS,(8,8,+C,C,) 1O Se
~xC 4CQ+ 18 ;S g %S ,C
{4} =1-x8,C,Q-xC,S o+ iC,C,
xCypo+xS,
I 0 —xC 0 1S, —x8,CQ = xC S o+ 3C,C,
ENE xCyw+xS, 0 xCyC Q- xS,y + %S ,C,
| x8,CpQ+xCyS,0—3C,Cp  —xCyCoQ+xS,5,0-1S,C, 0
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Substituting into Equations (157)-(159) gives explicit forms for the fixed frame components of the time

derivatives of the partial velocity matrices.

[ s, ]==([Fuo+[Fsus)

0 0 aS,Q

= 0 0 -aC,0 (160)
_—aS¢Q aC¢Q 0
i 0 xCy0+X%S, x8,CpQ+xC, Sy~ %C ,C,y

+ —xCp0— xS, 0 ~xC4CpQ+x8 ;S - 35 ,C,
| —x8,CQ—xC,S,0+xC,C,y  xC,CQ=xS,S,0+1S,C, 0

I:R‘}S,a“)s ] = _|:’&S/A :l[RF ]T - [fS/A ][@F ][RF ]T

0 xC,0+ xS, x8,CpQ+xCyS,0-xC,Cpy || Cy =S,
= -xC,0—-xS, 0 —xCyCoQ+x8,S0-x5,Cp || S, C, 0
—x8,CoQ=xC S0+ xC,C,  xCyCpQ-xS,S 0+ xS ,Cy 0 0 0 1
0 xSy —xCyCylf0 - 0]|C, =S, O
+| —xS, 0 -x§,Cp Q2 0 0} S, C;, 0O
xCyCy  xS,C, 0 0 0 0]lo 0 1
(xCoo+%5,)S, (xCoo+1S,)C,  xS,C,Q+xC,S 0 —iC,C,
= (-xCpo-%5,)C, (xCo0+5S,)S, —xC,C,Q+x5,S,0-%5,C,
VSs, Vs;, 0
0 xS,  —xC,Cy || -QS, -QC; 0
+| —xS, 0 -x8,C, || QCy  -QS, 0
xCyCy  xS,C, 0 0 0 0
VS VS 0
31 32 (161)

XCySpQ —x5,5,Q 0
+| x8,5,Q  xC,S,Q 0
0 —xC,Q 0

Simplifying the entries VS;, and V'S, gives
VSyy =(—x8,CoQ—xC,S 0+ £CyCy ) Cy+(xCyCo Q2= xS Sy +5,C,y ) S,
=(=8,C,Cp+5,C,Co)xQ2=(C,Cy+5,8,) xS, +(CyCy+8,8,)xC,
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VS, = xS, +xC,

VSy, = =8, (—x8,CpQ—=xCyS y+3C,Cp )+ Cy (xC,CpQ xS ,S y0+55,C, )
= (8,8, +C,Cy)xQC, +(S,CySy = 5,CSy ) xw+(=8,C,Co+S,CyC ) &
VS;, = xQC,

Finally,
T 0 -Q oS, |[C, -S,Co S8,
[ |=[0m]Ru] =] @ 0 -eC,|S, C,C, -C,S,

~08,Cy+0S,C, (8,8,+C,ChloC, —(8,5,+C,C4)aS,

~QS, —QC,C,+0S,S, QC,S,+oS,C,
[ "0 |=| QC,  —QS,C,-0C,S, QS,S,-aC,C,
0 wC, -wS,

Substituting into Equation (156) and simplifying gives

{agh=["veo, @ b+ Voo, |+ e ] Mo, e} +] D5, [0 +] s {5
0 xS, —(a+xCy)Cy o) [x8,5, 2C,5, —C,C,](0
= xS, 0 ~(a+xCy)S, |30 p+|—xC,S, x8,8, —xS,Cy |10
(a+xC,)Cy (a+xC,)s, 0 Q |« 0 o |0
C, =S,Co S48, |(0 0 0 aS,Q (o
+H S, C,Cp —CySy|15t+] 0 0 -aC,Q2}50
0S5, Cy [0 [-aS,02 aC, 2 0 [|©2
| 0 xC 0 +xS, x8,C,Q+xC,S 0 —%C,Cy | (0
+ —xCy -8, 0 ~xC,CyQ+x8 ;S - 38 ,Cy |1 0
| —x8,C,Q-xCyS 0 +5C,C,p  xCyCpQ=x8,8,0+1S,C, 0 Q

Copyright © James W. Kamman, 2026 Volume IIT — Unit 5 — Acceleration — page: 66/103



(xCpo+38,)S, (xCo0+1S,)C,  x8,CQ+xC,S,0-iC,C,

a
+| (—xCyo—38,)C, (xCpo+1S,)S, —xC,C,Q+xS,S,0-1S,C, |10
—xS, +xC, xQC, 0 0

0 -xC,Q0 00 0 wC, -8, 0
~(a+xCy)C, xS, -8,C, as, %8 ,C Q2+ xC yS yo—5C,C,y
=1—(a+xCy)S, 1 Q+{-xC,S, tir+4 C,Cy ti+1-aC, Q7 +4-xCy,CpQ+x8,S,0—-%5,C, 1O

0 xCy S 0 0
(xCom+i5,)S, xC ;S ,Q —QC,Cy+aS,S,
+{(—xCpo—18,)Cy 0+ x8,8,Q to+{-QS ,C, —C,S, &
—x@Sy+3C, 0 oC,
—(a+xC9)C¢ S48, -8,C, (a+xC9)S¢ S,Co
{ag}={-(a+xC,)S, (Q+{-C,S,tx+{ C,C, p¥+i—(a+xCy)C, Q* +{-C,C, ( x08
(162)
2C,8, -2C,C, 25,8,
+428,8p 1xQo+4 =25 ,Cp ¢ XQ+4-2C S, r X0
0 0 2C,

Comparison with previous results:

In Volume I, Unit 4, the frame /' components of the acceleration of S were calculated to be as follows.

fag =] ~(a+xCy)Q+2x0Q8,~25QC, |+ £C,—x S, ~(a+xCy ) —xCp0’ 20, e,

+ 58, +x0C,-x0’S,+ 250 C, |k

These results can be converted to the fixed frame as follows.
c, -5, 0 ~(a+xC,)Q+2x0QS,-25QC,
{agh=[Re] {as}, =| S, C, O0{5C,-x@S,—(a+xC,)Q" -xC,0’ -2505,
0 0 1 iS,+x&C,-xw*S,+2x0C,

Expanding the matrix product gives the following.
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0 0 2C,

~(a+xC,)C, S45, -8,C,
{as}z —(a+xC9)S¢ Q+ —CySy pxa+y C,Cy pi+ —(a+xC9)C¢ Q%+ -C,C, X’
0 Cy S

+128,8, txQ@+1-28,Cy tiQ+1-2C,S, i

(a+xC9)S¢ S¢C9

0 -S,

This result is identical to the result in Equation (162).
Example 5

The figure shows an eight-body system numbered
using the numbering scheme presented in Unit 1. Body
1 is the system reference body, and the rest of the bodies
are numbered in ascending progression outward along
the branches. As structured, the lower numbered body

array for the system is as follows.
£(1,...,8) =(O,l,2,2,1,1,1,7)
The orientation of body 1 is defined relative to the fixed

frame R:(]y LN, N 3), and the orientations of all the

other bodies are defined relative to their adjacent, lower-

R:(. Mo, V)

numbered bodies. Using base frame components of the relative angular velocities of the bodies, the system

generalized speed matrix is defined as follows.

{yl}
s é{ i (163)
wd {y2}24><1
{y1}24xl = [0311 ‘?)12 57)13 aA)zl 0322 &)23 aA’71 6?)72 &)73 (?)81 6)82 &%3]T (164)
{J’2}24X1 = [51’1 51'2 S{3 351 Séz 3'33 $;1 S.;2 S.;3 Sél Séz 5{33]T (165)

For each body B in the system, find the time derivatives of the fixed frame components of the partial velocity

matrices of its origin and mass center. Then find the fixed frame components of the acceleration of G; the mass

center of body 3. Use the results from Unit 2 for the fixed frame components of the partial angular velocity

matrices of the bodies and use the results from Example 10 of Unit 4 for the fixed frame components of the

partial velocity matrices of the origins and mass centers of the bodies. Follow the procedure presented in

Equations (52)-(56), (81), and (82).
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Results from Unit 2:

O L= hs 100, [0, (0], [0, [0],, [0],, [0],]
on, )= (R, 10, (0], (0], (0], [0, [0],]
o ) ol (R [RI, [0, (0], [0, (0], [0],,)
o0, ] e (R, 0, (RIS, [0, [0, [0, [0],.]
o, ] s [0, [0, (0], [RT, [0, [0, [0],]
0 | [0 [0, (0], (0], [RT, [0, [0],,)

Fory L= s [0 [0 [0 (0] (0] [RT [0,

on, ] e 0, (0], [0, [0, [0, [RTL, [RIL]

|:Ra)B’ij|3X24 :[0]3><24 (BZI ..... 8)
Results from Unit 4 for body origins:
Body 1:

[RVQ yll 24 []3 24 [Rvol»J’2]3X24:[[[]3x3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [O]3><3:|

Body 2:

[Rvozm ]3X24:[[Rv02,d4 ]3X3 [0]3x3 [0]3><3 [O]3x3 [O]3><3 [O]3><3 [O]3><3 [0]3><3:|
[RVOZ»‘?’I :|3><3 - _[[672 ] i [§2 ]:I
[oun Loy =[] [RT [0 [0] [0 [0k [01, [0]]

Body 3:

[Rv03,y1:|3xz4:|:[kvo 6?)]33 [Rv(?a‘)]33 [0]3><3 [O]3x3 [0]3><3 [0]3><3 [O]3x3 [0]3><3:|
[RV03,@}3X3=_[[9~2][ +[a:]+[5]] [RV03,@2J3X3:—[[53]+[§3H[R1]T
(oo oy =) (R [RLs [0k [0], [0), [0 [0],.,]

Body 4:

[“oun o =1 o oy [Mors ]y [00os [01,, [01,, [0],. [0],, [0],.]
[Rv04,a31 ]m :_[[52]+[§2]+[54]+[§4H [R"04,a>z ]M = _[[‘74]+[§4]][R1]T

Copyright © James W. Kamman, 2026 Volume IIT — Unit 5 — Acceleration — page: 69/103




[RV04,yz]3X24:[[1]3x3 [R1]3Tx3 [O]3><3 [R2]3><3 [O]3><3 [0]3><3 [0]3x3 [0]3><3:|

Body 5:
o =1 [ Ly (000 (000 [0 (0], (0], [0],, [0],]
[ “Voua, ]m =~[[]+[55]]
(%o oy =10 01, [0],, [0],, [RI. [0, [0l [0].]

Body 6:

[RVOGM ]3X24::[Rv06s5?’1 ]3@ [0] 3x3 [O]3><3 [0]3><3 [0]3><3 [0] 3x3 [O] 3x3 [0]3x3:|
[Rvoe»@l :|3><3 - _[[66]_’_[56]]
[Voums oae = [ULe [00 [01, 0], [0). [RI, [0]. [0]..]

Body 7:

[RVOM ]3X24:[[Rv07,6?4 ]M [O]3><3 [0]3><3 [0]3><3 [0]3>6 [0]3><3 [0]3><3 [O]3><3i|
[Rv‘)%‘bl j|3><3 - —[[57 ] + [57 H
[Mors s = [T [01, [0, [0)., [0], [0L, [RI, [0],]

Body 8:

|:RV087)’1 :|3X24:|:|:Rv08a‘:’1 ]M [O]3x3 [0]3><3 [O] 33 [O] 33 [O] 33 [RVOsaf?h ]3@ [O] 3x3}
[Rvog,a% ]m =~[[@)+[5 ]+ @]+ [5]]) || vaa ]3><3 =—([@]+[&DIR]
(%o | =l [0) [0L, [01. [0, [0). [RI. [&T.]

Results from Unit 4 for body mass centers:
Body 1:

|:RV1,y1:|3X24:[[va,[al’:|3x3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [O]3x3 [O]3x3 [O]3x3i|
:va"?’f:m =-[]

[ Lo =l (0L [0, (0], [0k, [0Lg [0), [0):]

Body 2:

_RVZ,yl :3X24 - _[ RVMA ]3><3 |:Rv2,c?'z :M [O] 33 [O] 33 [O] 3x3 [O] 333 [O] 333 [O] 3><3j|

o | =-l@]+ 51+ B [ |, =-[BIRT
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[ T = Ly [aa )y 101 [fvea ]y, 1005, [01,, [01,, [0],]
[R"4,callx3:_[[52]+[§2]+[q4]+[54]+[’”4ﬂ [VwJ =~[[q@]+[5.]+ [”4][R1]T

Body 5:

[ L =50 Ly 10 [0 [0 ["sa ], [0 [0, [0,,]
| “vsa |, =@l 514 E]] ([ vsa ], =-[BIRT
[ ] =0, [0L, [0, 01, [RI, [0l [0l. [0].,]

:RV65y1:3X24:[RV6,54 ]3><3 [O]3><3 [0] 33 [0] 33 [0]3><3 :Rv@é’a :|3><3 [0]3><3 [O]3><3J
oo =~[las )+ 5] [ ], =-TRIIRT

e )= (0L, (0L, [0, [0 (R, [0, [0).]

Body 7:

[szyllxm [v“’l} [0]33 [0]3@ [0]33 [0]33 [0]33 [vaa%lﬁ [O]3><3:|

(o | =@+ 51+ B ([ |, =-1BIRT
[y o = [0 [0), 0L, (01, [0],, [0l [RT, [0],.]

Body 8:

[Rv&yl }3X24 - |I Rv&a‘a }M [O] 33 [0] 333 [O] 33 [O] 333 [0] 33 [Rv&c?h ]3@ [Rv&c?)s ]3X3:|
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R

| V8.0 ]M =_[[57]+[§7]+[‘78]+[§8]+[F8]] [Rvs,as7 LS = _([‘78]+[58]+[’§])[R1]T3x3
Fua | = [RIR T
v ] = e [0hy (0L [0]y (0L [0, [RE. (R

Solution:

Time Derivatives of Partial Velocities of Body Origins:

Bod}i l:
_R"}Ol’yl ]3><24 - [0]3x24 |:R‘>01>y2 }3X24 - [O]3><24
Body 2:
L [Rvoz’y ]3x48 - [R‘-}Ol’y :|3><48 _([%] +[§2])[Rd)1»y :|3><48 _([%J +[§2])[Rwl’y :|3x48

Z€ro Z€ro

2{[ Vouy ], [[a)l][R]} (=123 j=123k=27+))

: ‘.}OZayl:3X24:|:|: ‘.}02’&)1 }M [0]3>6 [0]3><3 [O]3><3 [O]3>G [O]3><3 [O]3><3 [O]3><3:|
:R‘.}Ozﬁ’l :3><3 - _[[(’;2]4— [52]}
:Rvaz,J’2:3X24:|:[O]3x3 [Cbl][Rl]T [0]3x3 [0]3><3 [O]3><3 [0]3><3 [0]3><3 [0]3><3:|

Body 3:
48 [RV02 yl 48 [q3] [ ])[Rd)z’y }3><48 _([53]4_ [§3])[Rw2’y :|3><48
[

1{[ v03y_3
{[ Vo | = [3 [R]J (i=1,2,3 j=1,2,3k =30+ )

[RVOQ)l vOa) [0]33 []3><3 [0]3><3 [0]3><3 [0]3><3 [0]3x3:|
-

3:)1

o o
L.~

{[&]+[5 ] ["oui, ],y == L@+ [&]][R] -[[@]+ [ 1[@])[R]
[0 ], =[[0), [@]IRT wz][Rz]T (0], [0), [0], [0, [0],.]

Body 4:

{[ VO y]348_|: 02y]3 48 ([674]+[§4])|:Rd)2’yj|3><48_([54:|+|:§4:|)|:R0)2’yi|3x48
2{[Rv04y [a)z][R]} (i=1,2,3 /=123 k=33+)

[oim Sy =100 Ly [Moa ]y (01 [0y [0], [0] [01, [0,
["o,o ) =~[[@ 1+ [ ]+ @]+ [ ]]| [ "vo,a, L, == [[4: ]+ [EJIR] -[[@ )+ [5]][@][& ]
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[“ous Ly = [0 [@1R] [0],, [&:][R]) (0], [0l [0, [o],,]

L. [Rvo yl, 43 |:R‘>Ol’yj|3><48 _([45]+[§5])[Rd)1’y ]3x48 _([55]+[§5J)[Rwl’y]3x“8

2.{[Rv'05,ylk =[[@][R]] (1=1.2.3/=1.23:k =36+ ))

Ly

] = [ Ly (0 [0 [0 [0, [0y (0] [0],,]

],
[“oum Ly = ([0 [0 [0 [0), [@)R] [0),, [0],, [0],]

Body 6:
I{Pe%wl 8 [R ‘Ol Y]3 48 _([56] [56])[R0.)1’y:|3x48 _([56:'+|:§6])|:R0)1’y:|3x48

{[ Voy]k [[ } =1,2,3; j=1,2,3;k =39+ )

0o [0 (0], (0], [0],, [0],]

]
vML y [[033 0133 [0, (0L, [0]. [&][&]" [o],, [0],.]

L. [Rvov»y i|3><48 - [R‘.}Ol’y :|3><48 _([677 ] + [§7])[R0.)1’y ]3><48 _([57]+[§7])[Rw1 YL 48

‘07’yi|ik :|: aBl][Rl]Ti| (121’2’37J:15253’k:42+])

tj

:R‘.}O%yl ]3X24: [R‘.)Ouéa ]M [O]3><3 [0]3><3 [0]3><3 [0]3>6 [0]3><3 [0]3><3 [O]3><3i|
[ :

N
—
1

=
<
L |
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Body 8:

L[ L (A L (G )
2{[ ogy} [[@][R]J (i=1,2,3j=1,2,3; k =45+ )

L ‘>O8yl 304 [ 33 [O]3><3 [O]3><3 [0]3x3 [R"}Osa@]m [0]3><3:|
[ “oa ]y, =4 M] [, ], =~[[a ]+ [S )R] -[[a]+[5]](@][R]
%S00 ]y = | 0] [o1m (0], [0],s [0] [0 [@]R] [&][R] ]

Time Derivatives of Partial Velocities of the Mass Centers:
Body 1:

1. [ va,y :|3><48 - [R")Ol,y :|3><48 —[7] [ Rd)hy ]3x48 B [’71 ] [ Ra)l’y ]3X48
LA s L)

Z€10 Z€ro

[ Loe = [ ] [0 (00 [0 [0, [0]y, [0,y [0],]
:R‘}I’“}I :|3><3 - [Fl :' 353 [R‘.}lsh }3X24 = [O]3><24

e e O Y R P Y RN

i ] =1 L [P0 ), [0, (01, (00, (0], [0),, [0],.]

2o )y, =& 5+ [B]]] [0 ], =-[A]RT -BlaIRT
‘ [a][’]" (0], [0), [0]. [0, [0L. [0],]

M0 ] =B R -[Ella][R]

:R‘}3’y2:3 24 [[0]33 [wl][R] [~2][R2]T [O]3><3 [0]3x3 [0]3><3 [0]3x3 [O]3><3:|
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[R‘.}OS’Y :|3><48 B [%][Rd)iy :|3><48 B [;75 ] [ Ra)5=y i|3><48
e ) = Ly (01 100, 100, [Msa )., (00, 0], [0],.]
:R"}i‘?’l :3><3 - _[[65] +[§5] +[]:5 ﬂ [R‘}S@S i|3><3 - _[’%][Rl ]T _[’75][651][1{1 ]T

[
:R‘}6,yl:3xz4:[[Rvé,a“qlﬁ [0]3><3 [0]3><3 [0]3><3 [O]3><3 [R%,%Lﬁ [0]3><3 [O]3><3:|
[“oa L =[G ][]+ (A ]]] |[oa )y =R ]IRT -[R1I@NAT
:Rv6=yz:3xz4:[[0]3x3 [0]3><3 [0]3><3 [0]3><3 [0]3><3 [@1][R1]T [0]3><3 [0]3><3:|

[R‘>07 ¥ ]3><48 B [%][Rd)w :|3><48 B [%][RCOU j|3><48
[ L =L ) [0 101y [00s 0]y [0]ys [0 ], [0],]
oo | =L@ B A (e ), = (A JIRT -[RI@]R]

iy L= [0k [0L [0h. DL, [Oh. [0, [@)&T [o].]

Body 8:

1'{[R‘>8’y :|3><48 [R‘.}Os’y :|3><48 _[’%][Rd)&y :|3><48 —[;%:'[Ra)&y ]3x48
[ ]y =1 Ly [0 [0, 100, 100, (0], [ ], [Meal,]
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Acceleration of Gj:

The acceleration of G5 can be calculated as follows.

fa)=[ Bvy, 001+ M0y, 1)
=[Fvn Jd [ o, )+ Rvsy]{yl} (Mo, [0}
[0 oy [0 ] [a )y 01 01, [0, [0l (0], |01}
. [RL, (R, [0, [0133 [0133 (0], [0], [{52)

MLy [l [y, 0l [0 [0l [0], [0y [t}

#|[0],, [[8]RY ] [(a.]» 1} (0], [0l [0)y (0], [0],, |10}

=["vsa {@)+[ i ) +[ s, J{ 0} (3014 [R]85} 4 [R.] (53)

#[ P o)+ S, frh+[ s )+ )R] {5+ @] [R] {51)

{3 =~[[@]+[]+[@: ]+ [5]+ B -[[a ]+ B+ [BIR] {o) -[A][R] {s)
-[[@]+ [ ]+ [ (B ]+ (A Jla}-|[@ ]+ [5 ]+ [A]]IR] {a:)
@]+ s+ ENBIR] o) -[AR] (o) -Ela]R] o)
g+ [RT R () + [R]85+ [@][R.] {s5)

This result can also be found by other more direct methods such as direct differentiation.

+
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Exercises

5.1 The diagram shows a two-body system with frame F and bar B.

Frame F rotates (¢ = Q ) about a fixed vertical direction annotated
by the unit vector k, and bar B is attached to /' with a joint

allowing rotations about #we axes. Rotation about the first axis is

measured by the angle i , and rotation about the second axis is

measured by the angle #. The angles ¢ and y are both zero in

the position shown. B is oriented with respect to F using a 3-1
rotation sequence. Three reference frames are defined for the
system as follows.

Reference Frames:

Frame, FF

fixed frame

F: (gl, e,, /g) rotating with Frame, F

B: (igl,igz,ig3) rotating with Bar, B

Let {&;} and {@}} be the body frame components of the relative angular velocities “@ and " . Find

the fixed frame components of the time derivatives of the partial velocity matrices and acceleration of
point P using body frame components of the relative angular velocity vectors. Use results from Example 2

of Unit 4 for the angular velocities, partial angular velocity matrices, velocities, and partial velocity matrices.

Define the column vector of generalized speeds to be

Answers:
nr n AT nr . X i T , . . X . . T
{a)}}:{a)F}:{a)F}:[O 0 ¢] {a)B}:[H wS, 1//C9] {a)B}=[9 (¢+l//)Sg (¢+W)C9]
as,S,  aS,C, —((C,+aC,C,,,)
ooy [==[R] [Foo |- [Rs] [0 || "Rs |=| —aS,C,  aS,S,  —(£8,+aC,S,.,)
(+aC,C, aSs,C, 0
_ aS;., Sy 0 —aCy,,
| “Voay |==[Rs] [Fho | =| ~aCyu, Sy 0 —aS,,,
aC, 0 0
C, -S, 0 Chp —S3,Co  SsySo c, s, 0
T T
[Re] =8, €5 O |[R] =|Spy CpyCo ~CoSo|l | "Rs |=|-S,C0 C,C,p S,
0 0 1 0 S, c, S,y -C,S, C,
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5.2
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0 0 ¢ 0 0 a
[Foo]=l 0 0 0| [Fro]=| 0 0 0
~( 0 0 ~a 0 0
. ~/ ~f ~1 ~1 ~f ~1 r
[RVP,c?);]=_[RF]T[0)F]|:FQ/O]_[RB]T[a)B]I:rP/Q:I[FRB}_[RB]T[FP/Q:H:FCOB] [FRB:|
aS,Cop+aCyS,0  —aS,S,+aCyC0 (S p+aS,,,Cy(d+y)+aC,,,S,0
=| aSyS;p-aCyC,0  aS,Cyp+aC,S,0  —~(C,h—aC,,,Cy(h+yr)+aS,,,S,0
-aC,S,0—-aS,Cpyp —aS,S,0+aC,Cpy 0
aCy,,Sy(p+y)+aS,,Cob 0 aS,., (d+v)
| “po, |==[Re] (@3] Frio |=| @Sy So(#+17)-aCy.,, Co 0 —aCy,, ($+7)
—aS ,0 0 0
{ap}:[RVP,@’F]{fb}}+[RVP,@;]{5’§}+[RVP,@;]{a}}}+[R"’P,a>;3]{a3ﬁz}
—LC4—aCyCy,, -aC,,,C, aS,.,S g (S;+aS,,,Cqy aS,.,Co
=3 —1S,-aC,S,.,, t+1-aS,,,Cy W +3-aC,,,Syt0+3—-(C;—aC,,,Cyt§ +1-aC,,,Cy tyi°
0 0 aC, 0 0
aS,.,Co 2aS,,,Cy 2aCy,, Sy 2aCy, S,
+4-aC,,,Cq 6% +1-2aC,, ,C, 1y +42aS,, S, 1 $0+13 2aS,,,S, (170
~as, 0 0 0

This result for {a P} is identical to the result in Example 2.

Write a MATLAB script to numerically evaluate the matrix equations you derived in Exercise 5.1 using
the data below. First calculate the partial angular velocity matrices and the angular velocity components.
Then calculate the partial velocity matrices and the velocity components of point P. Use the results of Unit
4 as a basis for these calculations. Finally, calculate the time derivatives of the partial velocity matrices and

the acceleration components of point P.

Data:
(=19 (in) a=11 (in)
$=0 w =20 (deg) 60 =30 (deg)
$=1.5 (rad/s) vy =2 (rad/s) 0 =—-0.5 (rad/s)

¢ =3 (rad/s?)
Results:

W =5 (rad/s?) 0 =—1.5 (rad/s®)

Body frame components:

1 00]f000

R _

| @, ] =[]0 1 0] [0 00
00 1] [0 00
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0.939693 0342020 0 100
[ @), |, =|| 0296198 0813798 0500000 |0 1 0
0.171010 -0.469846 0.866025] [0 0 1

{0} =[0 0 1.5]" ()| |{@}=[-0.500000 1.75000 3.03109] (r/s)

Fixed frame components:

0 0.458333 -2.32931 ] [ 0.156759 0 -0.861385
| “vp, . =||-0458333 0 -0271515| |-0430692 0 -0.313518
232931 0.271515 0 ] [ 0.793857 0 0
{vp} =[-5.06431 —0.734956 —0.396928]T (ft/s)
0.687500 —0.396928 0.734956| [ 1.37167 0 1.09731
[Rvp,yl = 0.396928  0.687500 —5.06431| |0.921648 0 -—3.01485
—0.327684  1.57034 0 ] 0229167 0O 0
{ap} =[-9.06648 —14.9620 —1.30537]T (ft/s®)
5.3 The figure shows a three-body system with firame F, arm AB, and k
slider S. Frame F rotates about the fixed vertical direction with rate NCBS? g\g /
) . I /\ e
@ =2, and the arm 4B rotates relative to F with rate & = @ . Slider i b B =
S'is connected to bar AB with a prismatic joint, meaning it is free slide | | \< x)\ S
along AB but not rotate relative to it. Its position relative to point A4 is ol 6 .
given by the variable distance X . _— _)l 4 €2
Reference frames: (all frames align when ¢ =6 =0)
= F f=w

R:(i, j, k) (fixed frame)
F:(e, e, k) (rotating with frame F)
AB:(e,,e,,e,) (rotating with bar 4B)

Let {@} and {@);} be the body frame components of the relative angular velocities *w, and "o, .

a) Find the fixed frame components of the time derivatives of the partial velocity matrices and acceleration

of slider § associated with the body frame components of the relative angular velocity vectors. b) Find the

body frame components of the time derivatives of the partial velocity matrices and acceleration of slider

S associated with the body frame components of the relative angular velocity vectors. Use results from

Example 3 of Unit 4 for the angular velocities, partial angular velocity matrices, velocities, and partial

velocity matrices.

Answers:

Q) [{ap}=[0 0 of | [{d}={as}=[0 0 0of'| o5} ={ols}=[o a5, oC,]
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0 0 a 0 0 x c, -S; 0
[Fuo]=| 0 0 of|[F.]=| 0 0 of[R:] =|S, ¢, 0
-a 0 0 -x 0 0 0 0 1
C, —S,Cp S48 1 0 0
T
[Ri] =S, CuCo —CuSy|| |["Ris]=[0 €, S,
0o S, c, 0 -S, C,
xS,8, xC,S, —(a+xC,)C,
[Rvs,a”);]:_([RF]T[F:GI/O:'-’_[RAB]T[Fé/A][FRABJ): —xCySy  xS4S, —(a+xC9)S¢
a+xC, 0 0
x$,8, 0 —xC,
[Fvsor |[==[Ras] [Fora]=| 2CySy 0 =8, || [} =[0 & 0| |["ves|=[Rus]
xC, 0 0
[Rvs,d);]:_[RF]T[CZ)}]I:F;I/O:I_[RAB]T[@AB][F.;/A:I[FRAB] [RAB]T [;é/A:||: RAB]
T
AB] 7§ 4 _Fa)AB] [FRABJ
aQs, | [xQC,S,+xwS,C, —xQS,S, xQS,C,
=10 0 —an¢ +| Q8,8 —xwC,C,  xQC,S, —xQC,C,
| xS, 0 0
x5,8, xCyS, —xCy,Cp| |0 xoC,Cy xaC,S,
—xC¢Sg xS Se —x8,Cy |+|0 x0S,Cyp  x0S,S,
0 0 0 0
VSw I:RAB rS/A ] [”:v/A] a)AB [ /A] [V.;/A]
XQC,S, +x0S,Cy 0 xQS, xS¢S9 0 —xc¢
XQS Sy —xwC,Cp 0 —xQC, |+| —%CyS, 0 —iS,
xS, 0 0 xC, 0 0
~QS, -QC,Cyo+0S,Sy QC,Sy+0S,C,
T~
[ %5 |=[Ru] [@]=] QC, -QS,C,-0C,S, QS,5,-wC,C,
0 oC, -wS,




_(a+xC9)C¢ S48, ~85,C, (a+xC9)S¢ S,Cy
{a;}=1-(a+xCy)S, tQ+{-C,Sypxiv+{ C,C, pi+{—(a+xC,y)C, 1 Q7 +4-C,C, px0”
0 C, S, 0 -S,
2C,8, -2C,C, 25,8,
+128,8, 1 XQw+1-28,Cy £ Q+{-2C,S, t i@
0 0 2C,

This result is identical to the result from Example 4.

b) [{@p)=[0 0 Qf | [{@)={at}=[0 0 o]||{e}}={wls}=[e a5, ac,]
0 0 a [0 0 x 1 0 0
(xh=[0 x o | |[Fuo]=| 0 0 of [Fu]=| 0 0 o] ["Ru]=|0 C, 5,
—a 0 0 -x 0 0 0o -S, C,
() == (["Ras [P0 ]+ [Fa ][ " Ras )0} =[] {5} + ()
:[Rvg’@}{A;}+[Rv§’@]{(b§}+ v’x,}{fc'}
0 xS, —(a—i-ng)_ 0 0 —x 1 00
[Vio |=| @S, O 0 [via [=10 0 0| |[Ve]=l0 1 0
aCy+x 0 0 ] x 0 0 0 0 1
{vé}:[—(a+xC6,)Q X xa)]T
{as) =15 )+ [ ] {vs}
~[ay 40 |+ [ J{05 ]+ [ DY+ [, U0} + [t} + (06105}
0 xS, +x0C, —xC,+x08, 0 0 —x
[V |=|  aoC, 0 0 (V50 |[==[F4]=|0 0 0
—awS, + % 0 0 0 0
0 -QC, QS, —(a+xC,)Q-23QC, +2xaX2S,
[@i]=] QC, 0 -0 | [{as}=9 i-(a+xC,)C, Q" —x0’
-QS, o 0 xio+(a+xC,) S, + 250
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5.4 Write MATLAB scripts to numerically evaluate the matrix equations you derived in Exercise 5.3 using the
data below. First calculate the partial angular velocity matrices and the angular velocity components. Then
calculate the partial velocity matrices and the velocity components of slider S. Use the results of Unit 4 as
a basis for these calculations. Finally, calculate the time derivatives of the partial velocity matrices and the

acceleration components of slider S.

Data:
a=0.75 (ft)
$=0 0 =60 (deg) x=0.5 (ft)
$ =3 (1/s) 0 =-5 (t/s) x=1.5 (ft/s)
$=2(/s*)  6=-10 (1/s?) ¥ =5 (ft/s?)
Results:
a) Body frame components of angular velocities
1 0 0] [o 0 0] [O 0O
| @, | =[[0 1 0] [0 0 0] 000
00 1] (0 0 0| |0 00
1 0 0 1 0 0] [0 0 0
[ *@%, ], =||0 05000 08660 [0 1 0| [0 0 0
0 —0.8660 0.5000| [0 0 1| [0 0 0

(o }=[0 0 3] (s)| |[{e}=[-5.0000 25981 1.5000]" (r/s)

Fixed frame components of velocity and acceleration of S:

0 04330 -1.0 0 0 -05000] [1 0 0
[“vs, ], =[|-04330 0 0 | |-04330 0 0 0 0.5000 —0.8660
1.0 0 0| 02500 0 0 0 0.8660 0.5000

vg} =[-3.0000 2.9151 0.0490] (ft/s)
S

1.2990 0.0490 -2.9151 1.2990 0 -1.5000 0 —1.5000 2.5981
[R\'/S’yl .= —-0.0490 1.2990 -3.0000 —-0.0490 0 -1.5000 3.0000 4.3301 2.5000
29151 0 0 29151 O 0 0 -2.5000 4.3301

ag)l =[-19.4904 4.5705 -16.4952] (ft/s?)
S

b) Body frame components of angular velocities — same as part (a)

Body frame components of velocity and acceleration of S:

0 04330 -1.0000 0 0 -05000] [1 0 0
[ ", ] =[] 06495 0 0 0 0 0 01 0

> A3x9
0.8750 0 0 0.5000 0 0 00 1

Vi1 =[-3.0000 1.5000 —2.5000]" (ft/s)
s
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0 00490 -2.9151 0 0 -15000] [0 0 0

[ ", ] =]|-18750 0 0 0 0 0 000
> 13x9

47476 0 0 15000 0 0 00 0

.} =[-19.4904 —12.0000 —-12.2058] (ft/s?)
S

5.5 The figure shows an eight-body system numbered
using the numbering scheme presented in Unit 1.
Body 1 is the system reference body, and the rest
of the bodies are numbered in ascending
progression outward along the branches. As
structured, the lower numbered body array for the

system is as follows.
£(1,...,8)=(0,1,2,2,1,1,1,7)

The orientation of body 1 is defined relative to the

fixed frame R: (]y >N, N 3) , and the orientations

of all the other bodies are defined relative to their adjacent, lower numbered bodies. Using body frame

components of the relative angular velocities of the bodies, the system generalized speed matrix is defined

as follows.
{ } A {y1}24><1
Yiaga {y,)
2J24x1
{ } A[A, Ay Ay Ay Ay N N N N N N N ]T
Nfoag 1011 @ra O3 Oy Oy Dy W W Wy @y Gy (g
{ } AT s . .y . .y .y .y . .y .y .y g 1T
bY) 24x1—[s11 S Si3 S S S S71 S22 S;3 Sg1 S S83]

a) For each body B in the system, find the time derivatives of the fixed frame components of the partial

velocity matrices of its origin and mass center. Then find the fixed frame components of the acceleration

of G; the mass center of body 3. Use the results from Unit 2 for the body frame components of the partial

angular velocity matrices of the bodies and the results from Unit 4 for the fixed frame components of the
partial velocity matrices of the origins and mass centers of the bodies. Follow the procedure presented in

Equations (53)-(58), (73), and (75).

b) For each body B in the system, find |:R‘,}OB’y:|g(B) the body £(K) frame components of the partial

velocity matrix associated with RyOB 1025, the velocity of Oy the origin of body B relative to O, the origin
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of body £(B) and [RQOB ,y 1@(3) it’s time derivative. The matrix [RﬁOB’ y 1@(3) is defined in Equation (48).

Then find the body frame components of the accelerations of the origins of the bodies 1-3 using the

procedure presented in Equation (66). Then find the body frame components of the acceleration of G; the

mass center of body 3 using Equation (86). Use the results from Unit 2 for the body frame components of
the partial angular velocity matrices of the bodies.

Answers — Part (a)

Body 1:

|:R‘>01 5 ] - [0]3><24 |:R1}01 V2 ] - [O]3><24

Body 2:
Mo Lo =M ls ]| [P =R 101021 [) R [5]
[0 ]y =| (01 [[RT[80]] [0,
Body 3:

[ "o, )= [[Rv'oa,@f Jos [0t )y, [0] ms_
("o, ]=-[R] [@ ]([ ] [ 1) (R [8]-[R] ([@]+[5])[ ‘@] ['&]

-[&] @ [ 'R ][RI [5 ][R ]

[ %o, |=—[R] [@ ( [35])-[&] [5]
[%%0,.,]

Body 4:

R -

[ vOMl]
R

[ V04»a‘4]

Il
| |
e
(98]

X
(98]
1
| |
=
| I
i\]
| |
R
| I— )
L1

TR R.
_|: VO4J‘A)1' j|3><3 |: v04s‘b§ :|3><3 [0] 3X18}

o []) (R[] %] (@

(51 SR ][RI (5 ]['R]
("0, )= R] [wz( [5])-[R.] [3]
[R‘}Ozt 2 13x24 l: 3X3 [ :|3><3 ]3X3 |:[R2]T[a~)é]lx3 [O]Mz}

Body 5:
[R"}OS’” ] - [[ R“}OS"‘X :|3><3 [0] 3><21i| [RVOs@IJ B _[Rl ]T [5)1’]([5; ] + [5; ]) _[Rl ]T [5;]
i =[O0, [IRT (0], (0L, ]
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I—I
r—|
_I
—
~—
Qz

[s])['a] ['&]




[ 1=l Mo Ly O | [0 =& (@) (@] +[5]) - [&] 5]
[ %, )=| [0 [TRT a1, T0], ]

Body 7:

[R")O%le:HR‘}Ov@ilﬁ [0]3 21} [R‘}07,dq’:':_[Rl]T[a’]([q7] [ ])_[Rl]T[SL;]
("0, ]| 0)y [[RT @], [0, ]

Body 8:

Mo =\ [ Moy, [0 [Mos], [9]

[, =—[R ] [a)([2]+ M) (RT3 ]-[RT ([@]+[50)[ '] ['&,]
-[&] [a)([@]+ )R J-[R] [ ][R ]

[0, |=—[R) [@5)([@]+[5]) - [~ [5]

[“i0,0,]=| 10 [[RTT01]], [(®]120]], ]

Time Derivatives of Partial Velocities of Body Mass Centers:
Body 1:

i 1= [y, O | [P =-RI 1] [ ]-10),..

Body 2:

:R‘.}zﬁyl ] - [[ R‘}z"f’i :|3><3 [R‘-}z’@ L@ [O] 3><18J
n))-[R][5]- R][rz[wz][ (R [@][F] 'R ]
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Body 4:

M55y, )= |00 [(RT (&), (0], ]

Body 6:

8 [O]3X12 |:R‘>6,&)é]3x3 [0]3><6:|

-[R] [@][7][ 'R ]

("5, ]=|10],0c [[RTTaH]]

.. |

3x3

g =R [@1(@]+[5)-[R][5]-[RT B) & ] ['® ]-[&] [@]]

AR ]

Ry,
.52

(0], [[R] (]

o], |

3x3

[R‘.}&yl]:[[%g@fls [0]315 [R‘.}S‘?’?_x

: o ]3><3i|
(

(Mg J=—[R] [wI]([%] [ ]) &I Ta]-
-[&] [&;](] )[ J R] I:Ss [1R7]
-[R] [%]['a ] [ R )-[R] [@][F]] 'R ]

[g]+[5])['a | ['®,]

Copyright © James W. Kamman, 2026

Volume III — Unit 5 — Acceleration — page: 86/103



[Fgss | == (R [@)(@]+ (%) - (&) [&]-[RS R 76 ] [ "R ]-[R (@)% 'R, ]
(s J =R TAIR] ([ %)= 0L [[RTTa], [[R)15]] ]

Acceleration of G;:
{a}=—|[R] (@) [B)+[R] (@ ]+ R+ [R] (7] 'R ] ] {e]
&Y ][]) [Rs]T[ '

_ RI]T

(g
(L] {
| [T ([@)((a:]+[5:] +[s3 (@) 'a] ) =] @)
I
I
+[R

T

- Rz] ) [’”3 @,

- Rz]T (0 [’”3 @,

{ D[R] s+ [R] R @5} +[R] [@]15%)

Answers — Part (b)
Body 1:

|:R901,J’1 ]R - [0]3><24 |:R‘A}O1,J’z ]R - [[]]3x3 [O]3><21:|
|:R\;}Ol’y1 L(l):R - [0]3><24 |:R‘;)Ol’y2 1@(1):13 - [0]3X24

Body 2:

[R%;,yl]z:_([gé]"'[%])[[l&} [1]3><3 [0]3x18:| [R‘;Os’yz]zz[ssé]h:[[0]3x6 [1]3><3 [0]3x15:|

- _[
L Vo,.», L =10 3x24
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Body 6:
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:R‘A’og,ylL:_([éé]+[5é])[la~)'7]T[[1R7} [O]zle}_[%][[l&] (0155 Uss [O]%}
"o, |, =100,
Accelerations of Body Origins:
{ap ) =[ R ]{57}
{a'oz}:[Rz]{;c';}J{le][aﬂ @) +{s +[1R2] )@ ({4 ’)+[1R2}{§§}+2[1R2][a~)1']{$’2}
{ao )= ([R:)51}+[ 'R [ ]({aa) + 4 +[1R3]a>1 [a]({aa} +{s5})+] 'R J{5a )+ 2 'Ry @] 33}
[ PRy [, J({as ) +{s5))+[ 2Ry @ ][ ]({as b+ {ss})+ [ PRy {55} +2[ *Rs [ 3]s )
Acceleration of G;:
(s} =[R )51} + ] 'Ry [ J({as) + s )+ 'R [[@1[@)({an} + fsa))+ ] 'Ry J{s5) + 2 '&s [ @] {s3)
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5.6 The figure shows a thirteen-body model of the human body numbered
using the numbering scheme presented in Unit 1. Body 1 is the lower
torso, and it is the system reference body. The rest of the bodies are

numbered in ascending progression outward along the branches. As

structured, the lower numbered body array for the system is as follows.
£(1,...,13) :(0,1,2,3,4,3,6,3,8,1,10,1,12)
The position and orientation of body 1 is defined relative to the fixed

frame R: (]y >N, N 3) , and the orientations of all the other bodies are

defined relative to their adjacent, lower numbered bodies. Body 1 can

translate and rotate relative to the fixed frame, but all other bodies can

only rotate relative to their lower numbered bodies, not translate. Using

base frame components of the relative angular velocities of the bodies, Bn By
the system generalized speed matrix is defined as follows. | |
{y} A {{yl}”xl}
42x1
{y2}3><1
A A A A A A A A A A A A A T
{y1}39><1 = [a)ll O WO Wy GO Wy - W WO, O3 @Oy Wp) @2,3]
AT -y . g 17
{J’2}3X1 = [Su S12 313]

a) For body 7 (lower right arm), find the #time derivatives of the fixed frame components of the partial

velocity matrix of its origin O, and its mass center G, . Then find the fixed frame components of the
acceleration of G, the mass center of body 7. Use the results presented in Unit 2 for the fixed frame

components of the partial angular velocity matrices of the bodies and the results from Unit 4 for the fixed

frame components of the partial velocity matrices of the origins and mass centers of the bodies. Follow
the procedures outlined in Equations (54)-(56) and Equation (82). b) Use direct differentiation to find the
fixed frame components of the acceleration of G, in terms of the base frame components of the relative
angular velocity vectors and compare the results with those obtained in part (a). Assume that
g (B=2,...13;i=1,2,3) and §j, (B=2,...13;i=1,2,3) are all zero.

Answers:

Body Origins:

Body 1:

[R‘}Ol’yl ]3x39 - [O]3><39 [R‘}Ol ) ]M - [O]3><3

Body 2:
':R‘}OZsyl ]3X39 - |:|:R‘>02";)1 :|3X3 [0]3><3 [O]3><3:| [R‘}Oz,a”)l ]3X3 = _[q;ﬂ I:R‘.}Oz;yZ ]M - [0]3><3
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5.7 The figure shows a thirteen-body model of the human body numbered
using the numbering scheme presented in Unit 1. Body 1 is the lower
torso, and it is the system reference body. The rest of the bodies are

numbered in ascending progression outward along the branches. As

structured, the lower numbered body array for the system is as follows.
£(1,...,13) :(0,1,2,3,4,3,6,3,8,1,10,1,12)
The position and orientation of body 1 is defined relative to the fixed

frame R: (]y >N, N 3) , and the orientations of all the other bodies are

defined relative to their adjacent, lower numbered bodies. Body 1 can

translate and rotate relative to the fixed frame, but all other bodies can

only rotate relative to their lower numbered bodies, not translate. Using

body frame components of the relative angular velocities of the bodies, B.s By
the system generalized speed matrix is defined as follows. |
. -
{y} A {{yl}”xl}
42x1
{y2}3><1
A A A A A A A A A A A A A T
{y1}39><1 = [a’fl W @ @y @y @y o By B, Oy O O, a’fzg]
AT -y . g 17
{J’2}3X1 = [Su S12 313]

a) For body 7 (lower right arm), find the time derivatives of the fixed frame components of the partial

velocity matrix of its origin O, and its mass center G,. Then find the fixed frame components of the
acceleration of G, the mass center of body 7. Use the results presented in Unit 2 for the fixed frame

components of the partial angular velocity matrices of the bodies and the results from Unit 4 for the fixed
frame components of the partial velocity matrices of the origins and mass centers of the bodies. Follow
the procedures outlined in Equations (58)-(60) and Equation (83). b) Use direct differentiation to find the

fixed frame components of the acceleration of G, in terms of the body frame components of the relative
angular velocity vectors and compare the results with those obtained in part (a). Assume that
Sp (B=2,...13;i=1,2,3) and §j, (B=2,...13;i=1,2,3) are all zero.

Answers:
Body Origins:
Body 1:

[Rvol’yl ]3x39 - [O]3x39 [Rv(?l,yz ]3X3 = [0]3><3
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Addendum A: Symbolic Calculation of Equations of Example 2

Volume I1II, Unit 5, Example 2, Part (a) — Symbolic Solution

% This script calculates symbolically the fixed frame components of the
% velocity and acceleration of point P of Example 2 (part (a)) of both
% Unit 4 and Unit 5 of volume III.
% It uses the fixed frame components of the angular velocities and base
% frame components of the relative angular velocities.
%

clearvars

% Define variables
phi = sym("phi"); phibot = sym("phibot"); phibDot sym("phibDot") ;
psi = sym("psi"); psiDot = sym("psiDot"); psibbot = sym("psibbot");
theta = sym("theta"); thetaDot = sym("thetaDot"); thetabDot = sym("thetabDot");
Ten_1 = sym("len_1");
Ten_a = sym("len_a");

sinPhi

sym(sin(phi)); cosPhi sym(cos (phi));
sinPsi = sym(sin(psi)); cosPsi = sym(cos(psi));
sinTheta = sym(sin(theta)); cosTheta = sym(cos(theta));

% Transformation matrix of F relative to ground (G)
RFrelG(1,1) = cosPhi; RFrelG(1,2) sinPhi; RFrelG(1,3) sym(0);
RFrelG(2,1) -sinPhi; RFrelG(2,2) cosPhi; RFrelGg(2,3) sym(0);
RFrelG(3,1) = sym(0); RFrelG(3,2) = sym(0); RFrelG(3,3) = sym(1);

% Transformation matrix of B relative to F
RBrelF = calculateTransformationMatrixFromAngleX(theta)* ...
calculateTransformationMatrixFromAnglez(psi);

% Transformation matrix of D relative to ground (G)
RBrelG = RBrelF*RFrelG;
RBrelG = simplify(RBrelG);

% Position vector of Q wrt O - fixed frame components
% Position vector of P wrt Q - fixed frame components
Ten_1_prime = [sym(0); Ten_1; sym(0)];
Ten_a_prime = [sym(0); Ten_a; sym(0)];

rQwrto = transpose(RFrelG)*len_1_prime;
rQwrto = collect(rQwrto,len_1);
rPwrtQ = transpose(RBrelG)*len_a_prime;
rPwrtQ = collect(rPwrtQ,len_a);

rQurtOoTilde = buildTildeMatrix(rQwrto);
rPwrtQTilde = buildTildeMatrix(rPwrtQ);

% Define system state vector, y
omegaFHat = [sym(0); sym(0); phiDot];
omegaBHat = [thetaDot*cosPsi; thetabot*sinPsi; psiDot];
y = [omegaFHat; omegaBHat];

omegaFHatDot = [sym(0); sym(0); phibbot];

omegaBHatDot [(thetaDDot*cosPsi) - (thetaDot*psiDot*sinPsi);
(thetabbot*sinPsi) + (thetaDot*psiDot*cosPsi);
psibDot];

yDot = [omegaFHatDot; omegaBHatDot];
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%
%
%

%
%

%
%

%

Angular velocity of F in R
Angular velocity of D in R
fixed frame components

omegaF = omegaFHat;
omegaB = omegaF + (transpose(RFrelG)*omegaBHat);
omegaB = simpTlify(omegaB) ;

omegaFTilde = buildTildeMatrix(omegaF);
omegaBTilde buildTildeMatrix(omegaB);

Partial angular velocity matrices
fixed frame components
partialomegaFwrtY = sym(zeros(3,6));
partialomegaBwrtY = sym(zeros(3,6));

partialomegaFwrtY(:,1:3)
partialomegaBwrtY(:,1:3)
partialomegaBwrtY(:,4:6)

sym(eye(3,3));
sym(eye(3,3));
transpose (RFrelG) ;

pPartial velocity matrices of point P
fixed frame components
partialvelocityPwrtY = sym(zeros(3,6));

partialvelocityPwrtY(:,1:3)
partialvelocityPwrtY(:,4:6)

-(rQwrtoTilde + rPwrtQTilde);
-rPwrtQTilde*transpose(RFrelG);

partialvelocityPwrty = simplify(partialvelocityPwrty);

Velocity of P - fixed frame components
v_PPartl = partialvelocityPwrtY(:,1:3)*y(1:3);

V_PPart2 = partialvelocityPwrtY(:,4:6)*y(4:6);
V_PPart2 = collect(v_PPart2,thetabDot);

V_PPart2 = collect(v_PPart2,len_a);

V_PPart2 = collect(v_PPart2,sinTheta);

exprl = sym(cos(phi)*sin(psi) + cos(psi)*sin(phi));
expr2 = sym(sin(psi + phi));

V_PPart2 = subs(v_PPart2,exprl,expr2);

exprl = sym(cos(phi)*cos(psi) - sin(phi)*sin(psi));
expr2 = sym(cos(psi + phi));

V_PPart2 = subs(v_PPart2,exprl,expr2);

V_P = v_PPartl + v_PPart2;

exprl = sym(cos(psi)A2*cos(theta) + cos(theta)*sin(psi)A2);
expr2 = cosTheta;

V_P = subs(v_P,exprl,expr2);

disp(" ");

disp(' Body Frame Components of v_P')

disp(" ");

disp(' Component 1');
disp(v_P(1));

dispC'" ")

disp(' Component 2');
disp(v_P(2));

dispC'" ")

disp(' Component 3');
disp(v_P(3));
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% Time derivative of position vector of Q wrt 0 - fixed frame components
% Time derivative of position vector of P wrt Q - fixed frame components
rQwrtobot = omegaFTilde*transpose(RFrelG)*len_1_prime;
rQwrtobot = collect(rQwrtobot,len_1);
rPwrtQbot = omegaBTilde*transpose(RBrelG)*len_a_prime;
repwrtQDot = simplify(rrPwrtQDot);
rPwrtQbot = collect(rPwrtQbot,len_a);

rQwrtoTildeDot buildTildeMatrix(rQwrtobot) ;
rPwrtQTildebot = buildTildeMatrix(rPwrtQbot);

% Time derivatives of partial velocity matrices of point P
% fixed frame components
partialvelocityPwrtYDot = sym(zeros(3,6));

partialvelocityPwrtYDot(:,1:3) -(rQwrtoTildeDot + rPwrtQTildeDot);
partialvelocityPwrtYDot(:,4:6) = ...
-((rpwrtQTildeDot) + (rPwrtQTilde*omegaFTilde))*transpose(RFrelG);

partialvelocityPwrtYDot = simplify(partialvelocityPwrtYDot);
partialvelocityPwrtYDot = collect(partialvelocityPwrtYDot,len_1);
partialvelocityPwrtYDot = collect(partialvelocityPwrtYDot,len_a);

% Acceleration of P - fixed frame components
a_PPartl = partialvelocityPwrtY*yDot;
a_PPartl = collect(a_PPartl,phibDDot);
a_PPartl = collect(a_PPartl,psibDDot);
a_PPartl = collect(a_PPartl,thetabDot);
a_PPartl = collect(a_PPartl,sinTheta);
a_PPartl = collect(a_PPartl,len_a);
exprl = sym(cos(phi)*sin(psi) + cos(psi)*sin(phi));
expr2 = sym(sin(psi + phi));
a_PPartl = subs(a_PPartl,exprl,expr2);
a_PPartl = collect(a_PPartl,psiDot);
a_PPartl = collect(a_PPartl,thetaDot);

exprl = sym(cos(phi)*cos(psi) - sin(phi)*sin(psi));

expr2 = sym(cos(psi + phi));

a_PPartl = subs(a_PPartl,exprl,expr2);

exprl = sym(cos(phi)*sin(psi) + cos(psi)*sin(phi));

expr2 = sym(sin(psi + phi));

a_PPartl = subs(a_PPartl,exprl,expr2);

exprl = sym(cos(psi)A2*cos(theta) + cos(theta)*sin(psi)A2);
expr2 = cosTheta;

a_PPartl = subs(a_PPartl,exprl,expr2);

a_PPart2 = partialvelocityPwrtYDot*y;
a_PPart2 = expand(a_PPart2);

expr = sym(phiDotA2);

a_PPart2 = collect(a_PPart2,expr);
expr = sym(psiDotA2);

a_PPart2 = collect(a_PPart2,expr);
expr = sym(thetabDotA2);

a_PPart2 = collect(a_PPart2,expr);

exprl = sym(phiDot*psiDot);
phiDotPsiDot = sym("phiDotPsiDot");
a_PPart2 = subs(a_PPart2,exprl,phiDotPsiDot);
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a_PPart2 = collect(a_PPart2,phibDotPsiDot);

exprl = sym(phiDot*thetaDot);

phiDotThetaDot = sym("phibDotThetabot");

a_PPart2 = subs(a_PPart2,exprl,phiDotThetaDot);

a_PPart2 = collect(a_PpPart2,phibDotThetaDot);

exprl = sym(psiDot*thetaDot);

psiDotThetaDot = sym("psiDotThetabot");

a_PPart2 = subs(a_PPart2,exprl,psiDotThetaDot);

a_PPart2 = collect(a_PPart2,psibDotThetaDot);

exprl = sym(len_a*cos(phi)*cos(theta)*sin(psi) + ...
len_a*cos(psi)*cos(theta)*sin(phi));

expr2 = sym(len_a*cos(theta)*sin(phi + psi));

a_PPart2 = subs(a_PPart2,exprl,expr2);

exprl = sym(2*Ten_a*cos(phi)*cos(psi)*sin(theta) - ...
2*len_a*sin(phi)*sin(psi)*sin(theta));
expr2 = sym(2*len_a*sin(theta)*cos(phi + psi));

a_PPart2 = subs(a_PPart2,exprl,expr2);

exprl = sym(2*Ten_a*cos(phi)*cos(theta)*sin(psi) + ...
2*len_a*cos(psi)*cos(theta)*sin(phi));
expr2 = sym(2*len_a*cos(theta)*sin(phi + psi));

a_PPart2 = subs(a_PPart2,exprl,expr2);

exprl = sym(len_a*cos(phi)*cos(psi)*sin(theta) - ...
len_a*sin(phi)*sin(psi)*sin(theta));
expr2 = sym(len_a*sin(theta)*cos(phi + psi));

a_PPart2 = subs(a_PPart2,exprl,expr2);

exprl = sym(-len_a*cos(phi)*cos(psi)*cos(theta) + ...
len_a*cos(theta)*sin(phi)*sin(psi));
expr2 = sym(-len_a*cos(theta)*cos(phi + psi));

a_PPart2 = subs(a_PPart2,exprl,expr2);

exprl = sym(2*len_a*cos(phi)*sin(psi)*sin(theta) + ...
2#Ten_a*cos(psi)¥*sin(phi)*sin(theta));
expr2 = sym(2*len_a*sin(theta)*sin(phi + psi));

a_PPart2 = subs(a_PPart2,exprl,expr2);

exprl = sym(len_a*cos(phi)*sin(psi)*sin(theta) + ...
len_a*cos(psi)*sin(phi)*sin(theta));
expr2 = sym(len_a*sin(theta)*sin(phi + psi));

a_PPart2 = subs(a_PPart2,exprl,expr2);

exprl = sym(len_a*sin(theta)*cos(psi)A2 + ...
len_a*sin(theta)*sin(psi)A2);
expr2 = sym(len_a*sin(theta));

a_PPart2 = subs(a_PPart2,exprl,expr2);

a_P = a_PPartl + a_PPart2;

exprl = sym(psiDot*thetaDot);

a_P = subs(a_P,exprl,psibDotThetaDot);
a_P = collect(a_P,psiDotThetaDot);

Copyright © James W. Kamman, 2026 Volume IIT — Unit 5 — Acceleration — page: 98/103



disp(" ");

disp(' Body Frame Components of a_P')
disp(" ");

disp(' Component 1');
disp(a_P(1));

disp(' ")

disp(' Component 2');
disp(a_P(2));

disp(' ")

disp(' Component 3');
disp(a_P(3));

Body Frame Components of v_P
Component 1
Ten_a*thetabot*sin(phi + psi)*sin(theta) - len_a*psiDot*cos(phi + psi)*cos(theta) - phibot*(len_1*cos(phi) +

Ten_a*cos(phi + psi)*cos(theta))

Component 2
- phipot*(len_1*sin(phi) + len_a*sin(phi + psi)*cos(theta)) - Ten_a*psibDot*sin(phi + psi)*cos(theta) -

len_a*thetabot*cos(phi + psi)*sin(theta)

Component 3

Ten_a*thetabot*cos(theta)

Body Frame Components of a_P

Component 1

(Ten_1*sin(phi) + len_a*sin(phi + psi)*cos(theta))*phiDotA2 + Ten_a*sin(phi + psi)*cos(theta)*psiDotA2 +
Ten_a*sin(phi + psi)*cos(theta)*thetaDotA2 -

Ten_a*(phibbDot*cos(phi + psi)*cos(theta) + psibbot*cos(phi + psi)*cos(theta) -
thetabbot*sin(phi + psi)*sin(theta)) - len_1*phibDbot*cos(phi) +

2*Ten_a*phibDotPsibDot*sin(phi + psi)*cos(theta) + 2*len_a*phiDotThetaDot*cos(phi + psi)*sin(theta) +

2*1en_a*psibDotThetabDot*cos(phi + psi)*sin(theta)

Component 2

(- len_1*cos(phi) - len_a*cos(phi + psi)*cos(theta))*phiDotA2 - len_a*cos(phi + psi)*cos(theta)*psiDotA2 -
Ten_a*cos(phi + psi)*cos(theta)*thetaDotA2 -

Ten_a*(phipbot*sin(phi + psi)*cos(theta) + psibDot*sin(phi + psi)*cos(theta) +

thetabDot*cos(phi + psi)*sin(theta)) -

Ten_1*phibbot*sin(phi) - 2*len_a*phiDotPsiDot*cos(phi + psi)*cos(theta) +

2*Ten_a*phibotThetabot*sin(phi + psi)*sin(theta) + 2*len_a*psiDotThetaDot*sin(phi + psi)*sin(theta)

Component 3

- len_a*sin(theta)*thetabDotA2 + len_a*thetabDot*cos(theta)
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Volume III, Unit 5, Example 2, Part (b) — Symbolic Solution

% This script calculates symbolically the body frame components of the
% velocity and acceleration of point P of Example 2 (part (b)) of both
% Unit 4 and uUnit 5 of volume III.
% It uses the body frame components of the angular velocities and body
% frame components of the relative angular velocities.
%

clearvars

% Define variables
phi = sym("phi"); phibot = sym("phibot"); phibbot = sym("phibbot");
psi = sym("psi"); psibDot = sym("psiDot"); psibbot = sym("psibbot");
theta = sym("theta"); thetabDot = sym("thetabDot"); thetabbDot = sym('thetabDDot");
len_1 = sym("len_1");
len_a = sym("len_a");

sinPhi sym(sin(phi)); cosPhi sym(cos(phi));
sinPsi sym(sin(psi)); cosPsi sym(cos(psi));
sinTheta = sym(sin(theta)); cosTheta = sym(cos(theta));

% Transformation matrix of F relative to ground (G)

RFrelG(1,1) = cosPhi; RFrelG(1l,2) = sinPhi; RFrelG(1,3) = sym(0);
RFrelG(2,1) = -sinPhi; RFrelG(2,2) = cosPhi; RFrelG(2,3) = sym(0);
RFrelG(3,1) = sym(0); RFrelG(3,2) = sym(0); RFrelG(3,3) = sym(1);

% Transformation matrix of B relative to F
RBrelF = calculateTransformationMatrixFromAngleXx(theta)* ...
calculateTransformationMatrixFromAnglez(psi);

% Transformation matrix of D relative to ground (G)
RBrelG = RBrelF*RFrelG;
RBrelG = simplify(RBrelG);

% Position vector of Q wrt 0 - body frame components
% Position vector of P wrt Q - body frame components
len_1_prime = [sym(0); len_1; sym(0)];
len_a_prime [sym(0); Ten_a; sym(0)];

rQwrtOPrime = len_T_prime;
rPwrtQPrime = len_a_prime;
rQwrtoPrimeTilde = buildTildeMatrix(rQwrtOPrime);

rPwrtQPrimeTilde = buildTildeMatrix(rPwrtQPrime);

% Define system state vector, y
omegaFPrimeHat = [sym(0); sym(0); phiDot];
omegaBPrimeHat = [thetaDot; psiDot*sinTheta; psiDot*cosTheta];

y = [omegaFPrimeHat; omegaBPrimeHat];

omegaFPrimeHatbDot = [sym(0); sym(0); phibDDot];

omegaBPrimeHatDot = [thetaDDot;
(psibDDot*sinTheta) + (psiDot*thetaDot*cosTheta);
(psibDot*cosTheta) - (psiDot*thetabDot*sinTheta)];

yDot = [omegaFPrimeHatDot; omegaBPrimeHatDot];
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% Angular velocity of F in R

% Angular velocity of D in R

% body frame components
omegaFPrime = omegaFPrimeHat;
omegaBPrime (RBrelF*omegaFPrime) + (omegaBPrimeHat);
omegaBPrime simp1ify(omegaBPrime);

omegaBPrimeHatTilde = buildTildeMatrix(omegaBPrimeHat);
omegaBPrimeTilde buildTildeMatrix(omegaBPrime) ;

% Partial angular velocity matrices

% body frame components
partialomegaFwrtY = sym(zeros(3,6));
partialomegaBwrtY = sym(zeros(3,6));

partialomegaFwrtY(:,1:3)
partialomegaBwrtY(:,1:3)
partialomegaBwrtY(:,4:6)

sym(eye(3,3));
RBrelF;
sym(eye(3,3));

% Partial velocity matrices of point P
% body frame components
partialvelocityPwrtY = sym(zeros(3,6));

partialvelocityPwrtY(:,1:3)

-(RBrelF*rQwrtOoPrimeTilde) -
(rPwrtQPrimeTilde*RBrelF);

partialvelocityPwrtY(:,4:6) -rPwrtQPrimeTilde;

partialvelocityPwrty = simplify(partialvelocityPwrty);

% Velocity of P - body frame components
V_P = partialvelocityPwrtY*y;

V_P = collect(v_P,phiDot); v_P = collect(v_P,psiDot); v_P = collect(v_P,thetaDot);
dispC' ');

disp(' Body Frame Components of v_P')

dispC' ');

disp(' Component 1');
disp(v_P(1));

disp(' ")

disp(' Component 2');
disp(v_P(2));

disp(' ")

disp(' Component 3');
disp(v_P(3));

% Time derivatives of partial velocity matrices of point P
% body frame components
partialvelocityPwrtYDot = sym(zeros(3,6));

partialvelocityPwrtYDot(:,1:3) = ...
-(transpose(omegaBPrimeHatTilde)*RBrelF*rQwrtOPrimeTilde) -
(rPwrtQPrimeTilde*transpose(omegaBPrimeHatTilde)*RBrelF);

partialvelocityPwrtYDot = simplify(partialvelocityPwrtYDot);
% Acceleration of P - body frame components

a_PPart0l = partialvelocityPwrtY*yDot;
a_PPart01 collect(a_PPart0l,phibDDot);
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a_PPart0l = collect(a_PPart0l,psibDDot);
a_PPart0l = collect(a_PpPart0l, thetabbot);

a_PPart02 = partialvelocityPwrtYDot*y;

a_P = a_PPart0l + a_PPart02;
a_P = simplify(a_P);

a_PPart03 = omegaBPrimeTilde*v_P;
a_PPart03 = expand(a_PPart03);

a_P = a_P + a_PPart03;

a_P = simplify(a_P);

exprl = sym(sin(2*theta));

expr2 = 2*sinTheta*cosTheta;

a_P = subs(a_P,exprl,expr2);
disp(" ");

disp(' Body Frame Components of a_P')
disp(" ");

disp(' Component 1');
disp(a_P(1));

disp(' ")

disp(' Component 2');
disp(a_P(2));

disp(' ")

disp(' Component 3');
disp(a_P(3));

Body Frame Components of v_P
Component 1
(- Ten_T1*cos(psi) - len_a*cos(theta))*phibot + (-len_a*cos(theta))*psiDot

Component 2
(Ten_1*cos(theta)*sin(psi))*phiDot

Component 3
Ten_a*thetabot + (-len_T*sin(psi)*sin(theta))*phibot

Body Frame Components of a_P

Component 1

- Ten_1*sin(psi)*phiDotA2 + 2*Ten_a*thetabot*sin(theta)*phiDot - len_T*phiDDot*cos(psi) -
Ten_a*phibbot*cos(theta) - len_a*psiDDot*cos(theta) + 2*len_a*psiDot*thetabDot*sin(theta)

Component 2
Ten_1*phibbot*cos(theta)*sin(psi) - len_a*phiDotA2*cos(theta)A2 - len_a*psiDotA2*cos(theta)A2 -
Ten_1*phibotA2*cos(psi)*cos(theta) - 2*Ten_a*phiDot*psiDot*cos(theta)A2 - len_a*thetaDotA2

Component 3
Ten_a*thetabbot - len_1*phibDot*sin(psi)*sin(theta) + Ten_1*phibotA2*cos(psi)*sin(theta) +

Ten_a*phibotA2*cos(theta)*sin(theta) + Ten_a*psibotA2*cos(theta)*sin(theta) +
2*Ten_a*phibDot*psiDot*cos(theta)*sin(theta)
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Addendum B: Functions used in Example 3

Function: calculateTransformationMatrixFromAngleX

function [transformationMatrixX] = ...
calculateTransformationMatrixFromAngleX(thetaX)

This function computes the coordinate transformation matrix associated
with a positive X rotation.

Input:
thetaX is the angle in radians

Output:
transformationMatrixX

32 3% 3% 3% 3% 3% X ¥ X

3

BN

calculate the sine and cosine of the angle theta
sinThetaX = sin(thetaX);
cosThetaX = cos(thetaX);

% Elements for an X rotation
transformationMatrixX = [1, 0, 0;
0, cosThetaX, sinThetaX;
0, -sinThetaX, cosThetaX];
end

Function: calculateTransformationMatrixFromAngleZ

function [transformationMatrixz] = ...
calculateTransformationMatrixFromAngleZ(thetaZz)
%

BN

This function computes the coordinate transformation matrix associated
with a positive Z rotation.

Input:
thetaz is the angle in radians

Output:
transformationMatrixz

3R 3% 3% 3% X X X

BN

calculate the sine and cosine of the angle thetaz
sinThetaZ = sin(thetaz);
cosThetaz = cos(thetaz);

% Elements for a Z rotation
transformationMatrixZ = [ cosThetaz, sinThetaz, ©;
-sinThetaz, cosThetaz, 0;
9, 0, 1];
end

Function: buildTildeMatrix

function [tilde_matrix] = buildTildeMatrix(vector)

This function creates a skew symmetric matrix using the components of
"vector" for the purpose of performing cross products.

Input: 3x1 matrix "vector"

Output: 3x3 skew symmetric matrix "tilde_matrix"

3R 39 3% 3% 3% ¥ X

tilde_matrix = zeros(3);

tilde_matrix(1,2) = -vector(3);
tilde_matrix(2,1) = vector(3);
tilde_matrix(1,3) = vector(2);
tilde_matrix(3,1) = -vector(2);
tilde_matrix(2,3) = -vector(l);
tilde_matrix(3,2) = vector(l);

end
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